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Work Out: (25 points each)

1. Consider an ideal gas whose density, p, temperature, 7, and pressure, P, are functions
of position. Thus if we consider a two dimensional space R? whose coordinates are (p,T)
then the ideal gas law, P = kp7, defines a function P : R? — R. (Here k is a constant which
may appear in your answers.) Further, the formulas which give (p,T) as functions of position
(x,y,z) define afunction F :R3 — R2. The composition PoF :R?> — R thengives P as

a function of position. Atthe point X = (2,3,4), p, T and their gradients are
=78  Vp(X) = (0.1,0.2,-0.1)  VT(X) = (0.2,-0.3,0.4)

b. Whatare JP and JP(p(X),T(X)), the Jacobian matrix of P and the Jacobian matrix of
P at X7

pX) =2  TX)
a. Whatis JF(X) =

d(x,

c. Whatis J(Po F)(X),

d(p—)’}TZ))(X), the Jacobian matrix of F at X7?

the Jacobian matrix of PoF at X?




d. Use the linear approximation to estimate P(Y), the pressure at the point
Y =(2.2,2.9,4.1).

e. Atthetime =0, youareat X = (2,3,4) and moving with velocity v = (-1,1,2).
Use the linear approximation to estimate the temperature 7 attime = 2.

The remainder of the exam is customized for each student.



Exam 1 #2: Find the non-parametric equation for the plane tangent to the surface
x3y? +xz3 =31 atthe point (x,y,z) = (1,2,3).
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Exam 1 #4: LetM =

1 3 0 =2

2 6 3 x

a. Compute detM (as a function of x).

b. For what value(s) of x does M exist? Why?



Exam 1 #5: Let 4 = 1 0 -1

a. Compute 4~'. Check it.

b. Solve the equations 3x+2y =2
x—z=1

y+2z=3



Exam 1 #6: (Multiple Choice: Circle one) If C = 4B, then (CcH™' =
. ATB'+47'BT

. B'AT + BT47!

OGN

CONCUN

(2} T 9o

Q.

Now prove it. You may use any result proved in class or in the book or on homework.



Exam 2 #1: Let (P,)? be the vector space of ordered pairs of polynomials of degree less than
2. For example,

- _ (2x-3 2 =y _ 1
q_(3x+1)e(P2) and 42 = ()
The standard basis of (P,)? is

0= () m= () ==(3) «-(8)

Another basis for (P,)? is

g=(o) 2=(157) B-(7) 2-(,1,)

a. Find the change of basis matrices C and C.
E«<e e<E

b. Find (g), the components of g = (%ﬁ;? ) relative to the e-basis.

c. Find (ﬁ)E the components of ¢ relative to the E-basis by using the change of
basis matrix.

d. If G)E( ) whatis 7?

Lo —



Exam 2 #2: Let (P,)? be the vector space of ordered pairs of polynomials of degree less than
2. For example,

i-(231)cor e qo-(1)

Consider the subspace S of (P;)* spanned by ( % J_rfc ) (%J_F§ ) ( %J_F; ) ( % Ii )
Pare the spanning set down to a basis for S and find the dimension of S.



Exam 2 #3: Let (P,)? be the vector space of ordered pairs of polynomials of degree less than
2. For example,

- _ (2x-3 2 =y _ 1
q_(3x+1)e(P2) and 42 = ()
The standard basis of (P,)? is

0= () m= () ==(3) «-(8)

Another basis for (P,)? is

g=(o) 2=(157) B-(7) 2-(,1,)

The change of basis matrices are

1 10O 1 -1 0 0
0100 0O 1 0 O
Cc = CcC =
e<FE 0 011 E<e 0 0 1 -1
0 001 0 0 1

Now consider the linearmap L : (P»)> — P, givenby L) = pi +p>. (Justadd the two

component polynomials.) For example, if ¢ = ( _13++32xx ) then

@) = L( S ) = (3+20)+ (14+3x) = =2+ 5x

a. Find the matrix of L relative to the e-basison (P,)? andthe fbasison P,

where fi=1 and f, =x. Callit 4.
fee

b. Find the matrix of L relative to the E-basison (P,)> andthe fbasison P, by

using the change of basis matrix. Call it B.
FE



c. Find the matrix of L relative to the E-basison (P,)* andthe fbasison P, from
the definition.

d. If (), = (

), what are [L(?)]f and L(#)?

AW —



Exam 2 #4: Let (P,)? be the vector space of ordered pairs of polynomials of degree less than
2. For example,

i- () cen s - (1)

Consider the linearmap L : (P,)> — P, givenby L) = pi +p>. When necessary, let
7= (Pl ) _ (a+bx)
p2 c+dx /)’

a. Find the kernel of L. Give a basis and the dimension.

b. Find the image of L. Give a basis and the dimension.

c. Is L one-to-one? Why?
d. Is L onto? Why?

e. Check that the Nullity-Rank Theorem is satisfied.



Exam 2 #5: Let (P,)? be the vector space of ordered pairs of polynomials of degree less than
2. For example,

i- () eon wms - (1)

Verify that the following function is an inner product on (P,)? :

(L )PP x (PP =R givenby G = [ pi@ai() +pa()g0) ds

For example, <( 12J;x )( = )> - jll(l +x)(=x) + (2x)(2 = x) dx = J11(3x— 3x2) dx = -2

a. Symmetric:

b. Bilinear:

c. Positive Definite:



Exam 2 #6: Let (P,)? be the vector space of ordered pairs of polynomials of degree less than
2. For example,

i- () een ms - (1)

Using the following inner product on (P»)? :
1
(o )P x(P)? = R givenby F)=[ pi)qi(x) +pax)qa(e) s

find the angle between the vectors ( )1C ) and ( _lx )



Exam 3 #2: Consider the parametric curve r(r) = (2r,t2 lﬂ) for 0<r<2.

3
(4,4,8/3) ]
a. Compute j (xy+3z)ds along this curve
(0,0,0)
(4,4,83) - ) R
b. Compute I F .ds along this curve where F = (3z,2y,x).

(0,0,0)



Exam 3 #3: Consider the parametric surface

R(p.q) = (p,q.p* +q*)

for -1<p<1 and -1<¢g<1.

a. Find the total mass M = HédS on this surface if the surface density is 6 = J4z+ 1.

b. Find the flux ”7«“ .dS of the vector field F = (3x,3y,3z) through this surface with
normal pointing down.



Exam 3 #4: Use 2 methods to compute

”?7 ds for F = (5xz,5yz,2°)
C
over the conical surface C given by

z=Jx>+y? <3

with normal pointing down and out.

a. METHOD 1:  Compute ”7«* .dS directly as a surface integral using the
C

parametrization ?e(r,e) = (rcos6,rsinf,r).

HINT:Find ¢, 2, N and F on the cone.



Recall: F = (5xz,5yz,z%) and C is the conical surface z = /x*+)? <3 with
normal pointing down and out.

b. METHOD 2: Compute ”17“ .dS by applying Gauss’ Theorem
C

J.”% CFdV = ”77 .dS to the solid cone ¥ whose boundaryis oV =C+D
V oV

where C is the conical surface and D is the disk at the top of the cone.



