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Math 311
Section 501

1. (25points) Let

Solve both equations AX = b

Exam 1 Spring 2013

Solutions P. Yasskin
13022
27255

A= :
01221
03643
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and AX =¢C. Give all solutions or say why there are no solutions.

SOLUTION: The first column shows the row reduction of the augmented matrix with both right hand
sides. The second column discusses the solutions.
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AX = Db has no solution

because the last equationis 0 = 1.

AX = ¢ has free variables x and z

AX = ¢ equivalent equations:
p-6x-z=-3

g+2x+z=1

y=1

AX = ¢
solution:

p=-3+6r+s
qg=1-2r-s
X=r

y=1

z=S5s



13022
27 255

2. (20points) Let A= as in problem 1.
01221

03643

a. Find a basis for N(A), the null space of A. Whatis dimN(A), the nullity of A?

SOLUTION:  The augmented matrix and the reduced matrix are:
13022 10 -60-1|0
27255 01 1|0
01221 1 010
03643 0O 0O
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So (6,-2,1,0,0)" and (1,-1,0,0,1)" are a basis for N(A), and dimN(A) = 2.
b. Find a basis for R(A), the row space of A. Whatis dimR(A), the rowrank of A?

SOLUTION: R(A) = Span(rows of A) Row operations simply change the spanning vectors.
So R(A) = $an((1,0,-6,0,1),(0,1,2,0,1),(0,0,0,1,0))
So (4,0,-6,0,1), (0,1,2,0,1) and (0,0,0,1,0) are a basis for R(A), and dimR(A) = 3.

c. Find a basis for C(A), the column space of A. Whatis dimC(A), the column rank of A?

SOLUTION:  The columns with leading 1's in the row reduction are the columns in A which
are basis vectors.

So (1,2,0,0)", (3,7,1,3)" and (2,5,2,4)" are abasisfor C(A), and dimC(A) = 3.

d. Give 2 relations between the 3 numbers dimN(A), dimR(A) and dimC(A) which would be
true forany 4x5 matrix A. (No proof.)

SOLUTION:  dimN(A) + dimR(A) = 5 dimR(A) = dimC(A)



3. (30 points) Let Ae M(n,n) and b e R". For each of the following conditions, say whether A is

singular or non-singular (circle one). Then give a reason. For one and only one of these, you may say
this is the definition of singular or non-singular. For the rest, your reason must say why the given
condition is equivalent to the definition.

a. Ais row reducable to the unit matrix. singular  |non-singular

Reason: The inverse is found by row reducing (AJ1) to (1]JA). So Ais invertible if and only if it is
row reducable to the unit matrix.

b. The reduced row echelon form of A has a row of zeros at the bottom. |singular,  non-singular

Reason: The inverse is found by row reducing (A|1) to (1JA). So Ais non-invertible if and only if
it's row reduction has a row of zeros at the bottom.

c. Aisinvertible. singular  |non-singular

Reason: This is the definition.

d. The equation AX = 0 has an infinite number of solutions. singularf  non-singular

Reason: If A is non-invertible, then the row reduction gf A has a row of zeros at the bottom. Since

A is square, there must be a free variable. Since X = Q is a solution, there must be an infinite
number of solutions.

e. The equation AX = b has a unique solution. singular  |non-singular

Reason: If A is invertible, then the unique solution is X = A-b,

f. det(A) =0 singular,  non-singular

Reason: The det A may be computed by using row operations. If it is row reducible to the unit
matrix, the determinant is non-zero (see d above). If it's row reduction has a row of zeros at the
bottom, the determinant is zero (see e above).



4. (10 points) Recall the definitions:
If Ais a p x g matrix then AT is the g x p matrix whose ij entry is (AT> i = Aji.
If Ais a px g matrix and B is a q x r matrix then AB is the p x r matrix whose ij entry is
g

(AB); = > AuBy.
k=0
Use only these definitions to prove (AB)" = BTAT.

SOLUTION:

[(AB)T]” = (AB)j; = qu:AjkBki - i(AT>N<BT>ik - qu:<BT>ik<AT>kj - <BTAT>ij

5. (15 points) In the vector space V =R* with a®b=ab and p®a=aP, write out each of the
following facts as identities about ordinary multiplication and exponentiation.

a PO@DBD) = (POA) B (PO D)oo SOLUTION:  (ab)P = aPbP
b. (P+0) Oa=(POaA) D (O @)eruireeieeriieiiiiiiieeeeeiie e SOLUTION: aP*9 = agPa“
Co (PU) @A =P O (GO B)erereeeereeerreeeeeeeeeeeeeeeeeeeeeeseeeeeeeseees s SOLUTION:  a™ = (a%)?
Be D ® @ = Oeerreereeeeeeee et SOLUTION:  a°=1
Oz X 0T o J U SOLUTION: 1P =1



