Name ID 1 /10| 5 /10
Math 311 Exam 2 Spring 2092 5 sl & 115
Section 503 P. Yasskin
Solutions 3 /10| 7 /25
4 /15

. (10 points) Which one of the following iSNOT a vector space? Why?
a. Q={WxVy,2) € R* | w+2x+3y+4z=0}

0 1
b. S={XeM(2,2) | AXA= X}  whereM(2,2) is the set of % 2 matrices and\ = ( 1o )

c. T={pePs| pl)=p0)+1y  whereP;is the set of polynomials of degree less than 3.
Tis NOT a vector space.
pgeT = pl)=p0)+Llandq(l) =0q0)+1

= (P+q@)=p1)+ql) =p0)+1+q0)+1=P+PO)+2+ (p+q)(0) +1
= p+qeT

. (15 points) For ONE of the twovector spaces listed in #1 (say which), give a basis and the dimension.

Q is a vector space which is a 3-planeRfthru the origin. The augmented matrix of the equation is
(1 2 3 4 | 0. Sothe parametric solution is

w -2r —3s— 4t -2 -3 -4
X r 1 0 0
= =7 +5s +1
y S 0 1 0
z t 0 0 1

Basisis) 2 1 00),(3010)(4001) dmQ=3

OR

Sis a vector space.

ab 0 1 ab 0 1 -d c
If X = , thenAXA = =

cd -1 0 cd -1 0 b -a
SoX € Smean —dc = ab ,ord = —aandc = b.

b -a cd

SoX = a b =a 1o +b 01

b -a 0 -1 10
Basis is 1o , 01 dimS= 2

0 -1 10



3. (10 points) Which one of the following is NOT a linear function? Why?

a. |1 :C[0,2r] — R whereC[0, 2r] is the set of continuous real valued functions on the intdy&ir |
andI(f) = j [x + f(x) ] dx.
0

11
b. Z: M(2,2) - M(2,2) givenby Z(X) = BXB whereB = ( 00 )

c. E:Ps— P; givenby E(p(x)) = xdf’j()’(‘) —p(X).

| is NOT linear because
2%

2n 2n
I(af) = jo [x+afx)]dx but al(f) = ajo [X+f(x)]dx = jo [ax+ af(x)]dx

which are not equal.

4, (15 points) For ONE of the twolinear functions listed in #3 (say which), find the kernel and the image (as the
span of some vectors) and determine if the function is onto and/or one-to-one.

. (ab) (11)(ab)(11) (a+ca+c)
Zis linear. IfX = , thenZ(X) = BXB = = :
cd 00 cd 00 0 0
(£8)reeop-{(52))
Ker(Z) = {X | Z(X) = 0} = | a+c=0% =
cd -a d
TR R GRS (CH IS I6N)
-1 0 00 01 -1 0 00 01
IM(Z) = {Z0)) = a+c a+c _{@+o) 11 _ Spa 11
- - 0O o - 00 - P 00
Zis NOT onto becausken(Z) + M(2, 2). Zis NOT one-to-one becauger(Z) + {0}.
OR
Eis linear. Ifp(x) = a+ bx+ cx?, thenE(p(x)) = x(b + 2cx) — (a+ bx+cx?) = —a+ cx2.
Ker(E) = {p | E(p) = 0} = {a+bx+cx? | —-a+cx? =0} = {a+bx+cx? | a=c=0}
= {bx} = Spanx}

IM(E) = {E(p)} = {-a+cx?} = Span1,x}
E is NOT onto becausken(Z) = Spaq1,x} # Ps. E is NOT one-to-one becauser(E) + {0}.



5. (10 points) Let P3 be the vector space of polynomials of degree less than 3. Which one of the following is NOT
an inner product ofP3? Why? HINT: Letp = a+ bx+ cx? and find which is not positive definite.

a. (p.0); = | xPOOAX) dx
b. (p.a), = p(0)q(0) + p(1)a(l)
c. (p.a)s = P(-1)A(-1) +p(0)q(0) + p(L)a(L)

(p,Q), is NOT an inner product, becausei= a+ bx+ cx? then

(P.p), = P(0)* +p(1)* = (@)° + (a+b+0)?
Soifp = x—x?thena = 0,b = 1,c = -1 and(p,p), = (0)*+ (0+1-1)* = 0, butp = 0

6. (15 points) For ONE of the twoinner products listed in #5 (say which), find the angle between the polynomials
rx) =4x and s(x) = 6x°

Py, = j:xp(x)q(x) dxis an inner product.
{r,ry, = I;xr(x)zdx= I;16x3dx= (4415 =4 fl= [0, =2
(s,8), = joxs(x)zdx= I036x5dx= [6x°],=6 |s|= [(ss), = /6

(r9); = [ xroosoodx= [ aaxtdx= [2aX2 )02 24

(r,s); 24 2 2/6
cosh = = = </6 — 0 =cost=X— ~ 0.201rad
Ir sl 5.2./6 ° S

OR

(P, 0); = p(-=1)q(-1) + p(0)q(0) + p(1)q(1) is an inner product.

(1), =(@X4), =16+0+16=32 |r|= [(r,r), = /32 =42
(S,S); = (6x%,6x%), =36+0+36=72 |s|= [(ss), = V72 = 62
(r,s); = (4x,6x%), = 24+ 0+24=0

cosh = (S5 _ 0 0 =N 0 = cos10 ~ % rad

s~ a/2642




7. (25 points) Consider the vector spate= Span(sin?d, cosd, sind cosd}
a. (3) Show e; = sin’d, e, = cosd, e; = sindcosh is a basis fov.

By definition of V, e;, e, and e; spanV. Are theyindependent?
ae; +be,+ces =0

asin®g + bcosd + csindcosd = 0

0 =0: = b=0

Oz%: = a=0
Oz%: = %+%+%=O = ¢=0

So they are independent and they are a basis.

b. (7) Anotherbasisisf; =1, f, =sin®, f;=cos®. Findthe change of basis matrices from the
e-basis to thé-basis and vice versa. Be sure to say which is which.

fi=1 = SiNP0+Ccos0 =e +e, 10 -1
f, =sin® = 2sinfcosd = 2e; Cf = 101
e
fs = cos® = cof0—sind =-e; +e 020
10-1l100 10-11|1 .
101|010 |R-R = 00 2|-11 SRs =
020|001 02 0|0 %Rz
1 1
10 -1 10;) Ry + Rs 7 7 0
010 01 i’ > = o o 1
0 1 -4 1 -1 1
2 2 0 5 3 0
1 1
2 2 0
1
C = 0O 0 =
f—e 2
-1 1
2 2 0



(7 continued)

c. (4) Consider the derivative operatob : V — V givenby D(g) = dg

d_0.
Find the matrix oD relative to thee-basis.
D(e;) = D(sin’) = 2sindcosh = 2e3 0 0 -1
D(e;) = D(cos’9) = -2sinfcosd = —2e3 A =] 00 1
e—e
D(es) = D(sindcosd) = cosh —sin’d = —e;+e; 2 -2 0
d. (6) Find the matrix oD relative to the-basis iInTWO ways.
i. by using the matrix oD relative to thee-basis:
1 1 9
2 2 0 0 -1 10-1
A=C A C-= 01041 00 1 101
f—f f—e e—e e—f 2
=1 1 4 2 -2 0 020
2 2
0 0O 10-1 00O
= 1 -10 101 =] 00 -2
0 01 020 020
ii. by differentiating basis vectors:
D(f1) =D(1) =0 =0 00O
D(f,) =D(sin®) =2cos® = 2f3 fAf =| 00 -2
D(f3) = D(cos®d) = -2sin®d = -2f, 02 0

e. (5) Consider the functiog() = 5sin® + 3cos®. ComputeD(g) in TWO ways:
i. by differentiating:

D(g) = D(5sin® + 3cos®) = 10cos? — 6sind

ii. by using the matrix oD relative to thef-basis:

0 00 O 0 0
@¢=1] 5 [P@l= A @;=| 00 -2 5 |=| -6
3 020 3 10

D(g) = —6f, + 10f3 = -6sin®d + 10cos 2



