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MATH 311 Exam 2 Spring 2003 2 /15| 5 /15
Section 200 Solutions P. Yasskin
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Throughout the exam, let (P»)?* be the vector space of ordered pairs of polynomials of degree less
than 2. For example,

- _ (2x-3 2 =2y _ (1
q_(3x+1)e(P” and 4 = (7)
The standard basis of (P,)? is

0= ()@= () ==(3) a-(8)

1. (20 points) Another basis for (P,)* is

Elz(é) 22(1$x) 3:(?) E4:(13x)

a. (5) Find the change of basis matrices C and C.

E<e e<E
E1 = €1 1100 el = E1 1 -1 0 O
E, = 1 =F,—F
2 el t+ep - c - 0 00 en 2 1 - c - 0 0 O
E3 = €3 e<FE 0 011 e3 = E3 E<e 0 1 -1
Es=e3+ey 0 0 01 ey = FE4—E5 0 0 1

b. (5) Find (g), the componentsof g = (%ﬁ;? ) relative to the e-basis.

A - @ 7))

c. (5) Find @’)E the components of ¢ relative to the E-basis by using the change of

q

basis matrix.
1 -1
-3 -5
N N 0O 1 0 O 9 )
@)=C (9), = =
e € 0 0 1 -1 1 —2
g 3 3
0 0 0 1

Check by hooking the components back onto the basis vectors.

g--sevanasom-os()) (1 §)2(8) (8 - (772)

d. 5 If G)E( ) whatis 7?

ereeas s 1) o2 () (8 - (1)

AW —



2. (15 points) Consider the subspace S of (P3)® spanned by (%ii) (%J_Fi)

( 3+x ) ( I-x ) Pare the spanning set down to a basis for S and find the dimension of S.
3—x 1+x

a(155)+0(350) +e(323) +a(153) = (5)

a(l+x)+b2+x)+c(3 +x)+d(1—x)) B (0)
a(l-x)+bQ2-x)+cB-x)+d(1+x) ) \0

(a+2b+3c+d)1+(a+b+c—d)x)_(0)
(@a+2b+3c+d)l+(a-b-c+d)x ) \O

a+2b+3c+d=0

(
(
( 1
i

a+b+c—-d=0
a+2b+3c+d=0
—-a-b—-c+d=0
0 1 2 3 1 O Ry + 2R,
-1 0 Rr — R4 0O -1 -2 -2 0 -R>
j—
1 O R; — R O 0 0 0 O
1 0 Rs+ Ry 0 O 0 0 0

a & b are leading variables
c & d are free variables
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Lets =1, = 0: . (i—ﬁ)_z(gtﬁ)%giﬁ):(g)
Lets = 0.1~ 1 (123)-2355) - (133) = (5)
So(%ti)and(i;i)can be expressed in termsof(ifﬁ)and (%ti)

Abasisis(%ii), (%fi) dimS =2



3. (20 points) Now consider the linear map L : (P2)> — P, givenby L(@) =pi+p>. (Just

add the two component polynomials.) For example, if ¢ = ( _13++32xx ) then

L@) = L( —13++32xx ) = (=3+2x) + (1 +3x) = =2+ 5x

a. (5) Find the matrix of L relative to the e-basison (P,)> andthe fbasison P,

where fi=1 and f, =x. Callit 4.
fee

Len=1(})=1-4
L(e;):L(?)zlzfl fee 10
L(€4)=L()OC)—x—f2

b. (5) Find the matrixof L relative to the E-basison (P,)> andthe fbasison P, by
using the change of basis matrix. Callit B.

fE
1100
1 010 0100 1 111
B = 4 C = =
fE fee ecE 0101 0011 0101
00011

c. (5) Findthe matrix of L relative tothe E-basison (P,)*> andthe fbasison P,
from the definition.

L(El):L((l))=1=ﬁ

LE) =L( VE¥) = 14x=fi+ss (1
L(E3)=L((1))=1:f1 - f«E(Ol 01)
(¢

)

1
d. (5) If G)E( % ) what are [L(?)]f and L) ?
4

1
- (111 > | [ 10
o101 )(3)-(F)

L) = 10fi +6f> = 10 + 6x



4. (15 points) Again consider the linearmap L : (P;)* — P, givenby L(@) = pi1+p2. When
necessary, letp = (5; ) = ( ‘C’Ifb’g )

a.

(5) Find the kernel of L. Give a basis and the dimension.

Ker(@) =B | L@) =p1+p2 =0y =B | p2=-pry = {( 2785 )} = {a( 1)+ 20}
= span{( 1} )20}

Basis: {( _11 ),( X )} dimKer(L) = 2

(5) Find the image of L. Give a basis and the dimension.

Im(L) = {L(P)} = {p1+p2} ={a+bx+c+dx} = {(a+c)l +(b+d)x} = Span{l,x} = P,

Basis: {1,x} dim Im(L) =2

(2) Is L one-to-one? Why?

L is NOT one-to-one because Ker(L) + {6}

(2) Is L onto? Why?

Yes, L is onto because Im(L) = P, = Codom(L).

(1) Check that the Nullity-Rank Theorem is satisfied.

dimKer(L) + dim Im(L) = 2 +2 = 4 = dimDom(L)



5. (15 points) Verify that the following function is an inner producton (P)” :
(. ):(P2)*x(P2)’ >R givenby (#,q)= Ii]pl(x)m(x)+p2(x)Q2(x)dx
For example, <( 12+xx ) ( = )> - ji](l +x)(=x) + (2x)(2 = x) dx = J‘i](3x— 3x2) dx = -2
a. Symmetric:
@B = [ a@n@+e@p@d = [ pia )+ e d - 6.3)
b. Bilinear:
(p,aq + bF) = J‘ilpl(x)(aql + bri)(x) + p2(x)(aqa + bra)(x) dx

= aJ.il p1(x)q1(x) +p2(x)qa(x)dx + b J.ilpl ()1 (x) + pa(x)ra(x) dx
= ap,q) + b(p,7)
c. Positive Definite:

®.p) = J‘ilpl(x)z +pa(x)?dx >0

If (3,5) = 0, then p,(x) = pa(x) = 0. S0 B = 0.

6. (15 points) Using the inner product of problem 5, find the angle between
the vectors ( }C ) and ( _1x )

<()1c)’(—lx)> = jll(l)(1)+(x)(—x)dx = jll(l —x?)dx = %

<()lc)()1c)> :_[11(1)(1)+(x)(x)dx=I11(1+x2)dx= % |()1C)| _ E

<(—1x)>(—lx)> :J‘i](l)(l)+(—x)(—x)dx=J‘i](1+x2)dx= % |(—1x)| - ‘/g
4

) % .

= =5 = 0=2=060
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