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MATH 311 Exam 3 Fall 2000
Section 502 Solutions P. Yasskin 2 130 /45
1. (15 points) Compute ”xdxdy over the region
R

.. . 2 y2 . 1]

inside the ellipse E_G g = 1 between the lines

y = % and y= —% in the 1%t and 4" quadrants.

HINT: Use the elliptic coordinate system

X = 4tcosd, y = 2tsiné.

The Jacobian is

4co¥ —4tsind

_ = |8tcosd + 8tsin?H| = 8t
2sinf  2tcosh

The limitsare 0 <t < 1and
y=+% = 2tsing = J_r%4t0089 - tad=+1 = @=+
So the integral becomes

[ xxdly= . j:4tcos(98tdtd9 _ [323}:[sin9]
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(30 points) The diamond shaped region at the
right is called an astroid. Itis the graph of
x2/3 er2/3 -1
and it may be parametrized by
X = Ccos’t y = sint.

a. Findits arc length.  HINT: First find one quarter of the length.

% = —3cogtsint d—)t/ = 3sirftcost

ds = ‘/(%)2 4 (ﬂ)z dt = J(—Scosztsint)z + (3sirttcost) ? dt

dt dt
= \/9(cos4tsin2t+sin4tcoszt) dt = \/9(cosztsin2t) (cogt +sin’t) dt
= 3cogsintdt
; _ 7l2 _ 7l2 i B Sinzt :|7r/2 B §
L1 = ["ds= | " 3costsintdt = 3| SIf =3
—4.3 =
L=4 5

b. Finditsarea. HINT: What does Green’s Theorem say about the integral §(—y dx+ xdy)?

On the one hand
_ _ oy dx Gy
§( ydx+xdy) = ﬂ Yar T X at )dt
2r
= _[ (sin’t « 3cogtsint + cos’t « 3sirftcost ) dt
0
277: - -
= 3_[ (sin*tcos’t + cos'tsin’t ) dt
0
_ 2r 5 _ 3 2r 5
- 3[0 sin?tcostdt = Zjo Sin?(2t) dt

_3("1_ _ 3.9, - 30
_sjo (1-cogdn))dt= 3 « 21 = &

On the other hand, by Green’s Theorem,

feoyocs o[22 - 250 oy

= 2” ldxdy= 2« Area

So

B Y _ 1,3t _3n
Area = > §( y dx+ x dy) > 5




3. (15 points) Compute J.Iz «d$ for F= (22 — (sinx)e™, (cosy)es™, 2xz) along the helix
T(6) = (cosd,sing,8) for 0<6 < 2r.
HINT: Check F is a conservative vector field. Then find a potential OR change the path.

fl i K
By 8y 8, | =1(0-0)-](2z-2z)+k(0-0) = (0,0,0

z2 — (Sinx)e®°> (cosy)eS"W 2xz

<
X
T
I

So F is conservative and the integral is path independent.

METHOD [: Find a potential:
Oxf = 22 — (sinx)e®*> = f=xZ +e> 1 g(y,2)
o,f = (cosy)e™™ =6, = g=¢€""+h(2)
0f=2x2=2xz2+0;h = h=C = f=xZ+e°*4+eWC

[Fedd=t(T@n) -1(F©) = (1,0,2r)-11,0,0

— [1(27[)2 +ecosl+esin0:| _ [1(0)2 +ecosl+esin0:| = 4y?

METHOD II: Change the path:
The endpoints are (1,0,0) and (1,0,2r). So consider the path T(t) = (1,0t) for 0<t<2z. The
velocity is V= (0,0,1). So

IT:- a3 = jE-th - j:[ F,dt = j:[ 2xz dt = j:[ 2xz dt = j:[ 2tdt = [tz]zﬂ _ 472



(45 points) The spiral ramp at the right
may be parametrized as
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ﬁ(r,e) = (rcosd,rsind,0)
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for 0<r<2 and 0<0< 3.
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a. Find the tangent plane at the point (x,y,z) = (-1,0,7). Give its equation in both parametric form
and non-parametric form.

ﬁr = (co4,sing, 0) _R)g = (-rsind,r coss,1) N = ﬁr X _R)g = (sin@,—cosv,r)
The point P = (-1,0,7) has parameters 8 = r and r = 1. At this point,

R =(-1,0,0 Ry = (0,-1,1) N=R xRy =(0,1,1)
The parametric equation is

(X,Y,2) = P+SR + 1Ry = (-1,0,7) + S(-1,0,0) + (0,~1,1) = (-1 -, ~t, 7 + 1)
or

X=-1-s y=—t z=rm+t
The non-parametric equation is

NeX=NeP = (0,1,D « (x,y,2) = (0,1,1) « (-1,0,7) = y+z=rnx
b. Compute ” JX?+y? dS  over this spiral ramp.

On the spiral ramp,

Jx2+y2 = Jr2cod +r2sin?d =r and |KI| = Jsin?0 + cof +r2 = J1+r2
So
3 a2 232 |2
” VX2 +y? dS= _[ _[ ryl+r2drdd = 37[—(1+g ) =n(5%2-1)
0 0

0
. Compute ”E . dS over this spiral ramp if F= (Xzyz2?).

On the spiral ramp,

F = (rcos,rdsing,62) and N = (sind,—cosd, r)
So

FeN = rdcosfsing — rosingcosd + ro2 = ro?
and

[[FedS=f[F-Ndrae - jz jir@?drde = [%}Z[%K ~ 187°



