MATH 423
Linear Algebra Il

Lecture 31:
Dual space.
Adjoint operator.



Dual space

Let V be a vector space over a field F.

Definition. The vector space L(V,TF) of all linear functionals
¢:V — F is called the dual space of V (denoted V' or V*).

Theorem Let 5 = {v,}aca be a basis for V. Then

(i) any linear functional ¢: V — F is uniquely determined by
its restriction to [3;

(ii) any function f: 3 — F can be (uniquely) extended to a
linear functional on V.

Thus we have a one-to-one correspondence between elements
of the dual space V' and collections of scalars ¢,, a € A.

Namely, ¢ +— {l(v,)}aca-



Dual basis

Let 6 = [vi,Va,...,V,] be a basis for a vector
space V. Forany 1 </ < n let f; denote a unique
linear functional on V such that fi(v;) =1 if i =
and 0 otherwise.

If v=nrvi+nv+- -+ v, then fi(v)=r,.
That is, the functional f; evaluates the ith
coordinate of the vector v relative to the basis (.

Theorem The functionals f,f,...,f, form a
basis for the dual space V' (called the dual basis of

f).



Double dual space

The double dual of a vector space V is V", the dual of V.

Since V' is a functional vector space, to any vector v € V we
associate an evaluation mapping, denoted Vv, given by

U(f) = f(v), v e V. This mapping is linear, hence it is an
element of V.

Theorem Consider a mapping x : V — V" given by
x(v) =v. Then

(i) x is linear;

(ii) x is one-to-one;

(i) x is onto if and only if dim V < oo.

Corollary 1 If V is finite-dimensional, then x is an
isomorphism of V onto V”.

Corollary 2 If V is finite-dimensional, then any basis for V'
is the dual basis of some basis for V.



Dual linear transformation

Suppose V and W are vector spaces and

L:V — W is a linear transformation. The dual
transformation of L is a transformation

L' W — V' given by L'(f) = folL. Thatis, L'
precomposes each linear functional on W with L.
It is easy to see that L'(f) is indeed a linear
functional on V. Also, L' is linear.

Suppose V and W are finite-dimensional. Let 3 be
a basis for V' and + be a basis for W. Let (' be the
dual basis of 3 and ' be the dual basis for ~.

Theorem If [L]} = A then [L']) = A



Dual of an inner product space

Let V be a vector space with an inner product (-, -).
For any y € V' consider a function ¢y : V — F
given by /y(x) = (x,y) forall x € V. This
function is linear.

Theorem Let 6:V — V' be given by 6(v) = 4,.
Then (i) 0 is linear if F =R and half-linear if
F =C; (ii) ¢ is one-to-one.

Corollary If V is finite-dimensional, then any linear
functional on V is uniquely represented as ¢, for
some v € V.



Adjoint operator

Let L be a linear operator on an inner product space V.
Definition. The adjoint of L is a transformation L*: V — V
satisfying (L(x),y) = (x, L*(y)) for all x,y € V.

Notice that the adjoint of L may not exist.

Theorem 1 If the adjoint L* exists, then it is unique and
linear.

Theorem 2 If V is finite-dimensional, then the adjoint
operator L* always exists.

Properties of adjoint operators:

o (L+L)=L+104
o (rL)=7L*

o (Ljoly)* = Lol}

o (L")y=1L

e id}, =idy



