Name 1D

MATH 253 Exam 2 Fall 2006
Sections 201-202 Solutions P. Yasskin

Multiple Choice: (5 points each. No part credit.)
2
1. Compute I IZIX215xdydxdz
0Y0Y0
a. 4
c. 16

d. 32 Correct Choice
e. 64

1-9 /45 | 12 /12
10 /12| 13 /12
11 /12 | 14 /12
Total /105

J.Z J.Z J.:z15xdydxdz= Iz I;[ley]:ZdedZ= IZ IZ 15x?z dx dz= IZ[SXSZJizodz: IZ 5z*dz

- [ZS]; — 32

2 r4
2. Compute IOI 2ysin(xz)dxdy by interchanging the order of integration.
y

—cosl16
2

cosle -1
2

1-cosl6
4

cosl6
8

cosle -1
4

a.

=

Correct Choice

o

e

®

Plot the region.

In the original order:  For each y between
0 and 2, x runsfrom y? to 4.

In the reversed order: For each Xx between
0 and 4, y runsfrom 0 to /X.

fzfj ysin(x?) dxdy = jzjj ysin(®) dy dx = J'z|:y_225m(xz):|

- [__COS(XZ) T _ 1-cosl6

4 0 4

JX

0

A [y sniy?
dx = 2_[()xsm(x)dx

X




3. Which of the following is the polar plot of r = cos(30)?

d. , , , «Correct Choice

(c) is the rectangular plot of r = cos(309).  (d) is its polar plot because there are 3 positive loops and
3 negative loops which retrace the positive loops.

4. Find the area of the region inside the circle r =4
outside the polar curve r = 3+2cos(20) with y > 0.

The area is given by the integral:

57/3 4

a A= J.77/3 I3+2cos(29) rdrag
A J-Zs J-j+2cos(29)

573 4
c. A= J.77/3 I3+2cos(29) drdg
d. A= js:f drdo

3+2c0s(20)

56
= I I rdrdo Correct Choice
7l6 ¥ 3+2cos(26)

= =L O physymmetry

r=3+2008(20) =4 = cos(26)=% = 20 - L 51

A= J.J. dA = J.:r: J.:JrZ(:os(ZH) rdrdo

4
3



Find the volume of the apple given
in spherical coordinates by p = 30.

The volume is given by the integral:

2r .
54nf p?sinpde
0
54nfﬂ¢2§n¢d¢
0
2r .
27nI p?sinpde
0
. 27nfﬂ¢2§n¢d¢
0

187 IZ p3sinpdp  Correct Choice

V= ”J dv = J':T IZ J'z(p p?sinpdpdepdd = 2r IZ|:

03

3

3p .
:| Sin(0d<p=187rj' p3sinpde
p=0 0

6. Find a scalar potential f for the vector field F= (Y-ZX+ZY—X+22).

Then evaluate f(1,1,1) —f(0,0,0):

a. 1

b. 2  Correct Choice

c. 4

d. 5

e. 7

oxf=y-z f=xy—xz+g(y,2)

Oyf = x+2 X+ 0yg = X+ 2 Oyg =12 g=yz+h(z) f = xy—xz+yz+h(2)
Of =y-x+2z —x+y+%=y—x+22 %:Zz h= 22 f=xy—xz+yz+27?

f(1,1,1) - f(0,0,0) = (1-1+1+1) - (0-0+0+0) = 2



7. Which vector field cannot be written as V x F for any vector field F.

a. A= (xzyzz?)  Correct Choice VA= z+22=4z+0
b. ﬁz(x,y,—Zz) _V)-_B)=1+1—2=O
c. éz(xz,yz,—zz) V-C=2+2-22=0
d. D= (zsinx,—yzcosx,ysinx) V - D = zCosx — zCosX = 0
e. E= (xsiny, cosy, Xcosy) V.-E-= sny—-siny =0

- o

Since it is always true that V -V x F=0 A cannotbe A=VxF.
Onthe otherhand, B, C, D and E probably have vector potentials.

8. Find the total mass of a plate occupying the region between x=y? and x =4
if the mass density is p = x.

a 6—54

b. % Correct Choice

c. 2—26

d. %

e. %2

o ‘ 1 v 1° _ 128
M= [[paa=[" j xdxdy= [ [ % ], 4= - L[ as-yhy- [my_?}H:T

9. Find the center of mass of a plate occupying the region between x=y> and x=4
if the mass density is p = x.

20 .
a. ( > ,O) Correct Choice

b. (42,0)

c. (52.0)

d. (128,0)

e (4.0)

M = % By symmetry, y = 0.

cmom == [[spen= [ [ seoney= ['[£]° ay= 4 [\ios-yoay= §[oor- % |
- -

2(128 128y _ 512 . X-T/Iom _ l\|<|/|y - 512 128 -2



10.

11.

Work Out: (12 points each. Part credit possible. Show all work.)

Find the dimensions and volume of the largest box

which sits on the xy-plane and whose upper vertices
are on the elliptic paraboloid z = 12 — 2x? — 3y?2.

You do not need to show it is a maximum.
You MUST eliminate the constraint.
Do not use Lagrange multipliers.

Maximize V = (2x)(2y)z = 4xy(12 — 2x? — 3y?) = 48xy - 8x3y — 12xy*®
Vy = 48y — 24x%y — 12y3 = —12y(2x*> +y?> - 4) = 0

Vy = 48x — 8x3 — 36xy? = —4x(2x?> + 9y? - 12) = 0
Sincex=0o0ry=0givesV =0, we can assume x + Oand y = 0.
2X>+y2=4 and 2x2+9y? =12

Subtract: 8y?=8 = y=1

Substitute back:  2x2+1=4 = x?= % = X= \/g
Substitute back: z=12-2x2—3y? = 12— 2(%) ~3(1) =6

The dimensions are: L=2x=,6 W=2y=2 H=z=6
The volumeis: V =LWH= /6(2)(6) = 12/6

A pot of water is sitting on a stove. The pot is a cylinder of radius 3 inches and height 4 inches.

If the origin is located at the center of the bottom, then the temperature of the water is

Tdv
T =102 + x2 +y2—z Find the average temperature of the water: T, = III” Ve

[[fav=["T [ rdzaren = [012] 5 ] [2)s = 22(2)@ = 36x (= 2roh)

[[[Tav= jsﬂjzjz(mm r2_ 2rdzdrdh = 27 jz[lozu r2z— %z}iordr

3 3
=21 jo(408+ 42— 8)rdr = 27 jo(400r +4r3)dr = 27[200r2 + 14 | = 27(1881) = 37627
T _ 3762r _ 209

ave 367 2




12.

13.

Compute ” xdxdy over the "diamond"
D

shaped region bounded by the curves
y=x> y=3+x2 y=4-x* y=6-Xx2

Use the curvilinear coordinates
u=y+x? and v=y-x

(Half credit for using rectangular coordinates.)

The boundary curvesare v=0, v=3, u=4, u==6

We solve for x and y and compute the Jacobian factor:

u—v
u+v=2 Uu—v = 2x2 X = _ u+v
~1/2
x oy (u=-v) 1
g || o A || 22 2| Ju-w"  w-v*?|_ u-wn”
x oy u-vw* 1 4,2 442 2,2
ov oV 2/2 2
The integrand is x = vu—v. So
J2
e UV u-vn? 32 1 _ 3
J.DJ. xdxdy= IOI4 ¥ Y dudv= IOI4ZdUdV_ 2(3)(2) =5

The sides of a cylinder C of radius 3 and height 4 may be parametrized by

R(h,0) = (3cosf,3snd,h) for 0<6<2r and 0<h<4

Compute ”_V' xF.dS for F = (-y2Ax22) and outward normal.
C
HINT: Find 8, &, N=28x8&, VxF and (VxF)(Rho)).

R(h,0) = (3cosh,3sinb,h)

A

i J k
én = ( 0, 0, 1)
& =( -3sind, 3cosh, 0 )
N =28 x& = 1(=3cosf) — j(3sinf) + R(O) = (-3cosh,—3sin0,0)

Reverse N = (3cosh,3sin6,0)



14.

Ty k
VxF=| o, o, 0, |=10-2x2-)0--2y2) +kZ - -2) = (-2xz-2yz27)
-y xz2 7

(% x ﬁ) (R(h,0)) = (-6hcosy,~6hsing, 2h?)

N

V x F « N = —18hcos20 — 18hsin?) = —18h

g%xﬁ.d*sz”‘v’xﬁ.ﬁdhop: Izﬁfz—18hdhc9=—[2n9h2]g — 2887

The hemispherical surface x?+y?+2?> = 9 has surface density p = x? +y?2.
The surface may be parametrized by ﬁ((p,ﬁ) = (3singpcosh,3sinpsing,3cosy).

Find the mass and center of mass of the surface.
HINT: Find &, &, N=8,x&, |N| and p(R(p.0)).

R(p,0) = (3singpcosh, 3sing sind, 3cose)

A

i 5 k

€, = (3cos¢cosh,3cospsing,—3sing)

&) = (-3singsing,3sinpcosh, 0 )

N = &, x & = 1(9sin?p cosh) — j(-9sinZpsing) + k(9sing cosp cos?0 + 9sing cosp sin%0)
N = (9sin2p cosd, 9sin?p sind, 9sing cosg)

IN| = ‘/(95in2<pcose)2+(93in2gosin0)2+(93in<pcosw)2 = 9,/sin%p + sinpcos?p = 9sing

p(ﬁ((p,@)) = (3singcosh)? + (3singsind)? = 9sin%p

M = ”pdSz ”p(ﬁ(q),e)) |N| dpdo = J':T IZ/299n2¢99n¢d¢d0 = 2n81IZ/2(1— cos?p)sing do

Let u=cosp du=-sinepde
0

16271(1— %) - 32% — 1087

M = —162nji(1— ) du = —1627r[u— U?S]

1

By symmetry Xx=y =0

zzmom = My = ” zpdS= ”3005(,)p(§((p,0)) |N| dpdo = Izﬂ I:/23COS¢99n2¢9§n¢d¢d0

/2 : 4 7l2
= 21243 (" cospsin®pdy = 486,,[ S"'T<P } - 24
0 0

zmom _ 2437 1 _ 9

Y 2 1067 8




