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12. System of homogeneo

us lmear equatlons with constant coefficients:

the role of elgenvalues and elgenvetors, the case of dlstlnct e1genva1—

ues(sec 7. 3 and 7.5)

1. A number X is called an e1genva1ue of matrix A if there exists a nonzero vector v such

that

and v is called an elgenvect

Av = v,

or correspondmg to the elgenvalue A -

2. Example (corresponds t0 uncoupled systems) If Ai is a dzagonal matriz,

then the numbers Ap, AQ, ciey

M O ... 0
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00 ... A '

\, are eigenvalues and the vectors

1 0
0 0
Vi1 = . y V2T ) sy, Vn T . y
0 1
are the correspondmg e1genvectors
3. Relation of diagonal matrlces to uncoupled systems: . S ' ¥
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4. Fundamental Proposition.
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If X is an ezgem}alue of matriz A’ cmd v 45 an ezgenvector

corresponding to this ezgenvalue then

LX) =My

is o solution of the system X' = AX, i.e solution of the homogeﬁeous linear system with

constant coefficients.
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5. Geometric interpretation of Fundamenta] Proposition.
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/ 6. Eigenvalue are solutions of the following characteristic equation ( roots of the f0110w1

pELy
¥ PN {/ characteristic polynomial): s j ‘g ﬁ 2.
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7. Trace of an n xn- matrix A is the sum of it diagonal elements, denoted by trace(A) or
B tr(d):- c.}\mdmgo\‘t P%mmmg
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8.
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trace(A) =011 + a2 + .. Qnn
Show that the charactenstlc equat1on in the case n = 2 can be found as

A2 — trace(A))\ + det(A) 0.
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Consequently to find elgenvalues of an 2 X 2 matric we need to solve a quadratm equation
(and more generally, to find eigenvalues of n X n matmx we need to find roots of a polynom1a1
of degree n).

. Fact from Algebra: The quadratic equation al? + b\ + ¢ = 0 has roots
"/\ —b+ vb% —dac ) —b = /b2 — dac
1= s N2 T J
: 2a¢ 07 - 2a

which fall into one of 3 cases:

o two distinct real roots A1 # As (in this case D = b? — 4ac > ‘0) [correspbnds to part of -

section 7.5 and can be applied to section 3.1

e two complex conjugate roots Ay = s (in this case D = b* — dac < 0) [corresponds to a
part of section 7 6 and can be applled to section 3.3] ‘

e -two equal real roots )\1 = )\2 (in this case D = b? — dac = 0) [[corresponds to a part of
section 7.8 and can be applied to section 3.4] :

Real Distinct E1genva1ues

. FACT from Linear algebra: If A has dzstmct ezgenvalues Mo dn and Vi V" are the
correspondzng eigenvectors, then det(vl;...,v"™) (i.e. the determmant of the matriz with jth-

column equal to v7) does not vanish or, equwalently the collection of vectors vy, ..., Vy form

.. a basis. of R™
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As a consequence, if If A has distinct real eigenvalues Aq, ..., A, with eigenvectors v1,...,v"
, then
{eMivl, ... emtvt]

is a fundamental set of solutions and the general solution is

X(t) = CreMtv! 4. 4 Cretv™, (1)
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REMARK If the eigenvalues are distinct but some of them are complex, the formula (1)

gives the general complex-valued solutions, so we need to make additional work to get the
general real-valued solutions (will be discussed next week and corresponds to section 7.6 and
3.3, we also will make a thorough review of complex numbers there).

12. EXAMPLE. Consider the following system of ODEs:

| ' iEll = =21 + Z2
55/2 = 2.%1—3:1;2
) Find general solution of (2).
) e Find Hu @ﬂﬁwﬂ%’wg |
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‘ | )
(b) Find solution of (2) subject to the initial condition X 0)= ( s )

P% t=0 g;;&éﬁw j@%@«t Salpnd on
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~(c) What is behavior of the solution as t — +oco?
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13. Apphcatlons to second and hlgher order linear homo-
geneous equations (sections 3.2, 3.1 for second order, 4.1,
4.2 for higher order, the latt‘er can be skipped) | |
1. Consider a lincar homoger;eous ODE. |
v +p(t)y +a(tly=0 o : , 3)

~with coeflicients p and ¢ being continuous in an interval I. Then, as was already discussed
in section 9 item 7 of the notes, this equation can be transformed to the following system of

first order equations, by setting z1 () i= y(t), z2(t) = ¥'(t):
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{ Ty = —q(t)z1 — p(t)z2. (4)

so that a function y(t) is a solution of (3) if and only of the vector function
y(®)
X(t) =
( y'(t) ) ‘

Then as a consequence of general theory for systems (section 10, items 16-18, and section
11, items 8-12) we get

is a solution of (4).

2. Superposition Pr1nc1ple for second (and ‘also hlgher) order equations reads: If
y1(t) and yo(¢t) are two solutions of (3), then

y(t) = Caun(£) + Copa(t). | (5)

is a solution of (3).
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3. Wronskian of two solutions Take two solutions y; () and y,(t) of (3). Then then

xo=( 40 ) %0 (%)

are two solutions of (4). Therefore the 2 x 2 matrix ¥(¢) formed from this two solutions is

() w(t) '
v = <y1<t> ya<t>> ©

DEFINITION 1. The determinant of the matriz U(t) is called WRONSKIAN of the
functions y1(t) and ya(t) and it is denoted by W (yy,y2)(t):

yi(t) ya2(t)

ae ol Y1 (t)ys(t) — v2()11 (t)

W(yl, yz)(t) =
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4. As a consequence of Theorem 2 of section 10'we get

THEOREM 2. Let y1(t) and yo are solutions of (3). The general solution of (3) is given
by y(t) = Ciyn(t) + Caya(t) if and only if the Wronskian W{y1,y2)(to) # 0 for some time
moment tg.

5. As discussed in the very first lecture cost and sint are solutions of y” +y = 0. Using the
developed theory, justify that y(t) = C; cost+Cysint is the general solution of this equatlon
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6. Generalization for eduatlon of order n (chapter 4) What is the Wronskian for n
* solutions of an equation of nth order and the analog of Theorem (2) 1n this case'?
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The case of linear homogeneous equations of second order: charac-
teristic equation and general solution in the the case of real distinct

roots (sec. 3.1)
7. Consider :
ay’ +by +cy=0 (7
with constant real coefficients a, b, and ¢, a # 0. The corresponding system of first order

equation is

z:: z izgg;l - f;-mg. (8)
i \ - MW, =&y by
a;avf:% %@ﬁ ﬁ“ﬁfﬁ =0 (=) N o) '%@, 3
~ e o, ﬁ |
up‘ 13 5{3; .

8. Show that the characteristic equation for the eigenvalues of the matrix of the system (8) is

equivalent to _
aX? +bA+c=0. (9)

w&é:“ - g., e
a O
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Note that the characteristic equation (9) can be determined from the original second differ-
ential equation (7) simply by replacing y® with A* (you relate to y itself as to the derivative
of y of order 0).
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The case of two distinct real roots Xl and A of (9) < distinct real eigenvalues of the matrix

of the corresponding system (8). Therefore the general solution of (7) is

y(t) = Cle)‘lt + CQCMt. | ._ (10)
EXPLANATION
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‘ 9. More elementary derivation, of (9) and (10) without using ‘the notions of eigenvalues and -
4 _ f{ ~eigenvectors: the nature of the equation (7) suggests ‘that 1t may have solutlons of the
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10. EXAMPLE. Consider
‘ 3y —y —2y=0.

(a) Find general solution.
/‘}5 EY N k) % Z .
Chasedtnsdc eguadon, o A-A-2 =0
| D= =43 &-%) =25 ovdindd
' )\ \= ﬁ""g’ 2» M
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) Find solution satisfying the following initial conditions: y(0) =, ¥'(0) =1, wgere a

is a real parameter.
s = C:,'*’(,"-‘i'i JQ W @\aw Qm;js,@émw@;;{g &W
eguahens Joo € 80,
Elpmined
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Jo 3“)”3 “H@e * @% Ji,m !
o (G Find all o 8o that the solutlon of the corrésponding IVP approaches 0ast— +oo.
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1‘1. How to generalize this theory to linear equation Wit’h‘constant coeﬂicients of order n? }
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