
Math 311 Exam 3 Spring 2002

Section 503 Solutions P. Yasskin

Multiple Choice (8 points each.)

1. If F = xy,yz,xz then ∇⃗ ⋅ F⃗ =

a. y − z+ x
b. −y,z,−x
c. x + y + z CORRECT
d. −y,−z,−x
e. −x + y − z

∇⃗ ⋅ F⃗ = ∂xxy + ∂yyz + ∂zxz = y + z+ x

2. If F = xy,yz,xz then ∇⃗ × F⃗ =

a. y − z+ x
b. −y,z,−x
c. x + y + z
d. −y,−z,−x CORRECT
e. −x + y − z

∇⃗ × F⃗ =


i


j


k

∂x ∂y ∂z

xy yz xz

=

i 0 − y −


j z− 0 +


k0 − x = −y,−z,−x

3. If fx,y,z = xsinyz − ycosxz + ztanxy then ∇⃗ × ∇⃗f =

a. zsinyz i + zcosxz j + xysec2
xyk

b. sinyz i − cosxz j + tanxyk

c. cosyz i + sinxz j + sec2
xyk

d. 0 CORRECT
e. Does not exist.

∇⃗ × ∇⃗f == 0 for any twice differentiable functionf.

4. Compute the line integral∫ ydx− xdy counterclockwise around the semicirclex2
+ y2

= 4 from 2,0

to −2,0. (HINT: Parametrize the curve.)
a. −4π CORRECT
b. −2π
c. π

d. 2π
e. 4π

r⃗θ = 2cosθ,2sinθ v⃗θ = −2sinθ,2cosθ

F⃗x,y = y,−x F⃗r⃗θ = 2sinθ,−2cosθ

∫ ydx− xdy = ∫ F⃗ ⋅ ds⃗ = ∫
0

π

F⃗r⃗θ ⋅ v⃗θdθ = ∫
0

π

−4sin2
θ + cos2

θdθ = −4π

1



5. Compute the line integral∫ F⃗ ⋅ ds⃗ for the vector field F⃗ =
1
x , 1

y along the curve

r⃗t = ecost2,esint2 for 0 ≤ t ≤ π . (HINT: Find a potentialf so thatF = ∇⃗f.)

a. −2 CORRECT
b. 0

c. 2
e

d. 1
e. π

F = ∇⃗f 1
x , 1

y =
df
dx

,
df
dy

f = lnx + lny

A = r⃗0 = ecos0,esin0
 = e,1 B = r⃗ π  = ecosπ,esinπ

 = e−1,1

∫ F⃗ ⋅ ds⃗ = ∫
A

B
∇⃗f ⋅ ds⃗ = fB − fA = fe−1,1 − fe,1 = lne−1

+ ln1 − lne+ ln1 = −2

6. Compute ∮5x + 3ydx+ x − 2ydy counterclockwise around the edge of the rectangle 1≤ x ≤ 5,

3 ≤ y ≤ 6 . (HINT: Use Green’s Theorem.)
a. 36
b. 24
c. 12
d. −24 CORRECT
e. −36

P = 5x + 3y Q = x − 2y

∮
∂R

Pdx+ Q dy = ∫∫
R

∂Q
∂x

− ∂P
∂y

dxdy= ∫
3

6
∫

1

5
1 − 3 dxdy= −25 − 16 − 3 = −24

7. Compute ∫∫
∂C

F⃗ ⋅ dS⃗ for the vector field F⃗ = zx3,zy3,z2
x2

+ y2
 over the total surface of the solid

cylinder C = x,y,z ∣ x2
+ y2 ≤ 4, 0 ≤ z ≤ 3 with outward normal. (HINT: Use Gauss’ Theorem.)

a. 360π
b. 180π CORRECT
c. 90π
d. 60π
e. 30π

∇⃗ ⋅ F⃗ = 3zx2
+ 3zy2

+ 2zx2
+ y2

 = 5zx2
+ y2

 = 5zr2

∫∫
∂C

F⃗ ⋅ dS⃗= ∫∫∫
C

∇⃗ ⋅ F⃗dV = ∫
0

3
∫

0

2π
∫

0

2
5zr2 r dr dθdz = 5 z2

2 0

3
2π r 4

4 0

2
= 5 9

2
2π4 = 180π
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8. (20 points) Compute

R

∫∫ x2y dxdy over the

diamond shaped regionR bounded by

y =
1
x , y =

2
x , y =

2
x2 , y =

4
x2

For full credit you must use curvilinear coordinates.

Half credit for rectangular coordinates.
3.752.51.250

20

10

x

y

x

y

u = xy

v = x2y
 Boundaries are

u = 1 u = 2

v = 2 v = 4
Solve forx andy:

v
u =

x2y
xy = x

u2

v =
x2y2

x2y
= y



x =
v
u

y =
u2

v


∂x,y
∂u,v

=

∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v

=

− v
u2

1
u

2u
v − u2

v2

= − v
u2 − u2

v2 − 1
u

2u
v =

1
v − 2

v = − 1
v

Jacobian: J =
∂x,y
∂u,v

=
1
v Integrand: x2y = v

R

∫∫ x2y dxdy= ∫
2

4
∫

1

2
v 1

v dudv= 4 − 22 − 1 = 2

3



9. (24 points) Stokes’ Theorem states that ifS is a nice surface inR3 and∂S is its boundary curve traversed
counterclockwise as seen from the tip of the normal toSandF⃗ is a nice vector field onSthen

∫∫
S

∇⃗ × F⃗ ⋅ dS⃗= ∮
∂S

F⃗ ⋅ ds⃗

Verify Stokes’ Theorem if F = −yx2,xy2,x2
+ y2

 andS is the part of the conez = x2
+ y2 below

z = 2 with normal pointing up and in.

9a. (4 points) Compute ∇⃗ × F⃗. (HINT: Use rectangular coordinates.)

∇⃗ × F⃗ =


i


j


k

∂x ∂y ∂z

− yx2 xy2 x2
+ y2

=

i 2y − 0 −


j 2x − 0 +


ky2 − −x2

 = 2y,−2x,x2
+ y2



9b. (10 points) Compute
S

∫∫ ∇⃗ × F⃗ ⋅ dS⃗.

(HINT: Here is the parametrization of the cone and the steps you should use. Remember to check the orientation
of the surface.)

R⃗r,θ = r cosθ,r sinθ,r

R⃗r = cosθ, sinθ,1

R⃗θ = −r sinθ,r cosθ,0

N⃗ =

i −r cosθ −


j r sinθ +


kr  = −r cosθ,−r sinθ,r  Points up and in.

∇⃗ × F⃗ R⃗r,θ = 2r sinθ,−2r cosθ,r 2


∇⃗ × F⃗ ⋅ N⃗ = −2r 2 sinθcosθ + 2r 2 cosθsinθ + r 3
= r 3

S

∫∫ ∇⃗ × F⃗ ⋅ dS⃗= ∫
0

2π
∫

0

2
r 3 dr dθ = 2π r 4

4 0

2
= 8π

9c. (10 points) Compute

∂S

∮ F⃗ ⋅ ds⃗ . Recall F = −yx2,xy2,x2
+ y2

 .

(HINT: Parametrize of the boundary circle. Remember to check the orientation of the curve.)
(CHECK the answers to 9b and 9c agree.)

r⃗θ = 2cosθ,2sinθ,2

v⃗θ = −2sinθ,2cosθ,0 Counterclockwise from+z-axis.

F⃗r⃗θ = −2sinθ ⋅ 4cos2
θ,2cosθ ⋅ 4sin2

θ,4cos2θ + 4sin2
θ = −8sinθcos2

θ,8cosθsin2
θ,4

F⃗ ⋅ v⃗ = 16sin2
θcos2

θ + 16cos2θsin2
θ = 32sin2

θcos2
θ

∂S

∮ F⃗ ⋅ ds⃗ = ∫
0

2π
32sin2

θcos2
θdθ = ∫

0

2π
8sin2

2θdθ = 8 ⋅
1
2
2π − 0 = 8π
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10. (10 points Extra Credit) Compute the line integral∮ y
x2

+ y2 dx− x
x2

+ y2 dy counterclockwise around the

boundary of the plus sign shown below.
Be sure to justify any theorem you use. (Hint: The answer is not zero.)

21.751.51.2510.750.50.250-0.25-0.5-0.75-1-1.25-1.5-1.75-2

2
1.75
1.5

1.25
1

0.75
0.5

0.250

-0.25
-0.5

-0.75
-1

-1.25
-1.5

-1.75
-2

P =
y

x2
+ y2 Q =

−x
x2

+ y2 P andQ are defined everywhere except the origin.

∂xQ − ∂yP =
x2

+ y2
−1 − −x2x

x2
+ y2


2 −

x2
+ y2

1 − y2y

x2
+ y2


2 =

−x2 − y2
+ 2x2 − x2 − y2

+ 2y2

x2
+ y2


2 = 0

By Green’s Theorem, the path may be continuously deformed without changing the value of the integral provided
the region between the curves does not contain the origin. So integrate counterclockwise around the unit circle.
x = cosθ, y = sinθ, dx = −sinθdθ, dy = cosθdθ
Note: x2

+ y2
= 1 So P = y = sinθ Q = −x = −cosθ

∮ y
x2

+ y2 dx− x
x2

+ y2 dy = ∮ sinθ −sinθdθ − cosθ cosθdθ = −∫
0

2π
dθ = −2π
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