Name ID 1-9 145
MATH 253H Final Exam Fall 2012 10 /15
Sections 201-202 Solutions P. Yasskin 11 /25
Multiple Choice: (5 points each. No part credit.) 12 115

Total /100

1. Points A, B, C and D are the vertices of a parallelogram traversed in order.
If A=(24,1), B=(3-20) and D = (1,3,-2), thenC =
a. (2,-3,-3) Correct Choice
b. (4,-1,3)
c. (0,9,-1)
d. (6,5-1)

e. (42.0)

SOLUTION: AD=D-A=(1,3-2)-(241) = (-1,-1,-3)
C=B+AD=(3-20)+(-1,-1,-3) = (2,-3,-3)

2. Which vector is perpendicular to the surface x?z%+y3z2 = 1 at the point (3,-2,1)?

a. (12,-24,43)

b. (6,-12,43)

c. (6,12,43)

d. (6,-12,11)

e. (-12,-24,-22) Correct Choice

SOLUTION:  f=x222+Vy322  Vf = (2xB,3y?22,3x%22 + 2y37) _V)f|(3_2 - (6,12,11)
(-12,-24,-22) = -2(6,12,11)




3. Find the point on the elliptic paraboloid ﬁ(t,@) = (3tcosh,2tsing, 1 +t?) where a unit normal is
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5 '5'5
3
. 2 1 1/§1 2)

(319

(32/3,5)
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SOLUTION: _ét = | (3cos#, 2sinf, 2t) N = (—4t2 COSQ,—4tZS|n9,6t)
€ = | (=3tsinf, 2tcosh, 0)

IN| = /I60'+ 3602 = 2t/42+9 RN = ( —2Acosf —2sng. __3 ) - (—‘%ﬁ ——52%)

JA42+9  Ja2+9 L JAt2+9
Ja2+9 =5 t=2 —4cosf = -2/3 cosezg (9:%

R(2Z) - (3-2c0sL,2-26n L ,1+22) = (6%,4%,5) - (3/3,2,5)

1
4. Compute J.J.JW RSy dxdy

HINT: Plot the region of integration and convert to polar coordinates.

T
a. > In10
b. zIn10  Correct Choice
T
C. > arctan3
d. rarctan3
e. rwarctan10
SOLUTION: O0<y<3
-J9-Yy? <x< /J9-y?
or
o<r<
0<0<nr

3
drdg = [%ln(u rZ)}0 - Z|n10

9 03
I J.J% 1+x2+y Oly:J.o—[o 1J:r2 2



5. Find the mass of a wire in the shape of the curve T(t) = (e‘, ﬁt,e‘t> for -1 <t<1 ifthe density
s p=x

e, e?
a S +5

e _e?
b. > >

2 —2 .
c. %—97+2 Correct Choice
d. e2—e?

e. e2—e?242

SOLUTION: V= (e,/2,-e') N|=/eX+2+e? =e'+e’!
M= [pds= [ xmidt=[ e(e+etydt=[ (e+1ydt= [£+t}l
- JpEe= -1 Ja ), L2 -1
2 -2 2 -2
(F)-(5) -5

6. Find the plane tangent to graph of z = xcosy+siny at (2,7).
What is the zintercept?

a. 4+r

b. 4+nx

c. 4-r

d. 4-=n

e. #  Correct Choice

SOLUTION:  f(x,y) = xcosy+siny  f(2,7) = 2cosn + Sing = -2

fx(X,y) = cosy
fy(X,y) = —xsiny + cosy

fx(2,7) = cosmw = -1
fy(2,7) = -2sinz + cosm = -1

z=12,n) +fx(2,r)(x-2) +fy(2,m)(y — 1)

tan plane:
z-intercept:

z=-2-1x-2)-1(y—-n)
X=y=0 z=-2-1-2)-1(-n)=n



7. Let L= lim el —1

® 2 0 T o
[l el

2 2 ,
SOLUTION: Along y=mx wehave L= lim € — 1

for all

xy)~00) X2 +y?

does not exist by looking at the paths y=x and y=-x

existsand L =1 by looking at the paths y = mx

does not exist by looking at polar coordinates.

existsand L =1 by looking at polar coordinates. Correct Choice
existsand L =0 by looking at polar coordinates.

e M) (1 4 m2)2x
0 (14 m?)x? X0 (1+m?)2x
m including 1 and -1 which proves nothing.

:1,

2 y 2
In polar coordinates, L = Iirg% " lim 22~ 1, which proves the limit exists and = 1.
-

-0 2r

8. Compute §IE .dg for F = (y?,4xy) along the piece of the parabola y = x?

from (-2,4) to (2,4) followed by the line segment from (2,4) backto (-2,4).
HINT: Use Green’s Theorem.

a. 2—26 Correct Choice
768

b. 5
64

C. 3
128

d. =3

e. 0

SOLUTION: §ﬁ -ds= §de+ Qdy with P=y? and Q = 4xy. By Green's Theorem,

f7-- [ [L00-opovon " [Lor-anavens [ it o

- Js-soce [ T oz B) - 22

5 5

9. Compute Iﬁ .d% for F = (4xy?,4x%y) along the line segment from (1,2) to (3,1).
HINT: Find a scalar potential.

4
10
20
24
26

® 2 0 T o

Correct Choice

SOLUTION:  F = (4xy?,4x2%y) = Vi for f=2x2y2 since oOf = 4xy? and oyf = 4x%y

By the F.T.C.C. jﬁ -dé:j

G

Ut dg - f(3,1) - f(1,2) = 2(3)%(1)? - 2(1)*(2)* = 10
€2 S e -



Work Out: (Points indicated. Part credit possible. Show all work.)

10. (15 points) A 166 cm piece of wire is cutinto 3 pieces of lengths a, b and c.

The piece of length a is folded into a square of side s= %.

The piece of length b is folded into a rectangle of length L; = % and width W, = %
The piece of length ¢ is folded into a rectangle of length L, = % and width W, =

oolo

Find a, b and c so thatthe total area is a minimum.
What is the total area?

inimi  A-¢ _a b, 3
Minimize the total area: A = s+ LWy +LoWs = 6118 " 61

subject to the constraint: g=a+b+c = 166

METHOD 1: Lagrange Multipliers:

va-(2,8.% Vg=(L1,1)

VA-AVg = %:x 22 £-2 = 2-2-%
Constraint: 166=a+b+c=% 2372C+C—g§ = c=64
a=%=48 b—2372C—54

A= %*%32*3'634 — 498

METHOD 2: Eliminate a Variable:

c=166-a-b ,

A:T_é llj_;+3(166g4a—b)

A3 302D 7o, Bp 29 0 = var3p-4m (1)
Ab:%_3(1663—2a—b):3_32a+25_§8b 21469_0 - 3a+%9b:498 )
3(1)—7(2):9b—7-%9b:—4 498 = 332b_—1992 -~  b=54

59 1y _ 959 74 g5 (59 _ 332, _ 5312 —
D (1)-302): 3 -7a-9a (9 3)498 - 5312 ., 5_48

9 3
c=166-a—-b=166-48-54 = 64

_ 482 542  3.64%2 _
A= 16 8 " e = 498

+
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11. (25 points) Verify Gauss’ Theorem J.J.J._V' .FdV= ” F.ds
\% ov

1,
- ﬁ g T 2
for the vector field F = (xzyzx?+y?) and the solid %{_7_,‘}]’ ; \'L“;}“a
O o —
hemisphere 0<z< j4-x?-y2. [|‘]i-i__!'_—_l__l'_~l:%"|
LT LY

Be careful with orientations. Use the following steps:

First the Left Hand Side:

a. Compute the divergence:
V.F=z+z+0=2z
b. Express the divergence and the volume element in the appropriate coordinate system:

V-F = 2pcose dV = p2sinpdpdpdd
c. Compute the left hand side:

J'”_V) .FdVv= Izﬂ J'ZIZJ.zZpCOSq)pZSin(ded(de =21 J'ZIZCOSq)Sin(od(p I§2p3dp
v

- 27{ 5'“22‘/’ TT%AT ~2r(1)®) - 8r

0 0

Second the Right Hand Side:

The boundary surface consists of a hemisphere H and adisk D with appropriate
orientations.

d. Parametrize the disk D:
R(r,0) = (rcosd,rsing,0)
e. Compute the tangent vectors:
& = (coso, sing, 0)
& = (-rsing, rcosd, 0)
f. Compute the normal vector:
N = 7(0) — j(0) + K(r cos?0 — —r sin20) = (0,0,r)
This is up. Need down. Reverse: N = (0,0,-r)
g. Evaluate F = (xzyzx2+Yy?) on the disk:

[= _ 2
Fley = (0,017

h. Compute the dot product:
F.N=_r3

i. Compute the flux through D:

ijﬁ .dS= jz”jz—ﬁdrde - 27{—%}2 — _8r



j. Parametrize the hemisphere H:

R(p,0) = (2singcosh, 2sing sind, 2cose)

. Compute the tangent vectors:

€, = (2cospcosf,  2cosgsing, —2sing)

& = (-2singpsing,  2singcoso, 0)

. Compute the normal vector:

N = 1(4sin?p cosf) — j(~4sin2p sind) + K(4sinp cose Sin?0 + 4sing cosg cos?0)
= (4sin’p cosh,4sinp sing,4sing cosg)

This is oriented correctly as up and out.

. Evaluate F = (xzyzx2+Yy?) on the hemisphere:

| RO (4sing cosg cosd,4sing cosp sind, 4sinp)

. Compute the dot product:

F . N = 16sin3p cosg cos?0 + 165in3p cose sin2) + 16sin%p cose
= 16sin®pcose + 16sin%p cosp = 32sinp cose

. Compute the flux through H:

N 2 pml2 . 3 s 4 w2
”F .dS= IO IO 32sinpcospdpdf = 2r[8sinp] = 16x
c

. Compute the TOTAL right hand side:

” F.dS= [[F- dS+ [[F- dS=-87+ 167 = 8t  which agrees with (c).
oV D H



12.

(15 points) Compute H‘_V' xF.dS for F= (-Y,%,2)

over the "clam shell" surface parametrized by
R(r,0) = (rcosd,rsing,rsin(60))

for r <2 oriented upward.

HINTS: Use Stokes Theorem.

What is the value of r on the boundary?
SOLUTION:
Boundary:r =2  T(0) = (2c0s6,2sin,28in(60)) V= (-2sinf,2cos,12cos(60))
IE(?(G)) = (-2sin6,2cosH,2sin(69))
F .V = 4sin?0 + 4cos?0 + 24sin(60) cos(60) = 4 + 24sin(66) cos(66)

[[VxF.d5=[F.a8= jz”ﬁ.vole:j§”4+24gn(69)cos(69)d9= [40+25in2(60)}

2

0

= 8r



