MATH 253 EXAM 2 Spring 1998
Sections 501-503 SOLUTIONS P. Yasskin

. 1 px
1. (5 points) Compute IOI | X2y dy dx
X

. &
b. % correctchoice
c. %
d. ﬁ
e. 1

j;j x2y dy dx= I[xzy ]Hz dx=ji[x2x—22}—|:x2@:|dx
txt xS dx:[x5 x7}1_ 1 _1 _7-5_1
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2. (5 points) Find the volume below the plane z = 4x + 10y above the region between the
parabola y = x? and the line y = x.

a 1 correctchoice

S
b wN

_[ _[ (4x+ 10y) dy dx= _[ [4xy + 5y? ] 2 dx= j;[4x2 +5x2] — [4x3 + 5x*] dx

= IO(9x2—4x3— 5x4) dx = [3x3—x4—x5]é =3-1-1=1

3. (5 points) Compute Iljxjx+yx dz dy dx
0“0Y0

1
a. ?
b. 7
C. % correctchoice
1
d. %
e. §
NN
oJovo 0

” X dz dydx—_[ _[ [XZ]%¢ dy dx= _[ I(x2+xy) dy dx= j[ y+x72]x dx
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4. (5 points) Compute jﬁ jﬁ sin(x?) dx dy. o
o Jy

® 200 9

Ju/ﬁ
0

1 correctchoice

2

3

4

Cannot be computed.

J7 J7 X J7
i 2 — i 2 — i 2 —
_[y sin(x<) dx dy= _[O _[O sin(x<) dy dx= _[O sin(x“) x dx= [

[ (2] 44

1
5. (5 points) Reversing the order of integration gives_[ IXZ f(x,y) dy dx=
0Yx

a.

b.

C.

d.

e.

1

1 pXx
J I ey dedy
_[:2 Igf(x, y) dx dy
J'J7 focy) dx dy  correctchoice
y
_[; _[; f(x,y) dx dy

j; J.i//y f(x,y) dx dy

The first integral has ranges
0<x<1 x2<y<x
The new integral has ranges
O0<y<1l y<x< Uy
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6. (5 points) Compute ” e dx dy over the disk D = {(x,y) | X2 +y2 < 4},

D

a. %(e“—l)
b. %(1—e‘4)
c. n(e*-1)

d. n(1-e*) correctchoice
e. Cannot be computed.
Convert to polar coordinates:

” e dx dy= Izﬂ Iz e rdrdd=2r Iz e’ rdr = 27{ e ]Z = ZH(% - f—;)

=n(-e*+1)=n(l-€*)

7. (5 points) Find the area of one loop of the rose r = sin(30).

A3
& 15" 48
b L_ﬁ
" 12 4{8
x 1
¢ 127724
d £ _ 1
12 24
T i
e 17 correctchoice

The first loop ends when 39 = z or 6 = £,

3
_ nl3 psin(30) B nl3 r2 sin(30) 3 73 Sin2(39)
A_jo jo 1-rdrd9_jO [7}0 de_jo S o
_ (™ 1-cog60) ., _ L[ _ sin(69) ]”’3 o
_Io 4 @=z9 6 1, 12

8. (5 points) Find the mass of the cylinder x? + y? < 4 for 0 < z < 3 if the density is
p =X +y>+ 72

24z

30r

36r

52r

60r correctchoice

M= [[[ o dv= jzjzﬂjz(ruzz) r dr do dz - ZEIzIz(r3+rzz) dr dz
3

=2r Iz[% + %K dz= 2ﬁjz(4+222) dz= 27[[4z+ 2723}0 = 2r[12+ 18] = 60r
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9.

11.

(20 points) Find the mass M and center of mass (X,y) of the quarter of the circle
x2 +y? < 4in the first quadrant if the density is p = 3+ x2 +y2.
HINT: By symmetry, X = y. So you only need to compute X.

M = ”p dA = IZIZI(Z)(BHZ) rdrdo = %fz(Br +r3) dr = %[%2 + %K
= Z(6+4) =51
2 02 2
X-mom = My = ” xp dA = _[O Io(r cog0))(3+r<) r dr d
/2 2 . x 5 2 o 32 72
- jo cog®) do j0(3r2+r4) dr = [sm(@)]gg[r% f—LO -1.(8+32)- 12

5 5 5
- X=mom _ My 72 _ 72 _y
M M 557 251 '

(20 points) Find the volume V and the zcomponent of the centroid z of the hemisphere
0<z< J9-x2-y2.
The volume of a hemisphere of radius 3 is simply V = % . %nR3 = %7{(3)3 = 18, but it
may be computed from the integral

V= [JJrav= [ orsing ap oo dp - [ 5 | 2e[-cosp ]}

= [9]2n[—cos£ +cosO} = 18r

2
wl2 p21 03 4 3 ) nl2
-mom = My = - 24 _[2t sin‘g
zmom—MXy—jjjde—jo _[O IOpCO&pp Sln(pdpd9d¢—|:4 ]027{ 5 ]O
_81, 1 _ 8Ix
SR
s_z-mom _ My _8lx 1 _9
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10. (20 points) Compute ” x2y dxdyover the diamond shaped region R bounded by

R

y=% v=% y=-3% y=-%

FULL CREDIT for integrating in the curvilinear coordinates y
u=xy and v=x%. (Solveforxandy.)

HALF CREDIT for integrating in rectangular coordinates.

0 1 2X 3 4
METHOD 1: Integrand: x?y=v Limits: 1<u<2 2<v<4
2 2
Solve for xand y : %zxx—))/:x yz)‘{—u\‘}zuv
Ru,v) = (uly, udvt) Ry= (-u?, 2uv?t) = (u? UZV_Z)
-u?v ut
= = [u2vudv? —ut2uvl| = |— -5 |—i| =
2uvt —u?v?

” x%y dx dy= Izjiv % du dv= Izjil dudv=(2-1)(4-2)=2

R
METHOD 2: Find intersections:

2 2 _ 1 _ 2 —
X = _X2 = X=X = X= 1, X = _X2 = X? X =
2 _ 4 _ _ 1 — 4 —
X = ? - 2)(2 = 4X - X = 2’ X = ? - X2 4X -

So the integral breaks into two pieces:

” x2y dxdy= _[ _[ x2y dy dx+_[ _[ x2y dy dx= _[

ik
1_[ [x24} [xz)ﬁ}dwrlj. [ 216} [xz?}}dx

= I( )dx+ I(lﬁ 1)dx=%[4x+ ]+%[—176—
=%(8+2] [4+4]+ [4—4]—[—8—2])=%( 0-8-8+10) =2
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