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Line & Surface Integral Notation
PARAMETRIZED CURVES & LINE INTEGRALS:
Curve:

r��t� � �x�t�,y�t�,z�t��

Tangent vector:

v� � dr�
dt

� dx
dt

,
dy
dt

, dz
dt

Tangent differential vector or Vector differential of arc length:

ds� � dr� � �dx,dy,dz� � dx
dt

,
dy
dt

, dz
dt

dt � v�dt � v� |v�|dt � v� ds

Tangent differential scalar or Scalar differential of arc length:

ds � |ds�| � �dx�2 � �dy�2 � �dz�2 � dx
dt

2
�

dy
dt

2

� dz
dt

2
dt � |v�|dt

Arc length integral:

L � �
A

B
ds � �

a

b
|v�|dt

Integral of a scalarf�x,y,z� alongr��t� from A � r��a� to B � r��b�:

�
A

B
fds � �

a

b
f�r��t�� |v�|dt

Average value of a functionf�x,y,z� alongr��t� from A � r��a� to B � r��b�:

fave �
1
L �

A

B
fds � 1

L �
a

b
f�r��t�� |v�|dt

Total mass: Center of mass:

M � �
A

B
�ds � �

a

b
� |v�|dt �x�,y�,z�� � 1

M �
A

B
�x,y,z��ds

Integral of a vector fieldF� � �F1,F2,F3� alongr��t� from A � r��a� to B � r��b� or Work:

�
A

B
F� � �ds � �

A

B
�F1 dx� F2 dy� F3 dz� � �

a

b
F1

dx
dt

� F2
dy
dt

� F3
dz
dt

dt � �
a

b
F� � v�dt � �

A

B
F� � v� ds

SPECIAL FOR CURVES INR2:
Normal vector:

n� � v�� �
î ��

v1 v2

� v2î � v1 �� �
dy
dt

î � dx
dt

�� |n�|� |v�|

Normal differential vector:
�dn � dy î� dx�� �

dy
dt

î � dx
dt

�� dt � n�dt � n� |n�|dt � n� ds

Normal differential scalar:

dn � |�dn|� �dy�2 � �dx�2 � ds

Integral of the normal component of vector fieldG� � G1 î � G2 �� alongr��t�:

�
A

B
G� � �dn � �

A

B
�G1dy� G2dx� � �

a

b
G1

dy
dt

� G2
dx
dt

dt � �
a

b
G� � n�dt � �

A

B
G� � n� ds

Further, if G� � F�� � F2 î � F1 �� then:

G� � n� � �F2,�F1� � �v2,�v1� � F� � v�

and

�
A

B
G� � �dn � �

A

B
�F2 dy� ��F1�dx� � �

A

B
F� � �ds



PARAMETRIZED SURFACES & SURFACE INTEGRALS:
Surface:

R��s, t� � �x�s, t�,y�s, t�,z�s, t��

Tangent vectors:

e�s � �R�
�s

� �x
�s

,
�y
�s

, �z
�s

and e�t �
�R�
�t

� �x
�t

,
�y
�t

, �z
�t

Normal vector:

N� � e�s � e�t �

î �� k�

�x
�s

�y
�s

�z
�s

�x
�t

�y
�t

�z
�t

�
��y,z�
��s, t�

î �
��z,x�
��s, t�

�� �
��x,y�
��s, t�

k�

Surface differential vector or Vector differential of surface area:

dS� � �dydz,dzdx,dxdy� �
��y,z�
��s, t�

,
��z,x�
��s, t�

,
��x,y�
��s, t�

dsdt

� N� dsdt� N� |N�|dsdt� N� dS

Surface differential scalar or Scalar differential of surface area:

dS� dS� � �dydz�2 � �dzdx�2 � �dxdy�2 �
��y,z�
��s, t�

2

�
��z,x�
��s, t�

2

�
��x,y�
��s, t�

2

dsdt

� N� dsdt

Surface area integral:

A � ��
R�

dS� ��
R�

N� dsdt

Integral of a scalarf�x,y,z� overR��s, t�:

��
R�

fdS� ��
R�

f R��s, t� N� dsdt

Average value of a functionf�x,y,z� overR��s, t�:

fave �
1
A ��

R�
fdS� 1

A ��
R�

f R��s, t� N� dsdt

Total mass: Center of mass:

M � ��
R�
�dS� ��

R�
� N� dsdt �x�,y�,z�� � 1

M ��
R�
�x,y,z��dS

Integral of a vector fieldF� � �F1,F2,F3� overR��u,v� or Flux:

��
R�

F� � �dS� ��
R�
�F1 dydz� F2 dzdx� F3 dxdy� � ��

R�
F1

��y,z�
��s, t�

� F2
��z,x�
��s, t�

� F3
��x,y�
��s, t�

dsdt

� ��
R�

F� � N�dsdt� ��
R�

F� � N� dS


