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GEOMETRY OF JACOBI CURVES. I

A A. AGRACHEYV and 1. ZELENKO

ABSTRACT. Jacobi curves are deep generalizations of the spaces of
“Jacobi fields” along Riemannian geodesics. Actually, Jacobi curves
are curves in the Lagrange Grassmannians. In our paper we develop
differential geometry of these curves which provides basic feedback
or gauge invariants for a wide class of smooth control systems and
geometric structures. Two principal invariants are the generalized
Ricci curvature, which is an invariant of the parametrized curve in the
Lagrange Grassmannian endowing the curve with a natural projective
structure, and a fundamental form, which is a fourth-order differential
on the curve. The so-called rank 1 curves are studied in more detail.
Jacobi curves of this class are associated with systems with scalar
controls and with rank 2 vector distributions.

In the forthcoming second part of the paper we will present the
comparison theorems (i.e., the estimates for the conjugate points in
terms of our invariants) for rank 1 curves and introduce an important
class of “fat curves.”

1. INTRODUCTION

Jacobi curves were defined in [1] and [2]. Here we give a less general
although more geometric construction of these curves.

Suppose that M is a smooth n-dimensional manifold and 7 : "M — M
is the cotangent bundle to M. Let H be a codimension 1 submanifold in
T*M such that H is transversal to Ty M Vg € M; then H; = HN M
1s a smooth hypersurface in Ty M. Let ¢ be the canonical Liouville form
on TyM, sy = Aom, A € T*M, and o = —ds be the standard symplectic
structure on T*M; then o|g is a corank 1 closed 2-form. The kernels of
(ole)n, A € H are transversal to T; M, g € M; these kernels form a line
distribution in H and define a characteristic 1-foliation C of H. Leaves of
this foliation are characteristic curves of o|y.
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Suppose that 7 is a segment of a characteristic curve and O is a neigh-
borhood of v in H such that N = O,/(Clo,) is a well-defined smooth
manifold. The quotient manifold N is, in fact, a symplectic manifold en-
dowed with a symplectic structure ¢ induced by o|g. Let ¢ : Oy — N
be the canonical factorization; then ¢(Hy N O4), ¢ € M, are Lagrangian
submanifolds in N. Let L(T,N) be the Lagrangian Grassmannian of the
symplectic space T,N, ie., L(T,N) = {A C T,N : A = A}, where
D4 = {e € T,N : 5(e,D) = 0}, VD C T,N. Jacobi curve of the char-
acteristic curve y is the mapping

A= @ (TaHrny), A€,

from v to L(T,N).

Jacobi curves are curves in the Lagrange Grassmannians. They are in-
variants of the hypersurface H in the cotangent bundle. In particular, any
differential invariant of the curves in the Lagrange Grassmannian by the ac-
tion of the linear symplectic group (i.e., any symplectic invariant) produces
a well-defined function on H.

To make things clear it is not worse to give a coordinate version of the
construction of the Jacobi curve. In the neighborhood O,, we choose co-
ordinates (xg, 1, ... ,Tan—_2) such that the characteristic curves of o|y are
the straight lines parallel to the xg-axis (here we do not care about the
fact that H comes from the linear fiber bundle T* M, we forget about the
linear structure of the fibers). In these coordinates the sets H, () are some
(n — 1)-dimensional submanifolds of R?"~!. For any A € v take projection
(parallel to xp-axis) of the spaces T»Hy(y) on the hyperplane {zq = c} for
some c. Then we obtain a curve of (n — 1)-dimensional subspaces in the
(2n — 2)-dimensional linear space. The restriction of the form o to {z¢ = ¢}
provides this space with symplectic structure and the obtained curve is a
curve of Lagrangian subspaces w.r.t. this structure. This curve is exactly
the Jacobi curve.

Set W = TN and note that the tangent space TAL(W) to the La-
grangian Grassmannian at the point A can be naturally identified with the
space of quadratic forms on the linear space A C W. Namely, take a curve
A(t) € L(W) with A(0) = A. Given some vector [ € A, take a curve I(+)
in W such that l( ) € A(¢t) for all t and 1(0) = I. Define the quadratic

form gy (1) = 5<d—l ) Using the fact that the spaces A(t) are La-

grangian, i.e. A(t)4 = A(t), it is easy to see that the form g, (.y(!) depends
d

only on %A(O). Therefore, we have the mapping from T L(W) to the

space of quadratic forms on A. A simple calculation of the dimension shows
that this mapping is a bijection. Below we use this identification of tangent
vectors to L(W) with quadratic forms without a special mentioning.
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Proposition 1. Tangent vectors to the Jacobi curve Jy at a point J,(A),
A € v, are equivalent (under linear substitutions of variables in the corre-
sponding quadratic forms) to the “second fundamental form” of the hyper-
surface Hy(x) C T:()\)M at the point A.

Sketch of proof. In our local study we can assume without loss of generality

that H is a regular level set of a smooth function h on T*M. Then v is a

trajectory of the Hamiltonian vector field h defined by the identity h|o =

dh. Let t — ~(t) be a parametrization of v defined by the Hamiltonian
d .

system 7= h(v), ¥(0) = X. Given I € ¢.(Tx\Hy(»)), take a vector field

¢ on H such that £(y(t)) € Ty Hr(y)), #+£(X) = [. Simple calculations

show that %(b*é('y(t)) = ¢.[h, £)(~(t)). Hence

d _(d -
G0 = (G- 0O int) = o (AN, ).
Now we rewrite the last formula in coordinates. Let ¢ = (¢,...,q") be
local coordinates in M and p = (pl, cee D) be induced coordinates in
the fiber of T*M, so that ¢ = Zpldq o = Z dp; A dg'. Then h =
_1 =1
n/0h 0 Oh 0O
—_— - = él 1230 r(N). h
Z(onor awam) =5 =), £12)). We have
- *8211

2
The quadratic form [ — l*g 5
of the hypersurface H ) = h™!(h(X)) N oyMin Ty M. O

[ is exactly the “second fundamental form”

In particular, the velocity of J, at A is a sign-definite quadratic form if
and only if the hypersurface Hy(y) is strongly convex at A.

A similar construction can be made for a submanifold of codimension
2 in T*M. Namely, let H be a transversal to fibers of a codimension 2
submanifold in T*M. In general, characteristic curves do not fill the whole
submanifold H; they are concentrated in the characteristic variety consisting
of the points, where 0|y is degenerate. In our local study we can always
assume that H is orientable and that 2 is a volume form on M. Then
A oy = af, where a is a smooth function on H. We set

CH:{)\EH:a =0, (d,\a/\ cr|)\>|H7é0}.



96 A.A. AGRACHEV and I. ZELENKO

Assume that Cy # 0. Then Cg is a codimension 1 submanifold of H and
oley is a 2-form of corank 1 on Cy. Indeed, VA € Cy, keroy|g is a 2-
dimensional subspace in T\ H, which is transversal to T\Cp, and we have
keI‘O')\|CH = kero)\|H NT\Cxg.

The characteristic curves of o|c,, form a 1-foliation C of Cy. Let «y be
a segment of a characteristic curve and O, be a neighborhood of v in H
such that N = O,/(C|o,) is a well-defined smooth manifold. The quotient
manifold NV is a symplectic manifold endowed with a symplectic structure &
induced by o|c,,. Let ¢ : Oy — N be the canonical factorization. It is easy
to verify that ¢, ((TxHy(n) + keroa|g) N TaCh) is a Lagrangian subspace
of the symplectic space TN, VA € O,. Jacobi curve of the characteristic
curve v is the mapping

A= d)*((T)\Hﬁ()\) + ker0A|H) n T)\CH), A€ v,

from « to L(T,N).

We are mainly interested in submanifolds that are dual objects to smooth
control systems. Here any submanifold V' C T M transversal to fibers is
called a smooth control system. Let V; = V N T,M; the “dual” normal
variety H' and abnormal variety H® are defined as follows:

H = |J{peT;M:TveV, \v)=1, (\T,V,) =0},
qeEM

H = [ J{NeT;M\0:3v eV, (\v)=(\T,V,) =0}
qeEM

These varieties are not, in general, smooth manifolds; they may have sin-
gularities, which we do not discuss here. Anyway, one can obtain a lot of
information on the original system just studying smooth parts of H' and
HO.

One of the varieties H' and H° can be empty. In particular, if V, =
OW,, where W, is a convex set and 0 € int W,, then H° = (). Moreover,
in this case the Liouville form never vanishes on the tangent lines to the
characteristic curves of o|g1, and any characteristic curve « has a canonical
parametrization by the rule (s,¥) = 1. If subsets V,;, C T,M are conical,
aV, = V; Va > 0, then, in contrast to the previous case, H! = ) and
¢ vanishes on the tangent lines to the characteristic curves of o|go. The
characteristic curves are actually nonparametrized.

Characteristic curves of o|g1 (0|go) are associated with normal (abnor-
mal) extremals of the control system V. In [1] and [2] Jacobi curves of
extremals were defined in a purely variational way in terms of the origi-
nal control system and in a very general setting (including singularities),
see also [6]. Introduced here Jacobi curves of characteristic curves of o1
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(o]go) coincide with Jacobi curves of the corresponding extremals in the
following important cases:

(1) if H' has codimension 1 in T*M. This occurs, for example, if
subsets V;, are compact Vq € M;

(2) if H° has codimension 1 in T*M, but H* = (. This occurs, for
example, if for any ¢ subset V; is conical but does not contain a
2-dimensional linear space;

(3) if H! has codimension 2. This occurs, for example, if for any ¢
subset V; is an affine line in T, M, not containing the origin;

(4) if H° has codimension 2. This occurs, for example , if V, are 2-
dimensional linear spaces, i.e., subsets V; define rank 2 vector dis-
tribution on M, or if V, = D, N OW,, where D, is 2-dimensional
linear space and W is a convex set such that 0 € int Wj,.

Jacobi curves associated with extremals of a given control system are
not arbitrary curves of Lagrangian Grassmannian but they inherit special
features of the control system. The rank of the “second fundamental form”
of the submanifolds H;y and HY of T, M at any point is not greater than
dim V,. Indeed, let A € H}; then A € (T,V,)*, (A,v) = 1 for some v € V.
We have A+ (T, V, +Ru)t C H, (}. Therefore, A belongs to an affine subspace
of dimension n—dim V,—1, which is contained in H;. For )\ € Hg, JveT,M
such that A € (T,V,)%, (\,v) = 0. Then linear subspace (T,V; + Rv)* is
contained in H, g . It follows that the second fundamental forms of H, ; and
HY have a rank not greater than (dimV, — codim H' 4 1) and (dim V, —
codim H® + 1), respectively.

In cases (1) and (2), the velocity of the Jacobi curve A — J,(X), A € 7,
associated with the extremal v, has rank not greater than dim V() (see
Proposition 1). The same is true for the Jacobi curves of the extremals in
cases (3) and (4), although Proposition 1 cannot be directly applied.

Dimension of V; is the number of inputs or control parameters in the
control system. Less inputs means more “nonholonomic constraints” on
the system. It turns out that the rank of the velocity of any Jacobi curve
generated by the system never exceeds the number of inputs.

Note that by construction these Jacobi curves are feedback invariants of
the control system (i.e., they do not depend on a parametrization of the
sets V). Hence any symplectic invariants of the Jacobi curves, associated
with extremals, define a function on an appropriate submanifold of T*M
that is a feedback invariant of the control system. In this way the problem
of finding feedback invariants of control systems can be reduced to a much
more treatable problem of finding symplectic invariants of certain curves in
the Lagrange Grassmannian.

A curve in the Lagrange Grassmannian is called regular, if its velocity at
any point is a nondegenerate quadratic form. Regular curves were studied in
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[1], where notions of the derivative curve and the curvature operator were
introduced. Actually, the derivative curves of Jacobi curves, associated
with the hypersurface H, provide a canonical connection on the cotangent
bundle. If H is a spherical bundle of a Riemannian manifold, then this
connection is just the Levi-Civita connection. The curvature operator of
the Jacobi curve is intimately connected with the curvature tensor of the
canonical connection.

In the present paper we develop general theory of curves in the La-
grangian Grassmannian. The first steps in this direction were made in [3]. It
makes sense to restrict ourselves to studying so-called monotone (i.e., nonde-
creasing or nonincreasing) curves. The curve in Lagrangian Grassmannian
is called nondecreasing (nonincreasing), if the velocity at any point of it is a
nonpositive (respectively, nonnegative) quadratic form. Jacobi curve asso-
ciated with the extremal of finite Morse index is automatically monotone.

This paper is organized as follows. In Sec. 2 we give the general con-
struction of the derivative curve and introduce two principal discrete char-
acteristics of the curves in the Lagrange Grassmannian: the rank and the
weight. In particular, regular curves have the maximal rank and minimal
weight. The derivative curve is defined for any curve of the finite weight.
In Sec. 3 we define the curvature operator and show its role for the regular
curves.

In Sec. 4 we study the cross-ratio of four points and an infinitesimal
cross-ratio of two tangent vectors at two distinct points in the Lagrange
Grassmannian. The last one leads to an intrinsic pairing Vo, V1 — (Vo | V1),
Vi € Tp,L(W), i = 0,1, of the tangent spaces to two distinct points Ag and
Ay of the Grassmannian. The pairing (A(t) | A(7)) of the velocities of the
curve t — A(t) gives a symmetric function of two variables which keeps all
essential information about the curve. This function is defined out of the
diagonal {t = 7} and has a very simple singularity at the diagonal:

(R0) | () =~ = 0, (7),

where k is the weight of the curve and g, (¢,7) is a smooth function!

The first coming invariant of the parametrized curve, the generalized
Ricci curvature, is just g, (¢,t), the value of g, at the diagonal. For regular
curves and for rank 1 curves, Ricci curvature is equal also to the trace of
the defined earlier curvature operator.

In Sec. 5 we are focused on nonparametrized curves. Our investigation
is based on a simple chain rule for a function g,. Indeed, let ¢ : R — R be
a smooth monotone function. It follows directly from definition of g, that

pt)p(r) 1 )
(e(t) —p()? -7/

g (6,7) = ()P(T)gs (o(0), () + (
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In particular,

Gaea (6:0) = GV, (£(0), (1) + £5(0),

where S(yp) is a Schwarzian derivative of ¢. The class of local parametriza-
tions that kill the generalized Ricci curvature defines a canonical projective
structure on the curve. The principal invariant of the nonparametrized
curve, the fundamental form, is a fourth-order differential on the curve; in
the canoznical projective parameter, the fundamental form has the expres-
: 10 ga 4
sion §W(t’ t)(dt)*.
In Sec. 6 we begin a systematic study of the rank 1 curves and show that

a rank 1 curve has a constant weight out of a discrete set of its interval of
2i

0
definition. In Sec. 7 we prove that functions 5 g:‘ (t,t), 0 <i<m-—1,
T

form a complete system of symplectic invariants of a rank 1 and constant
weight curve A(+) in the Lagrange Grassmannian L(R?™).

The Lagrange Grassmannian L(R?™) is a submanifold of the manifold
G(m,2m) of all m-dimensional subspaces of R?™. The constructions of the
derivative curve, function g, , canonical projective structure, and fundamen-
tal form can be made in the same way for general curves in G(m, 2m).

2. DERIVATIVE CURVE

From now on W will be 2m-dimensional linear space endowed with the
symplectic form 7. Let A be a Lagrangian subspace of W, i.e., A € L(W).
For any w € A, the linear form &(-,w) vanishes on A and thus defines a
linear form on W/A. The nondegeneracy of ¢ implies that the relation
w — (-, w), w € A, induces a canonical isomorphism A 2 (W/A)* and, by
the conjugation, A* =2 W/A.

We set A" = {T' € L(W) : TNA = 0}, an open everywhere dense subset of
L(W). Let Sym?(A) be the space of self-adjoint linear mappings from A* to
A; this notation shows the fact that Sym?(A) is the space of quadratic forms
on A* that is the symmetric square of A. A™ possesses a canonical structure
of an affine space over the linear space Sym?(A) = Sym?((W/A)*). Indeed,
for any A € A™ and coset (w + A) € W/A, the intersection A N (w + A)
of the linear subspace A and the affine subspace w + A in W consists of
exactly one point. To a pair I A € A™ there corresponds a mapping
(' —A): W/A — A, where

C—A)w+A) ETN(w+A)— AN (w+A).
It is easy to verify that the identification W/A = A* makes (I' — A) a self-
adjoint mapping from A* to A. Moreover, given A € A™, the correspondence
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I+ (I' — A) is a one-to-one mapping of A™ onto Sym?(A) and the axioms
of the affine space are obviously satisfied.

Fixing A € A™ one obtains a canonical identification A = W/A = A*.
In particular, (I' — A) € Sym?(A) becomes the mapping from A to A. For
the last linear mapping we will use the notation (A,T',A) : A — A. In fact,
this mapping has a much more straightforward description. Namely, the
relations W = A@ A and I'N A = 0 imply that I is the graph of a linear
mapping from A to A. Actually, it is the graph of the mapping (A, T, A). In
particular, ker(A, T, A) = ANT. If ANT = 0, then (A, T, A) = (A, T,A)~!

Let us give coordinate representations of the introduced objects. We may
assume that

W=R"®R™ = {(m,y):x,yeRm},

a((w1,91), (T2, y2)) = (T1,92) — (22, 91), m®0, A=00R™.

), A=
Then any T' € A" takes the form T' = {(z, Sz ) : z € R"}, where S is a
symmetric m x m matrix. The operator (A,T',A) : A — A is represented
by the matrix S, while the operator (A, T, A) is represented by the matrix
S-1.

The coordinates in A induce an identification of Sym?A with the space
of symmetric m x m matrices. A™ is an affine subspace over Sym?A; we fix
A as the origin in this affine subspace and thus obtain a coordinatization of
A™ by symmetric m x m matrices. In particular, the “point” T' = {(x, Sz) :
x € R"} in A" is represented by the matrix S~*.

A subspace 'y = {(x, Soz) : * € R"} is transversal to I' if and only if
det(S —Sp) # 0. Let us choose coordinates {z} in I'g and fix A as the origin
in the affine space I'J. In the induced coordinatization of T'J the “point” T
is represented by the matrix (S — Sp) !

Let t — A(t) be a smooth curve in L(W') defined on some interval I C R.
We say that the curve A(-) is ample at 7 if 3s > 0 such that for any
representative A2(-) of the s-jet of A(:) at 7, 3¢ such that A2(¢) NA(7) =0
The curve A(+) is called ample if it is ample at any point.

We have given an intrinsic definition of an ample curve. In coordinates
it takes the following form: the curve ¢ — {(x, Siz) : € R} is ample at 7
if and only if the function ¢ — det(S; — S;) has a root of finite order at 7.

The following lemma shows that analytic monotone curve (monotone
means that the curve has nonnegative or nonpositive velocities at all points)
can be actually reduced to the ample curve by an appropriate factorization.

)

Lemma 2.1. Let A(t) be an analytic monotone curve in L(W'). Then
for any parameter T there exists a subspace K of A(T) such that for all t
sufficiently close to T the following relation holds:

K = A(t) N A(7). (2.1)
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In addition, if A(t) is not a constant curve, then the curve t — A(t)/K is
a well-defined ample curve in the Lagrange Grassmannian L(K*/K).

Proof. Without loss of generality suppose that the curve A(¢) is nonde-
creasing (i.e., has a nonnegative definite velocity at any point). Denote
Ky = A(t) N A(7). Let t = {(#,S:x) : € R"} be a coordinate represen-
tation of the germ of A(¢) at 7. Then K; = Ker(S; — S;). By assumption,

d
v — <E5tv,v> is a nonnegative definite quadratic form on A(7). This

implies that K;, C K;, for t < t; < to. Therefore, for t > 7 sufficiently
close to 7 the subspace K; does not depend on ¢t and will be denoted by K.
By analyticity, the subspaces K C A(t) for any ¢ and the curve t — A(t)/K
is a well-defined ample curve in the Lagrange Grassmannian L(K</K). O

Assume that A(-) is ample at 7. Then A(t) € A(7)™ for all ¢ from a
punctured neighborhood of 7. We obtain the curve t +— A(t) € A(r)"
in the affine space A(7)™ with the pole at 7. We denote by A,(t) the
identity imbedding of A(t) in the affine space A(7)™. The subscript 7 is not
superfluous, since the affine structure depends on A(7) and, therefore, on 7.
Fixing an “origin” in A(7)™, we make A, (t) a vector function with values
in Sym?(A) and with the pole at t = 7. Such a vector function admits
an expansion into the Laurent series at 7. Obviously, only the free term
in the Laurent expansion depends on the choice of the “origin” chosen for
identifying the affine space with the linear one. More precisely, the addition
of a vector to the “origin” results in the addition of the same vector to
the free term in the Laurent expansion. In other words, for the Laurent
expansion of a curve in an affine space, the free term of the expansion
is a point of this affine space while all other terms are elements of the
corresponding linear space. In particular,

Ar(t) = A7)+ D Qilr)(t — ), (2.2)

i=—1
i#0
where A°(7) € A(T)™, Qi(7) € Sym?A(7).
Assume that the curve A(-) is ample. Then A°(7) € A(7)™" is defined for
all 7. The curve 7 — A%(7) is called the derivative curve of A(-).
Another characterization of A°() can be given in terms of the curves
t — (A,A(t),A(7)) in the linear space Hom(A, A(7)), A € A(7)™. These
curves have poles at 7. The Laurent expansion at ¢ = 7 of the vector
function ¢ + (A, A(t), A(7)) has zero free term if and only if A = A%(7).
The coordinate version of series (2.2) is the Laurent expansion of the
matrix-valued function ¢ — (S; — S;)~! at t = 7, where A(t) = {(z, S;z) :
T € R"}.
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Suppose that

(S ZA )t —7) (2.3)

i=—1

Differentiating both sides of (2.3) w.r.t. 7 and comparing coefficients of
the corresponding expansions, one can obtain the following recursive type
formula for the coefficients A;(7):

d 1+l
A7) =+ DA (7 + 3 Aj(r)SAii(7) (2.4)

j=-1

that will be used in the sequel.
For a monotone ample curve A : I C R — L(W) we introduce the
following two notions.

Definition 1. The rank of the velocity A(7) is said to be the rank of the
curve A(-) at 7. The order of the zero of the function ¢t — det(S; — S;) at

7, where Sy is a coordinate representation of A(:), is said to be the weight
of A(-) at 7.

It is easy to see that the rank and the weight of A(7) are integer valued
upper semicontinuous functions of 7. In particular, they are locally constant
on the open dense subset of the interval of definition I. In the sequel we
will be mostly concentrated on the monotone ample curves of the constant
rank and weight.

3. CURVATURE OPERATOR AND REGULAR CURVES

Using derivative curve, one can construct an operator invariant of the
curve A(t) at any its point. Namely, take velocities A(t) and A°(t) of A(t)
and its derivative curve A°(t). Note that A(t) is a linear operator from A(t)
to A(t)* and A°(t) is a linear operator from A°(t) to A°(t)*. Since the form
o defines the canonical isomorphism between A°(¢) and A(t)*, we can define
the following operator R(t) : A(t) — A(t):

R(t) = —A°(t) o A(t). (3.1)
This operator is said to be the curvature operator of A at t.

Remark 1. In the case of the Riemannian geometry, the operator R(¢) is
similar to the so-called Ricci operator v — RY (§(t), v)7(t), which appears in
the classical Jacobi equation Vi) V)V + RV (¥(t), V)¥(t) = 0 for Jacobi
vector fields V along the geodesic v(t) (here RV is curvature tensor of the

Levi-Civita connection V), see [1]. This is the reason for the sign “—” in
(3.1).
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The curvature operator plays an important role for so-called regular
curves. The curve A(t) in the Lagrangian Grassmannian is called regu-
lar, if the quadratic form A(t) is nondegenerate for all ¢. If the curve A(-)
is regular and has a coordinate representation A(t) = {(z, Siz) : = € R"},
then the function ¢t — (S; — S;)~! has a simple pole at 7. Indeed,

(=87 = (6= 7) +O((t - 7)2)>_1 tS_ 17 (r+o0 - T)>_1 N
1tS‘ (1). (3.2)

Therefore, in the notation of (2.3), for the regular curve we have | = 1,
A_1 = 871, and relation (2.4) can be transformed into the following recur-
sive formula:

Aiya(r) = 141—3( ZA 7)S- Aij(T )) (3.3)

In particular,

_li __1‘—1" G—1
Ao(7) = QdTA—l(T) = QST SrS: (3.4)
and, by a direct calculation,
41(7) = (L ag(r) = Ao(r)$: Ao(r) ) =
n=g a0 O\T)Rr £08T) | =
(1 fa1a) Llaaem) e
_ (4 (ST ST> SSLS )5, (3.5)

For a given 7 one can choose a coordinate representation S; of the curve
A(t) such that Ag(7) = 0. Namely, let S; be the matrix of the linear mapping
(A(T),A(t), A°(7)). In this coordinate representation, the derivative Ag(7)
is a matrix corresponding to the velocity AO(T) of the derivative curve.
Also, from (3.5) it follows that Ag(7) = 3A;(7). This together with (3.1)
implies that the matrix R(7) corresponding in the chosen basis of A(7) to
the curvature operator R(7) has the form

R(7) = —3AN)(A ()" = 2850 3 (8:778,) =
= diT ((25*7)‘15‘7) - ((257)‘157)2. (3.6)

Since Q1(7) o (Q—1(7))~! : A(T) = A(7) is a well-defined operator, we can
write the first equality of (3.6) in the operator form:

R(1) = Qu(7) © (Q-1(7)) " (3.7)
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This actually implies that relation (3.6) also holds for any coordinate rep-
resentation S; of the curve A(t) (even without assumption that Ag(7) = 0).

Note that the right-hand side of (3.6) is a matrix analog of the so-called
Schwarz derivative or Schwarzian. Let us recall that the differential operator

3 " " "
Sipm L L BEY_dy (2 gy
2 ¢ 4\ dt \2 ¢’ 2¢’

acting on scalar functions ¢ is called Schwarzian. The operator S is char-
acterized by the following remarkable property: a general solution of the
equation Sp = p w.r.t. ¢ is a Mobius transformation (with constant coeffi-
cients) of some particular solution of this equation. The matrix analog of
this operator has a similar property, concerning “matrix Mébius transfor-
mations” of the type S+ (C + DS)(A+ BS)~!. In particular, if R(t) = 0,
then the coordinate representation S; of our curve has the form

S; = (C + Dt)(A+ Bt)™*,

( o ) € Sp(2m).

For further information about the regular curves we refer to [1].

where

4. EXPANSION OF THE CROSS-RATIO AND RICCI CURVATURE

For a nonregular curve A(t) = {(z,S:z) : * € R"}, the function ¢
(S; — S7)~! has a pole of order greater than 1 at 7 and it is much more
difficult to compute its Laurent expansion. For example, in the nonregular
case there is no direct recursive formula like (3.3). In this section we show
how to construct numerical invariants for curves of constant weight using
the notion of the cross-ratio of four “points” in the Lagrange Grassmannian.

Let Ag, A1, Ao, and A3 be Lagrangian subspaces of W such that AgNAs =
A1 N Ay = 0. Also suppose for simplicity that Ag N Ay = 0. The linear
mappings (Ag, A1, A2) : Ag — Ay and (Ag, A3, Ag) : Ay — A are well
defined. The cross-ratio {Ao,Al,Ag,A3:| of four “points” Ag, A1, Ao, and

A3 in the Lagrangian Grassmannian is, by definition, the following linear
operator in Ag:

[AO,Al,AQ,Ag}: (A2, As, Ao (Ao, Ay, As). (4.1)

This notion is a “matrix” analog of the classical cross-ratio of four points
in the projective line. Indeed, let A; = {(z,Siz) : x € R"}, then, in
coordinates {z}, the cross-ratio takes the form:

[Ao, A1, Az, As] = (So — S3) (S5 — S2)(Sa — S1) (81 — So). (4.2)
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By construction, all coefficients of the characteristic polynomial of [Ag, A1,
As, Aj3] are invariants of four subspaces Ag, A1, Aa, and As.

The assumption that AgNAg = 0 is satisfied in our further considerations
but the cross-ratio can also be defined without this assumption. Indeed,
the matrix in the right-hand side of (4.2) is also well defined in the case
Ao N As # 0 and this matrix is transformed into a similar matrix under any
change of coordinates. Thus we obtain the class of similar matrices that is
a symplectic invariant of four subspaces Ag, A1, Az, and As. This class can
be taken as a definition of the cross-ratio [Ag, A1, Ag, Ag] (see [7] for details).

Given two tangent vectors Vy € Ta,L(W) and Vi € Ty, L(W), where Ag
and A; are transversal Lagrangian subspaces, one can define an infinitesimal
analog of the cross-ratio. Vj is the self-adjoint linear mapping from Ag to
A§. The form o identifies canonically Aj with A;. Under this identification
Vb can be considered as a linear mapping from Ay to A;. In the same way,
identifying A} with Ay, we look at V; as at an operator from A; to Ag.
Therefore, the following operator V; ® Vy : Ag — A can be defined:

VioVo € VoV, (4.3)

This operator is said to be an infinitesimal cross-ratio of a pair (Vo, V1) €
Tao L(W) xTa,L(W). The infinitesimal cross-ratio is a symplectic invariant
of the tangent vectors V and V3.

One can define the following bilinear form (- | -)a,,a, on Ta, L(W) x
T, L(W):

Vo | idaom & tr(Vo @ ). (4.4)

This bilinear form is said to be an inner pairing of the tangent spaces
Tp, L(W) and Ty, L(W).

IfA; = {(x, Six):x € R"} and P; are symmetric matrices corresponding
to V;, 1 =0,1, then

VioV= (S() — Sl)ilpl(sl — S())ilp(). (4.5)

We note first that if the curve A(t) is regular, then for any t it is easy
to expand the following operator function

[A(to), A1), Alt2), Ats)]
[to, t1,t2, t3]

(t1,t2,t3) = (4.6)

into the Taylor expansion at the diagonal point (¢g, to,%o), where

(t1 — to)(ts — t2)
(t2 —t1)(to — t3)

[t07t17t27t3}:
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is the usual cross-ratio of four numbers tg, t1, t2, and t3. Namely, the
expansion

[A(to), A(t1), Altz), Alts)] _
[to, t1,t2,t3]

=1+ %R(to)(tz —to)(ts —t1) + O((i(ti - t0)2)3/2) (4.7)

i=1

is valid, where, as before, R(t) is the curvature operator. Relation (4.7)
shows that the curvature operator is the first nontrivial coefficient of the
Taylor expansion of the cross-ratio.

Unfortunately, for the nonregular curves there are no simple expansions
of the operator function (4.6) or any other operator functions, involving the
cross-ratio itself. Instead of this one can try to expand the coeflicients of
the characteristic polynomial of the cross-ratio. Now we are going to show
how to use this idea in the construction of invariants of the curve A(¢) of
the constant weight k in L(W).

By the above, the function (to, t1,to, t3) — det [A(to), A(tl), A(tz), A(t3)]
is one of the symplectic invariants of the curve A(t). Using this fact, let us
try to find symplectic invariants of A(t) that are functions of ¢. First, we
introduce the following function:

det [A(to), A(t1), Alt2), Ats)] ) _
[to, t1, T2, 3] *

The function G(to, t1,t2,t3) is also a symplectic invariant of A(¢) and, in
addition, it can be defined as a smooth function in a neighborhood of any
diagonal point (¢,¢,¢,t). Indeed, by the definition of the weight

g(to,tl,tQ,t3) =1In ( (48)

det(StO — Stl) = (t() — tl)kX(to, tl), (49)
where
X(t,t) #0 (4.10)

for any ¢. The function X (tg,t;) is symmetric, since by changing the order
in (4.9) we obtain that X can be symmetric or antisymmetric, but the last
case is impossible by (4.10).

Let us define another symmetric function

f(to,tl) ZIHX(to,tl). (411)

The function f(tg,t1) is smooth in a neighborhood of any diagonal point
(t,t) and by (4.2) and (4.8),

G(to,t1,t2,t3) = f(t1,t0) — f(t2, 1) + f(ts,t2) — f(to, ta).  (4.12)
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Hence G(to, t1,t2,t3) can be defined as a smooth function in a neighbor-
hood of any diagonal point (¢,t,t,t). Using this fact, one can construct the
following functions of two variables that are symplectic invariants of the
curve A(t):

h(to,t1) = G(to,t1,t1,t0) = 2f(to, t1) — f(to,to) — f(t1,t1), (4.13)
1 92 9?

to,t1) = =—=——=—h(to, t1) = =——=— f(to, t1). 4.14

g( 0, 1) 23t03t1 ( 0 l) atoatl f( 0 l) ( )

On the contrary, the function f(tg,t1) depends on the choice of the coordi-
nate representation S;.

It follows from (4.13) that h(to,to) = 0 and %h(to,to) = 0. Therefore,
0

the function h(tg,t1) can be recovered from g(tg,t1). Moreover, the function
G(to,t1,t2,t3) can be easily recovered from h(to,t1) (and, therefore, from
g(to,t1)). Namely, by (4.12) and (4.14)

1
G(to, 1, t2,3) = 3 (h(t1,to) — h(te, t1) + h(ts, ta) — h(to,t3)). (4.15)
Therefore, g or h keep all information about G and thus about
det [A(to), A(tr), A(ta), A(t?,)] .

The function g(tp,t1) can be expanded into a formal Taylor series at the
point (¢,t) in the following way:

glto,t1) = Y Bij(t)(to — t)*(ts — )’ (4.16)
4,7=0
with
Bi,j(t) = Bji(t)- (4.17)

Since the function g is a symplectic invariant of the curve A(t), all coef-
ficients 3; ;(t), 4, > 0, are also symplectic invariants.

The following natural questions arise: does the function g(tg, ;1) deter-
mine the curve A(t) with a prescribed rank and weight uniquely, up to a
symplectic transformation, and what set of the coefficients 3; ;(t) deter-
mines the function g(tg,t1)? We will give the positive answers on both of
these questions in Sec. 7 for the curve of rank 1 (see Theorems 1 and 2).

Meanwhile, let us prove the following simple relation between coefficients

Bi,;(t):

laz{,j(t) =+ 1)Bit1,; + (G +1)Bi 41 (4.18)
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Indeed, from (4.16) it follows that

1 9itig

ii(t) = 7= - -
Bis ) il 3! oty ot

(t,1).

Therefore,

)

0 gititl giti+l
" jt\otit ot otiot)t
7!

(t, t)) =

1
i

Lo o
(D13 B i)+ G+ DB ),

which implies (4.18).
As a consequence of relation (4.18) we obtain the following lemma.

Lemma 4.1. The coefficients Bo.2x(t), k > 0, determine uniquely the
formal expansion (4.16).

Proof. For a given n > 0 let us consider all equations of type (4.18) with
i+ j =mnand i < j. We consider two cases:

(1) if n is even, then we have g + 1 independent equations with respect
to g + 1 variables §; j(t), i+j=n+1,0<i< g This fact together with

symmetric relation (4.17) implies that all 3; ;(¢t) with ¢ + j = n + 1 can be
expressed in terms of derivatives of 3; ; with 1 + j = n;

1
(2) if n is odd, then we have nt
n+1

independent equations with respect

1
to + 1 variables 3;;, i +j=n+1,0<1i< % Starting from

n+1 .
in

¢ = 0, one can express step by step all 3;;, i +j=n+1,1<i<
terms of (3yn+1 and derivatives of 3; ; with ¢ + 7 = n. Then by symmetric
relation (4.17) we have that all coefficients 3; ;(t) with ¢ 4+ j =n+ 1 can be
expressed in terms of 3o 41 and derivatives of §; ; with i 4 j = n.

Therefore, starting from n = 0 and applying step by step the arguments
of (1) and (2), one can express all 3; ;(t) in terms of (o 2x(t), kK > 0, and
their derivatives. O

It turns out that there is a simple connection between function g, the in-
ner pairing defined by (4.4), and the coefficients Q; of the Laurent expansion
(2.2).
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Lemma 4.2. The following relations hold:

(A@) | A(T) ) aqyacr) = T g(t,7), (4.19)
tr(Qi(t)A(t)) =0, i< -1, (4.20)
tr(Q_1(t)A(t)) =k, (4.21)
tr(Qi(t)A(t)) = —%ﬁo,i_l(t), i€N. (4.22)

Proof. Let A,(t) be the identity imbedding of A(t) in the affine space A(7)™
(see Sec. 2). Then the inner pairing ( A(t) | A(T) )a(s),a(r) can be expressed
as follows:

(A(t) | A(T) ) a@y,acr) =t (%AT(t) o A(T)). (4.23)

In the coordinates, the previous relation can be written as follows:

(A0 1A nwaen =t (5 =505, ). a2

Let us prove (4.20). By definition,
In(det(S; — S7)) = kln(t —7) + f(¢, 7).

Differentiating this equality w.r.t. 7 and using the fact that

di (In(detY (1)) = tr ((Y(1)) 'Y (7))
-
for some matrix curve Y(7), we obtain:

k
t—T1

—tr((Sy — 87)71S,) = — + %f(t, 7).

Differentiating this equality w.r.t. ¢ and using (4.14), we obtain

) ) 0?
_tr<5 (St —S,)™) ST> = @_LT)? + %f(tﬁ) =

= (t_%)?—i—g(t,r).

This together with (4.24) implies (4.20).
In order to prove (4.20)—(4.22), we expand both sides of (4.20) into the
corresponding formal series. On one hand, by (2.2) we have

o0

tr(%l\r(t) o A(T)) ~ Z (i+ l)tr(QiH(q—)A(T)) (t— 7). (4.25)

i=—1—1
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On the other hand, by (4.16)

Zﬂo i(T)(t—17) (4.26)

Comparing coefficients of (4.25) and (4.26), we obtain (4.20)—(4.22). O

For the regular curve, using (3.6) and applying formula (4.22) to the first
appearing in (4.16) coefficient By o(t), we obtain

Boo(t) = %trR(t) - %trS(St), (4.27)

where S denotes Schwarz operator. The last relation and Remark 1 show
that By generalizes the Ricci curvature in the Riemannian geometry. It
justifies the following definition for the general curve of constant rank and
weight.

Definition 2. The first appearing in (4.16) coefficient Go,0(¢) is called
the Ricci curvature of A(t).

In the sequel, the Ricci curvature will be denoted by p(t).

At the end of this section we compute the expansion of g(tp,¢1) in the
case dim W = 2. In this case L(W) is, in fact, the real projective line RP!
and coordinate representation S; of the curve is a scalar function. Therefore,
relation (4.22) can be rewritten in the form

Boi = —(i+1)Air1(t) Sy,
where A; are as in (2.3). In particular, from (4.27) it follows that

plt) = 55(50), (4.28)

i.e., in the scalar case the Ricci curvature of the curve A(t) is the Schwarzian
of its coordinate representation.
Let us denote

Bi(r) = _%/80.1‘71 = A(7)S-. (4.29)

Multiplying both sides of (3.3) by S, and using the commutativity of mul-
tiplication in the scalar case, one can easily obtain the following recursive
formula forB;(7):

Biii(r) = 2%3 (dilTBi(T) - z_:Bj(T)Bi_j (T)), ieN.  (4.30)

As a consequence of Lemma 4.1 and formulas (4.28)—(4.30), one can
obtain the following proposition.
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Proposition 2. In the scalar case (i.e., dimW = 2) all coefficients
Bi,;(t) can be expressed in terms of the Ricci curvature (that is Schwarzian
of any coordinate representation of the curve A(t)) and its derivatives. The
function g(t,T) is identically equal to zero iff coordinate representations of
the curve A(t) are Mobius transformations.

5. FUNDAMENTAL FORM OF THE NONPARAMETRIZED CURVE

The Jacobi curve constructed in Introduction is actually a non-
parametrized curve, i.e., a one-dimensional submanifold in the Lagrange
Grassmannian. Therefore, it is natural to find symplectic invariants of non-
parametrized curves in L(W). Especially it is important for Jacobi curves
of abnormal extremals which (in contrast to the normal extremals) a priori
have no special parametrizations.

First of all, we want to show how, using the Ricci curvature, one can de-
fine a canonical projective structure on the nonparametrized curve A(+). For
this let us find how the Ricci curvature is transformed by a reparametriza-
tion of the curve A(¢).

Let 7 = ¢(t) be a reparametrization and let A(7) = A(¢~!(7)). For some
coordinate representation S; of A(t) let S, = S,-1(r) be the coordinate
representation of A(7). Denote by f the function playing for S, the same
role as the function f defined by (4.11) plays for S;. Then from (4.11) it
follows that

f(TO,Tl) = f(t(),tl) —k In (7§0(t0) gp(tl)) 5 (51)
lo—11
where 7; = p(t;), i =0, 1.

Now we denote by g and Bl ; functions playing for A(7) the same role as
the functions g and 3; ; defined by (4.14) and (4.16) play for A(?).

Note also that we can look at the function ¢(t) as at the coordinate
representation of some curve in RP* = L(W) with dim W = 2. Therefore,
all constructions and formulas of the previous section can be applied to this
case. We denote by g, (to,?1) the function defined by (4.11), (4.14) with S;
replaced by ¢(t). Then differentiating both sides of (5.1) once w.r.t. to and
twice w.r.t. t1, we obtain

G (p(to), (t1)) ' (to)¢' (t1) = g(to, t1) — kgy(to, t1)- (5.2)

By (4.16) and (4.28) it follows that the substitution of t¢ = ¢; = ¢ into
(5.2) gives the following reparametrization rule for the Ricci curvature:

A () = plt) — 5 S(e(0) (53)

Now we would like to find all reparametrizations 7 = ¢(t) such that the
Ricei curvature p(7) in the new parameter 7 is identically equal to zero.
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The reparametrization rule (5.3) implies that such reparametrization have
to satisfy the following differential equation:

s(e(e) = 28, (5.4)

This equation has a solution at least locally (i.e., in a neighborhood of
any given point) and as was already mentioned in Sec. 3, any two solu-
tions are transformed one into another by a Mobius transformation. In
other words, the set of all parametrizations of A(-) with the Ricci curva-
ture identically equal to zero defines a projective structure on A(:) (any
two parametrizations from this set are transformed one into another by a
Mébius transformation). It is said to be the canonical projective structure
of the curve A(-). The parameters of the canonical projective structure are
said to be projective parameters.

Now we give a construction of a special form on a nonparametrized curve
A() (namely, the fourth-order differential on A(-)), which is the first appear-
ing invariant of the nonparametrized curve. We will call it the fundamental
form of the curve A(-).

Let ¢t be a projective parameter on A(-). Then by definition p(t) = 0,

1
and by (4.18), Bo1(t) = 5{3{))0(@ = 0. Therefore, by (4.26) we obtain that

in the projective parameter,

g(to,t1) = Bo,2(to)(t1 — to)?> + O ((t1 — t0)?) . (5.5)

.. . at+b

Let 7 be another projective parameter on A(-), i.e., 7 = p(t) = pranwt
Then by Proposition 2, g,(to,¢1) = 0. Substituting this into (5.2), we have
g (p(to), p(t1)) ¢’ (to)¢' (t1) = g(to, t1), (5.6)

where 7; = ¢(t;), i = 0,1. Using (5.5), we compare the coeflicients of the
first terms in the Taylor expansions of both sides of (5.6). As a result, we
obtain

Bo,2(p(t0)) (¢ (t0))* = Bo,2(to)

5072(7') (dT)4 = ,60,2 (t) (dt)4. (57)

This means that the form £y 2(t)(dt)* does not depend on the choice of
the projective parameter ¢. This form is said to be a fundamental form of
the curve A(+) and is denoted by .A.

If ¢ is an arbitrary (not necessarily projective) parameter on the curve
A(-), then the fundamental form A in this parameter should have the form
A(t)(dt)*, where A(t) is a smooth function (the “density” of the fundamental
form).
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Lemma 5.1. For an arbitrary parameter t, the density A(t) of the fun-
damental form satisfies the relation

A() = Boat) = 20t — 250 5

or, equivalently,

1/ a9\ 1 &
A ===+ =) -2
®) <1O<8t0 +8t1> 28t08t1) (fo, 1) tomtit

— %g(t, t)%. (5.9)

Proof. Let 7 = ¢(t) be a reparametrization such that 7 is a projective
parameter. It means that ¢(7) satisfies Eq. (5.4). Denote by 37 (to,tl) the
coeflicients defined by (4.11), (4.14), and (4.16) with S; replaced by ¢(t).

Using (5.5), compare the coefficients of the first terms in the Taylor
expansions of both sides of (5.6). As a result, we obtain

Bo.2(0(t0)) (¢ (t0))* = Bo2(to) — kB (to)

or

A = Boa(r)(dr)* = (Bo2(t) — kGE,(1)) (dt)". (5.10)

To complete the proof, it remains to compute the coefficient ﬂo 5(to). For
this we will use the recursive formula (4.30), where B; are defined by (4.29)
with 37; instead of B 2. From (4.30) it follows that

Balt) = {1 (1),

(B4(#) ~ (Bi(9)?) = o6 BLW) ~ s (Bi(0)%. (5.11)

From (4.28), (4.29), and (5.4) it follows that

U\|F—‘

Bs(t) =

Bi(t) = ~B(t) = 38 (o(t)) = -2

Then by (4.30) and (5.11),

Ba(t) = =3Ba(t) = 5o (1) + 225 p(0).

This, together with (5.10), implies (5.8). To obtain (5.9), we rewrite
(5.8), taking into account the connection between the function g(to,t1) and
the functions p(t) (= Bo,0(t)) and By 2(t) given by expansion (4.16) (rela-
tion (5.9) is the most symmetric one w.r.t. to and ¢1). O
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If A(t) does not change sign, then the canonical length element | A(t)| 3 dt
is defined on A(-). The corresponding parameter 7 (i.e., the length with
respect to this length element) is called a normal parameter (in particu-
lar, this implies that abnormal extremals may have the canonical (normal)
parametrization). Calculating the Ricci curvature p,(7) of A(-) in the nor-
mal parameter, we obtain a functional invariant of the nonparametrized
curve. It is called projective curvature of the nonparametrized curve A(:).
If ¢ = (1) is the transition function between a projective parameter ¢ and

k
the normal parameter 7, then by (5.4) it follows that p,(7) = §S (p(7)).

At the end of this section we give an explicit formula for the fundamental
form of the regular curve in terms of its curvature operator. We note first

that by definition the weight k of the regular curve is equal to = d1m W
(one can also derive it from (3.2) and (4.21)).

Lemma 5.2. The fundamental form A of the regular curve A(t) in the
Lagrange Grassmannian L(W) satisfies the relation

1 1
A= g (tr(R0?) - (@) )@, (5.12)
where R(t) is the curvature operator of A(t) defined by (3.1) and k =
% dim W.
Proof. Let us compute (G 2(t). We will use the notation of (2.2) and (2.3).

By (4.22),
Boa(t) = =3tr(Qs(t)A(t)) = —3tr(Asz(t)S(t)). (5.13)

For a given t, we choose for simplicity a coordinate representation S; of
the curve A(t) such that Ag(¢) = 0. Then by (3.3),

A5(0) = £ (AolD) ~ 41 (DS 41(D). (5.14)

From (3.4) it follows that the condition Ag(f) = 0 is equivalent to S; = 0.
This implies that Ay (£)S; = o ( a(t )St)) . Therefore, multiplying (5.14)

by S; and taking the trace from both 51des we obtain
. 1d . 1 .
tI‘(A3(E)SE> = gatr(AQ(f)S{) - gtr((Al(f)S{)2>. (515)
Now by (4.22) and (4.18),

i (A2(D87) = ~ 3 Boa() = ~ 17D, (5.16)
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. 1
On the other hand, by (3.6) (A1 (%)S;) = —gR(f). This and (5.16) imply
that (5.15) can be written in the form

tr(Ag(f)S't-):— (0 — —tr( ®?).

Taking into account (5.14), we obtain by (5.8) that

(f)——p (f)+—t (R (f))—ﬁp(f)Q——p (t) =
1 2
= gt (R(®)?) - 5kp(f)-

1
Finally, note that p = 3 trR (see (4.27)). Substituting this into the last
relation, we obtain (5.12). O

Note that in the scalar case (i.e., when dim W = 2) the fundamental
form A is identically equal to zero.

Remark 2. All constructions of Secs. 3-5 can be made for the curve in
the Grassmannian G(m, 2m) (the set of all m-dimensional subspaces in the
2m-dimensional linear space) instead of the Lagrangian Grassmannian by
the action of the group GL(2m) instead of the symplectic group.

6. THE RANK 1 CURVES: PRELIMINARY STEPS.

In the present section we begin a systematic study of the curves of rank
1 in the Lagrange Grassmannian L(W) with dimW = m. We consider a
rank 1 ample curve A : [ — L(W) with, possibly, a nonconstant weight,
where I is some interval on the real line. We introduce a canonical basis
on each subspace A(t) and compute some characteristics of the curve, in
particular, its weight at any point. Finally, we show that the curve A has
the constant weight equal to m? on the set with a discrete complement in
I. All this will prepare us to the next section, where the curves of rank 1
and constant weight will be investigated.

Without loss of generality, suppose that A(7) is monotone ally nonde-
creasing, i.e., the velocities A(t) are nonnegtive definite quadratic forms. As
in Sec. 2, let A(t) be the identical imbedding of A(t) into the affine space

A(7)™. The velocity %AT (t) is a well-defined self-adjoint linear mapping
from A(7)* to A(7), i.e., an element of Sym®A(7). Moreover, by our assump-

tions, EAT(t) is a nonpositive self-adjoint linear mapping of rank 1. There-

fore, for ¢t # 7 there exists a unique, up to the sign, vector w(¢t,7) € A(r)
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such that for any v € A(7)*

<v, %AT(t)v> = (v, w(t, )2 (6.1)

Remark 3. From the definition of w(t,7) it easily follows that for given
7 the germ of the curve A(t) at ¢ = 7 is defined uniquely by A(7), the
derivative subspace A°(7), and the germ of the function ¢ — w(t,7) at
t = 7. Since the symplectic group acts transitively on the set of pairs of
transversal Lagrange subspaces, one can conclude that the germ of the curve
A(t) at t = 7 is defined uniquely, up to a symplectic transformation, by the
germ of the function t — w(t,7) at t = 7.

The function ¢t — A, (t) has a pole at t = 7. This easily implies that the
function ¢ — w(t, 7) also has a pole at ¢ = 7. Suppose that the order of this
pole is equal to I(7).

Denote by u(t,7) the normalized curve t — u(t,7) = (t — 7)"Dw(t, )
and define the following vectors in A(7):

1 9t
e;(r) = G- %u(tﬁ) - (6.2)

We note first that

span ({e;(1)}321) = A(7). (6.3)
Otherwise, using the relation
w(t,7) =Y e(m)(t—7) Ot - 7)),

i=1

one can easily obtain the contradiction to the fact that A(t) is ample.
Thus for a given parameter 7 and integer i, 1 < ¢ < m, the following
integers k;(7) are well defined:

ki(t) =min{j e NUO :

dim (span (e1(7), e2(7), ... ,ej41(7))) = i}. (6.4)

Note that
0="Fi(7) < ka(r) <...<km(7), ki(r)>i-1 (6.5)
By definition, the vectors ey, (r)41(7), ... , €k, (r)+1(7) constitute the ba-

sis of the subspace A(7). This basis is said to be a canonical basis of
A(7). Since the vector w(t,7) is defined up to the sign, the vector e;(7)
(= ek, (r)+1(7)) is also defined up to the sign. Therefore, one can take also

(_ek1(7)+1(T)v R _ekm(T)-‘rl(T))
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as a canonical basis on the plane A(7). Denote by w; (¢, 7) the ith component
of the vector w(t,7) w.r.t. this basis. In other words, functions w;(¢t, )
satisfy the relation

w(th) = Zwi(t> T)eki(T)"l‘l(T)‘ (6.6)
i=1

Remark 4. Using Remark 3, one can easily conclude that the germ of the
curve A(t) at t = 7 is defined uniquely by A(7), the canonical basis in A(7),
the derivative subspace A°(7), and the germs of the functions t — w;(t,7)
at t = 7, where 1 < i < m. Since for any two pairs (A,A) and (A, A)
of transversal Lagrange subspaces with fixed bases in A and A there exists
a symplectic transformation that transforms basis in A into the basis in A
and subspace A into A, we have that the germ of the curve A(t) at t = 7
is defined uniquely, up to a symplectic transformation, by the germ of the
functions ¢ — w;(¢,7) at t = 7, where 1 < i < m.

Now we prove a computational lemma about the weight of A(t) at 7 and
the order of the pole of ¢t — w(t, 7).

Lemma 6.1. The order I(1) of the pole of the function t — w(t,T) is
equal to km(7)+ 1. The weight of the curve A(t) at T is equal to (2 km(7) +

1)m—2§:2ki(7-).

Proof. For simplicity we will write k; instead of k;(7) and [ instead of (7).
Let Si, A(t) = {(z, St z) : x € R™}, be a coordinate representation of the
germ of A(t) at t = 7 such that the canonical basis eg, +1(7), ... , ek, +1(7)
is a standard basis of R™. Denote the subspace D € A(7)" by A = 0@ R™.
From (6.2) it follows that

w;i(t,7) = (t —T)F L O((t — )it (6.7)

in the canonical basis.
Then relation (6.1) in the canonical basis can be rewritten in the form

(%(St - ST)l)i,j = —w;(t, T)w;(t,7) = —(t — )R 4
+ O((t _ T)ki+kj72l+1)' (6.8)

For simplicity take coordinates ¢ — S; such that the subspace A is the
derivative subspace A°(7). Then by definition of the derivative subspace,
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the free term on the Laurent expansion of (S; — S;)~! is equal to zero.
Therefore,

t _ )2l—ki—k;—1
((St - ST)il>i7j = - /wi(évT)wj(&T) df = (Zl 4 ])9]’ —2l+1 +

+ O((t — 7)kithi =242y (6.9)

Then it is easy to obtain the following expansion for the determinant:

det(S; — S;) = (t- )" +O((t - )k“) (6.10)
t T) — C T ) :
where

k=(2l—1)m—2§:ki (6.11)

and C is the determinant of the matrix whose (i,7)th entry is
1

m, Z,J = 1, e, M. It is Weu knOWn that the determinant
of the matrix whose (i, j)th entry is vt 1,5 =1,...,m, can be com-
€T; Y;
puted by the formula
Lo 1<H< (i — 25)(yi — )
det({ — } > = == . (6.12)
BT = [T (wi +;)

i,j=1

1
This implies in particular that C' # 0 (one can take z; = y; =1 — k; — 3

and use the fact that k; # k; for ¢ # j). Therefore, the weight is equal to
2l-1)ym -2 k.
i=2
Further, from (6.9) and (6.12) it follows that

(St = 8r);; = (Cij(t - )R ki—k =1

k2lekiokyyy (B T)F k1Y)
o((t—) ) (L ot - =
- %@ =TT Ot - )M TR, (6.13)
where C'is as in (6.10), k is as in (6.11), and C;; are (7, j)th entries of the

1 m
adjacent matrix to the matrix (m%‘,j:l. By (6.12) and (6.5),
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Ci; # 0. Since S; is a smooth curve at 7, all powers 2l — k; — k; — 1 in
(6.13) are positive. By assumption, S, # 0. It implies that

min (20 —k; —k; —1) = 1. (6.14)

1<ij<m

But from (6.5) it follows that 1<mi‘n 2l —k; —k;j — 1) = 21 — 2k, — 1,

<i,j<m

which yields I = k,, +1. Consequently, the weight is equal to (2 ky, +1) m—
23 k. O
i=2

Remark 5. In the proof of the previous lemma we have taken the coor-
dinate representation t — S, A(t) = {(z,S; ) : € R™} with A = A%(7)
(where A = 0@ R™) in order to obtain asymptotics (6.9). But then we have
obtained relation (6.14) which implies that k;(7) + k;(7) — 2l(7) + 1 < 0 for
any i,j = 1,...,m. Therefore, asymptotics (6.9) for ((S; — ST)*I)”. and,
therefore, asymptotics (6.13) for (S; — S;);; are valid for any coordinate
representation ¢ — Sy, A(t) = {(z,S;z) : © € R™}, of the germ of A(t)
at t = 7 such that the canonical basis eg, +1(7),... , e, +1(7) is a standard
basis of R™ and A = 0 @ R™ is an arbitrary subspace transversal to A(7).
The reason is that asymptotics (6.9) do not depend on the free term.

Take some subspace A € A(7)™. Recall that the velocity A(t) is a self-
adjoint nonnegative definite linear mapping of rank 1 from A(t) to A(t)*.
For any t sufficiently close to 7 one can identify A with A(¢)*. Under this
identification A(t) is a self-adjoint nonnegative linear mapping of rank 1 from
A(t) to A. Therefore, there exists a unique, up to sign, vector v(t) € A such
that for any w € A(¢):

(At)yw, w) = (v(t), w)?. (6.15)

Suppose that a tuple of vectors f1(7),. .. , fm(7) is a basis of A dual to the
canonical basis of A(7) (i.e., o(fi(7),ex;(r)+1(7)) = di ;). From Remark 5
and relation (6.13) (where | = k,, + 1) it follows that the components
v;(t) of the vector v(t) w.r.t. the basis fi1(7),..., fm(7) have the following
asymptotics:

vi(t) = ¢ (T)(t — T)km,(T)_ki(T) +0 ((t _ T)km,(T)_ki(T)"Fl) . (6.16)
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where ¢;(7) # 0. (Actually, using (6.12), one can compute ¢;(7):

() = \/ Cia(r) @(km(r) = k(7)) +1) _

)
1 2k (r) = bilr) = ky(7) + 1)
B S CORON (6.17)

where C; ; and C are as in the proof of Lemma 6.1.) Relation (6.16) implies
that the relation

span(v(7),v' (1), ... ,v9 (7)) = span(fi(7), ... , fm(T)) (6.18)
holds for any integer nonnegative j such that
k() = ki(1) < J < k(1) — ki1 (7). (6.19)
In particular,

span(v(7),v'(1),... ,v(km(T)_l)(T)) =
= span(fa(7),... , fm(7)) G A, (6.20)
span(v(7),v' (7),... ,vF= (7)) = A (6.21)

(recall that kq1(7) = 0).
Now we are ready to prove the following proposition

Proposition 3. For the ample curve A : I — L(W) of rank 1 the set C
such that

C ={t eI :dim((span (e1(t),ea(t),... ,em(t))) <m} (6.22)

18 a discrete set of the interval of definition I.

Proof. Suppose that C has an accumulation point 7. Take some subspace
A € A(T)™. Let t + v(t) be a curve of vectors in A defined by (6.15) for
all ¢ from some neighborhood U of 7 in I. Note that ¢ € C iff k,,(t) > m.

Therefore, by (6.20) and (6.21) we have that to € C N U iff the function

d(t) Lof det(v(t),v'(t),...v™ =1 (t)) has a zero at t = ty. For the accumula-

tion point 7, using consequently the Rolle theorem, one can conclude that
the function d(¢) has a zero of infinite order at ¢ = 7.
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E i (1) — km—i+1 (7). Denote p = Y- Li(7).
i=1

Let us prove that d®)(7) is not equal to zero. Indeed, d?)(7) can be ex-

pressed as a sum of the terms of the form det(v\9?)(7),... ,vm) (7)), where

On the other hand, let {;(7)

dodi=p, 0<ji<j2<... <jm. (6.23)
i=1

Let us show that if the tuple (j1,... ,jm) is different from the tuple (I1(7),
. Im(7)) and satisfies (6.23), then

det(vV9)(7),... ,0Um)(7)) = 0. (6.24)

For this, we first note that by assumptions there exists an index s such that
Js <ls(7) (= km(7) — km—s41(7)). Then we have from (6.19) and (6.18)

span(v) (1), ..., 009 (1)) C span(fin—st2(7), .. , fin (7)),
ie., dim (span(vU(r),... 00 (1)) < s This implies that
dim (span(vU1)(7),... ,v¥")(7))) < m which is equivalent to (6.24).
Also, we note that it easily follows from (6.19) and (6.18) that

1y
span (v(ll(T))(T), oot (M) (7 )) = A. Therefore,
d® (1) = cdet(0 (1), ... o= (7)) £ 0

(here ¢ is some natural number). Hence d(t) has a zero of finite order at
t = 7. We obtain the contradiction. O

For t € I\C, the numbers k;(t) = i — 1. As a consequence of the previous
proposition and the relation for the weight from Lemma 6.1, we obtain the
following corollary.

Corollary 1. The ample curve A : I — L(W) of rank 1 has the constant
weight equal to m? on the set with a discrete complement in I.

At the end of this section we give an explicit formula for the velocity
A(7) in the canonical basis. Let (e5(7),...,e5 (7)) be a basis in A(7)* dual

T m

to the canonical basis in A(7). As we have seen at the end of the proof of

Lemma 6.1, the (m,m)th entry is the only nonzero entry of the matrix S,

and is equal to Cm?m(;) = c2,(1) (where ¢, (7) is as in (6.17)). Therefore,
T

we obtain the following lemma.

Lemma 6.2. For any vi,vs € A(T) the following relation holds:

(A(T)or,v2) =, (7) (e (7), v1){en (1), v2), (6.25)
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where

Cm(T) = ) (6.26)

7. THE RANK 1 CURVES WITH A CONSTANT WEIGHT

This section is devoted to the curves of rank 1 and a constant finite
weight in the Lagrange Grassmannian L(W). We show that in this case
the function g(¢,7) constructed in Sec. 4 defines the curve uniquely, up to
a symplectic transformation. We also find a complete system of invariants
of the curve in terms of the function g.

First, using Proposition 3 and Lemma 6.1, we obtain the following propo-
sition.

Proposition 4. If A(t) is a curve of rank 1 and a constant weight on
I, then for allt € T and 1 < i < m the numbers k;(t) are equal to i — 1,
or, equivalently, the vectors ei(t),... ,em(t) constitute the canonical basis
of the subspace A(t).

Proof. From (6.5) it follows that always
ki(t) —kj(t) >i—j3, Fki(t)=0. (7.1)

Therefore, by Lemma 6.1 the weight k(t) of the curve A at the point ¢
satisfies the relation
k() = (2km(t) + Dm =2 ki(t) =
=2
=2 (km(t) = ki(t)) +m >2) (m—i) +m=m?
i=1

i=1 (7.2)

In addition, from (7.1) it is easy to see that the equality in (7.2) holds iff
ki(t) =i —1 for any 1 < ¢ < m. Therefore, if the set C is as in (6.22), then
for any t € C the weight k(t) > m?, while for ¢ ¢ C the weight k(t) = m?2.
But by Proposition 3 the set C is a discrete subset of I. Hence, the set C
should be empty for the weight k(¢) to be constant on I. This completes
the proof of the proposition. [

As a consequence of the previous proposition and Lemmas 6.1 and 6.2,
we easily obtain the following corollary.

Corollary 2. If A(t) is a curve of rank 1 and a constant weight on I,
then:

(1) the weight is equal to m? at any point t € I;

(2) for any T € I the function t — w(t,T) has a pole of order m att = T
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(3) for any vi,vs € A(T) the following relation holds:
(A(T)vr,v2) = m® (e, (1), v1) (€5, (7), v2). (7.3)

Now we prove that the function g(¢,7) defined in Sec. 4 contains all
information about A(t).

Theorem 1. The function g(t, ) defines the curve A(t) of rank 1 and a
constant weight uniquely, up to a symplectic transformation.

Before starting to prove the theorem, we want to describe in few words
the main steps of the proof. First, we show that the function g(¢, 7) is almost
the same as the component w,, (¢, 7) of the vector w(t, 7). The vector w(t, )
is a function of two variables, but it is defined by a curve. Therefore, it is
natural to expect that w(t,7) satisfies some partial differential equation.
We find this equation that is actually the system of m equations for the
components w;(¢t,7), 1 < i < m. Then we show that this system has a
“triangular” form such that all components w;(¢,7) can be expressed in
terms of w,y, (t,7) and refer to Remark 4 to complete the proof.

7.1. Proof of Theorem 1.
1. We begin the proof with the following lemma.

Lemma 7.1. The following relation holds:
1 1

2 _
Wy, (T, 7) = (=] + Wg(tﬁ)' (7.4)
Proof. By (4.20), (4.23), and item (2) of Corollary 4 we have
0 . m?2
I oh(r)) = - . :
(0040 =~ ~ ale) (75)
Let t = S, A(t) = {(z,S¢z) : € R™} be a coordinate representation of
the germ of A(t) at ¢ = 7 such that the canonical basis e1(7),... ,en(7) is

a standard basis of R™. By (4.24),

tr(% ((st - ST)‘1>ST> - —(LQ — g(t, 7). (7.6)

t—1)2

Relation (7.3) implies that in the chosen coordinates

By construction,

(

Sl

((St — Sr)l))m = —w;(t, T)w;(t,T).
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Therefore,

P )
tr(a ((St - ST)_l)ST> = —m?w? (t,7).
This together with (7.6) implies (7.4). O

By (7.4) it follows that in order to prove the theorem it is sufficient to
show that the function wy,(t,7) defines A(t) uniquely, up to a symplectic
transformation.

2. Now we derive a partial differential equation for the vector function
w(t, 7).

Lemma 7.2. The vector function w(t,T) satisfies the following differen-
tial equation:

8w ag;_tm Ow 2, 2
2%0r (wm E—Fm w,,w = 0. (7.7)

Proof. We fix some parameter 75 and take some subspace A transversal to
A(70). Let t — Sy, A(t) = {(z, St z) : © € R™} be a coordinate representa-
tion of the germ of A(t) at ¢t = 7o such that A(7p) = R™ @0 and A = 0OR™.
Denote by w™(t,7) € R™ the first m components of the vector w(t,7) in
the chosen coordinates (or equivalently, the image of w(¢,7) under the pro-
jection of W on A(7p) parallel to A). Also, let, as before, fi(7),... , fm(7)
be the basis of A dual to the canonical basis of A(7) (w.r.t. the symplectic

form o).
By (6.1), it follows that for ¢t and 7 close to 7o
% ((Sy — 87)71) = —w?(t, T)w? (¢, 7)T. (7.8)
Therefore,
Sy = ((S: = S)w?(t,7) (S = Sw™ (6, 7). (7.9)

This implies that the vector function (S; — S, )w?(t,7) does not depend on
7. Differentiating it w.r.t. 7, we obtain

— S w(t,7) + (S — ST)a%wA(t, 7)=0. (7.10)

From (6.25) it follows that

Srw? (t,7) = mPw, (t, 7) fin (7). (7.11)
This together with (7.10) implies that
2wA(t,T) = m2wp, (t,7)(Sy — S7) " (7). (7.12)

or
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In particular,
m?(S; — S;) L fn(T) = 7£wA(t,T). (7.13)

Now, differentiating (7.12) w.r.t. ¢, we have

52 0 B
o w (6 7) = mhwn (L 7) 5 ((st =5, 1) Fl7) +
+ %wm(t, TYM2(Sy — S:) " fn (7). (7.14)

From (7.8) it follows that
(St — S7) (7)) = —win(t, T)w™ (8, 7).
Substituting this and (7.13) into (7.14), we obtain

Ul Bg—tm dw” 2.2 A
_ =0. .1
otor ( Wy | OT o 0 (7.15)

Recalling the definition of w”(t,7), we obtain from the last equation the
following inclusion:

0w 9\ Py 9 o
or (wm o + mfw;,w € A. (7.16)

Recall that all our considerations (and, in particular, inclusion (7.16))
are valid for any subspace A transversal to A(7g) and any ¢ and 7 close to
7o. Taking as A in (7.16) two subspaces that are transversal to A(7p) and
also transversal one to another, we obtain (7.7) for any ¢ and 7 close to 7o.
Since 1y is arbitrary, this completes the proof of the lemma. O

In the sequel it is also convenient to make the following substitution
in (7.7):

Y(t,7) = w(t, 7). (7.17)

W, (t, T)

Then by a direct computation one can obtain the following equation for Y:

Y Sun \ gy 92 3 2
I + <m> e + (82537’ (Inwpy,) +m wm) Y=0 - (7.18)

3. Now we rewrite Eq. (7.7) as a system of equations w.r.t. the compo-
nents w;(t, 7). Take some subspace A € A(7)™. Identifying A with A(T)*,
denote by f;(7) the vector, corresponding to e} (7) under this identification.
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The vectors e1(7), ... ,em(T), f1(7),... , fm(7) constitute the basis of the
symplectic space W. Suppose that

Z @i j(7)e;(T) + i3 (1) 3 (7)-

According to (7.3),

This implies that

Zam , 1<i<m-—1,
(7.19)
Zamd +m2fm( )

Remark 6. In particular, it follows that the functions oy ;(7) with 1 <
1 < m — 1 do not depend on the choice of the subspace A.

By definition,

= Z wi(t, T)ei(T)
i=1

Then, using (7.19), we obtain

ow s 8w1 Ui 2
E = Zz_;( a7 + jz_;wjaj,i)ei + M wm fm, (720)
0w (0w o Ow; 5 OWp,
— i Ve Tlm » 7.21
dtor ;(61587' T )e BT (7:21)
Substituting (7.20) and (7.21) into (7.7) and comparing coefficients of e;
for i =1,... ,m, we obtain the following system of equations:
OPw;  Ogm dw; 22 (T w;
HOr  we Br | mt _Z;( w0 > G (792)

1<1<m.
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The term in the right-hand side of (7.22), corresponding to j = m, is
equal to zero. Hence Eq. (7.22) can be written in the form

82wi 8wm ow;

_ 2.2
otoT W, or Tt ws =
m—1 [/ Jw
_ ot _,,. _ 9% <i< )
j_1<wmwj 8t> aji, 1<i<m. (7.23)

By Remark 6, the system of Eqs. (7.23) does not depend on the choice of
the subspace A.
In the same way Eq. (7.17) can be rewritten as an equation for compo-

it . :
nents Y;(¢,7) = % of the vector Y;(¢,7) w.r.t. the canonical basis:
Wiy (6,7
62Yi W, aY; 92
——(Inwp, Y, =

dtor (wm ) ot (ataT(nw ) +miw )

m—1

oy,
= - Z 5 i (7.24)
Jj=1

4. Now we show that Eq. (7.23) (or (7.24)) has a “triangular” form.
Note that by construction all functions ¢ — w(t,7) have singularities at
t = 7. Moreover, from item (1) of Corollary 4 it follows that their Laurent
expansions at t = 7 have the form

wilt,T) = (t_ﬂ%ﬂ ) (7.25)

where ;(t,7) are smooth functions. Using this fact, one can obtain the
following lemma.

Lemma 7.3. The coefficients oj;(7), 1 < j < m—1, satisfy the relations
1. Cth‘(T) =0ifj<i—1;
(i—1)@2m—i+1)

2. a;—14(7) = - ;
’ m—i1+1
3.4fi < j < m—1, then a;;(T) can be expressed in terms of
k
8—kg0m(t,7') . with 0 < k < i — j, where on(t,7) is defined
by (7.25).

Proof. We will analyze the Laurent expansions of both sides of Eq. (7.23).
We begin with the right-hand side. We denote

0 In(1+4 (t = 7)em(t,7)). (7.26)

D (t7) = 5
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Using (7.25), one can obtain the following series of relations:

m—j+1

KA
artm _ 8t Inwp,(t,7) = 2 (—1 + om(t, T)) =

Wy 0 ot t—
1
=——— 4+ ®,,(t,7); )
-+ (t,7) (7.28)
o
otWm, L m(t,7) 1
W= (t—T)m7j+2+(t—T)m g+ 0 — ) (7.29)

Therefore, the right-hand side of (7.23) can be written in the form

m—1

(t—Tm EPINT (I)ﬁ;:z?ﬂ)aﬂ( )+

ofit)

Suppose that the function ¢t — ®,,(¢,7) has the following expansion into
the formal Taylor series at t = 7:

Jj=1

—_

~ Y en(r)(t—7)" (7.31)

k=0
Then by a direct computation we obtain that the right-hand side of (7.23)
has the form

iy D0+ 6P )
t—r)mtt + Z (t— T;mfj+2 +

+0 ) (7.32)

Now we consider the left-hand side of (7.23). Using (7.26) and (7.25), we
obtain the following series of relations:

m—i+1 0

0
Ewi(tﬂ—) = m =+ E‘Pi(tﬂ—); (7.33)
H? m—i+1)(m—1i+2
o .
5t Wm 3 . . m—i+l
Wy, 87’w1(t’ )= (t — 7)m—t3
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+%+o(t;); (7.35)
1 20m(t, T
W, (&, T)w; (¢, 7) = (t — 7)ym—i+3 (t _‘PT)(mi)+2
2 (4 1 1
-+ (7=) (70

Therefore, the left-hand side of (7.23) can be written in the form

m? —(m—1 2
¢ _( T)m_:?)l) + i T)m ;) (q)m(t,’r) + 2<pm(t,T)> +

G (’D";gfn ) +O((t —17)2>' (7.37)

Comparing coefficients of (7.32) and (7.37), we have:

M ifm—-—j7j+2>m—1i+3, ie,j <i—1, then a;(7) = 0. This
completes the proof of the first part of the lemma;

2)fm—j+2=m—i+3,ie,j=1—1, then a;_1;(T)(m—i+1) =
m? — (m — i+ 1)2. This completes the proof of the second part of
the lemma;

B)if2<m—j+2<m—i+3,ie,i—1<j<m,then, taking into
account that oy ;(7) =0 for k < i — 1, we obtain

(m —j)agi(r Z ¢j—k—1(T) ki (T) = ¢j—i(T) +

k=i—1
J—1i j—it+1
Zaat7 7 @m(tv T))t:‘r aatj i+1 @m(t T))t:‘r 7 38
S ) B (e Y I

k
By (7.26), the coeflicient ¢, (7) can be expressed in terms of gk ©m(t, T)’t

with 0 < k < n. This together with (7.38) completes the proof of the thlrd
part of the lemma. O

By the previous lemma, Eq. (7.24) can be written for 2 < ¢ < m in the

form

iy 1 a?m+ Zum \ QY
3t o Q1,4 82&67’ 8t

+ (af; (Inw,,) + mw )Y + Z ) (7.39)
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(U 1)(2m;i+ 1). All terms in the right-hand side

of (7.39) depend on the functions Y;(¢,7) with j > 4. Also we note that by
(7.25)

where a;_1,; =

w(t,T) 1 1+ (t— 7)™ lpi(t,7)
YT = ) G I et 0

This implies that in the Laurent expansion of the function ¢ — Y (¢,7)
at t = 7 all coeflicients that correspond to nonpositive powers (and, in
particular, the free term) depend on w,,(t,7). This together with (7.39)
yields that all Y;(¢,7) (and, therefore, all w;(t,7)) with 1 < i < m —1
can be expressed in terms of wy,(t,7). But by Remark 4 the components
wi(t,7), 1 < i < m, define the curve A(t) uniquely, up to a symplectic
transformation. This completes the proof of Theorem 1. [

Now our goal is to find a complete system of symplectic invariants of the
curve A(t) of rank 1 and the constant weight, i.e., some set of functions
of t which defines A(¢) uniquely, up to a symplectic transformation. By
Theorem 1 it is natural to look for a complete system of invariants among
coefficients f3; ;(t) of expansion (4.16) of g into the Taylor series. Since
A(t) can be described, up to a symplectic transformation, by the curve
t — w(t, T) of the vectors on the linear space of dimension m, it is natural to
expect that a complete system of invariants of A(-) consists of m functions
of t. By Lemma 4.1, the first m “independent” coefficients in expansion
(4.16) are Bo,2i(t) with 0 < ¢ < m — 1. All these arguments lead to the
following theorem.

Theorem 2. The coefficients Bo,2i(t), 0 < i < m — 1, define the curve
A(t) of rank 1 and a constant weight uniquely, up to a symplectic transfor-
mation.

Let a function ¢, (t,7) be as in (7.25). From identity (7.4) it easily
follows that this theorem is equivalent to the following theorem.

0% Lo, (t,T) )
Tnﬁl, o 1 < i < m, define
the curve A(t) of rank 1 and a constant weight uniquely, up to a symplectic
transformation.

Theorem 2'. The functions T —

Proof of Theorem 2'. Let functions ¢;(¢,7), 1 < i < m, be as in (7.25).
First, using the system of equations (7.23), we prove the following lemma.

Lemma 7.4. All partial derivatives of the functions p;(t,7), 1 <i < m,
at any diagonal point (1,7) can be expressed in terms of the functions T +—
%1 gom

W t, T }t:T and their derivatives, where 1 < j < m.
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Proof. First, it is natural to make the change of coordinates © = t — 7,
y = t + 7 such that the diagonal ¢ = 7 becomes the axis ¢ = 0 in the

YUY
system (7.23) can be transformed into the following system w.r.t. z;:

. 02z, B 0%z; B 0zm n 0zm % B 0z; 2B g
"\ 0x2  Oy? Oz Oy Oy Ox me

_nf 8Z_m+82_m 2 — %4_% A Qlis 1<i<m
_' 8x ay J 835 8y m Jl = =

j=i—1 (7.41)

new coordinates. Indeed, if we denote z;(z,y) = w1<

(here we also have used the first part of Lemma 7.3). Relations (7.25) can
be transformed into the relations

1
2i(2,y) = =g, y), (7.42)

ak

where the functions w;(z,y) are smooth, u;(0,y) = 1, and —kui(O,y) =0
for 1 <i<m,1<k<m—i. Substitute (7.42) into (7.41) and multiply
both sides by 2™ ~*t4. Then we obtain some singular system of equations
w.r.t. u;. By a direct calculation it can be shown that this system has the
following form:

2
JIQUm% —(2m — 20 + 1)xum% +(m—i+ 1)xuzag—: +
8Um Bui_l . 2
+ o_1,iTUi—1 9z Qi1 TUm 9 + (m =i+ 1) %upu; +
+ai—1i(m —i+ Dui_1um — m2ud u; = W, (7.43)
where
2
U, = xzumaa—yu; 4+ maazl —(m—i+ l)xulag—;n —
Um,
- aifl,ixuifla—y +
ou;—1 o [(OUum  Oup, ou; Ouy
+ 01, TUM By - (W_‘_a—y) <8y - 8x> -

m—1
L ou ou L Oou; Ou;
_ Jj—it2 ((ZEm o, ZEm 2 (279 T
g(m (8x+5y>u3 ! <3x+8y>um+

+ (m - j)xj”lumuj)aji. (744)
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The left-hand side of Eq. (7.43) is a principal part of this equation in the
following sense: differentiate both sides of (7.43) k times in x at the points of

the initial curve = 0. Then the right-hand side can be expressed in terms
3

88 12,, (0,y) with n less than k and their derivatives
x

of the partial derivatives
w.r.t. y (here one can take ¢ — 1 < p < m), while any term of the left-hand
side (at least for k¥ > 2) depends also on a partial derivative of some u;
w.r.t. z of order k at (0,y). Moreover, using the fact that u;(0,y) = 1,
(2m —i+1)(i—1)
m—i+1

1<i<m,and o_1,; = , one can easily obtain in this

u;(0,y), 1 < i < m, for a given

oF
way the following linear system w.r.t. 5 U

integer k£ > 0:

kul kui k ~
Q(k:)aax L(0,) + (k) 250, y) + 0 (k )8a e (09) = Wi 7 45

1<i<m,

where

_(kti-m-1)i-2m-1)(i-1)

)

m—1t+1
ni(k)=(k+i—1)(k+i—2m—1), (7.46)
20—2—2
Gy — EE2=272m
m—i1+1

and ¥; can be expressed in terms of the partial derivatives of the form
0" up
ox™
p < m).
It turns out that the determinant of system (7.45) satisfies the following
remarkable identity:

(0,y) with n less than k and their derivatives w.r.t. y (here i — 1 <

Go(k) ma(k) O 0 0 02 (k)
0 (k) ns(k) 0 0 03 (k)
0 0 0 oo Cna(k) mma(k) O ()
0 0 0 0 Cn(k)  nn(k) 4 Om(K)
ﬁ k—2j)(k+2j—1). (7.47)

Jj=1
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The proof of (7.47) that we have found is rather long and will be presented
in Appendix.

As a consequence of (7.47), we obtain that the determinant of sys-
tem (7.45) has exactly m positive zeros at k = 2j, 1 < j < m. Therefore,
any partial derivative of u;, 1 <4 < m, at (0,y) can be expressed in terms

of the functions y —

274,
527 P (0,y) and their derivatives, where 1 < j,p < m.
Moreover, by Theorem 1 u,(x,y) can be expressed in terms of u,,(x,y) and
its derivatives. Hence any partial derivative of u;, 1 <4 < m, at (0,y) can

0%u
be expressed in terms of the functions y — a—;(o,y) and their deriva-
x
tives, where 1 < j < m. But this is equivalent to the statement of our
lemma, if we return to the old coordinates ¢t and 7. [

Now we define a canonical moving frame: for given 7 take the derivative
subspace A°(7) and let fi(7),..., fm(7) be a basis of A°(7) dual to the
canonical basis of A(7) (i.e., o(fi(7),e;(7)) = d; ;). The basis

(ex(7),- . sem(T), fi(7), .. s fm(T))

of the whole symplectic space W is called the canonical moving frame
of the curve A(-). Denote by E(r) and F(7) the tuples of vectors
(e1(7),... ,em(7)) and (f1(7),..., fm(7)), respectively, arranged in the
columns. Denote by S; the matrix, corresponding to the linear mapping
(A(T),A(t), A%(7)) w.r.t. to the canonical basis, and by S? the matrix, cor-
responding to the linear mapping (A°(7), A%(t), A(T)) w.r.t. to the basis
(f1(7)s.. , fm(7)) (see Sec. 2 for the notation). Also, let () be an m xm
matrix with (¢, j) entry equal to «; ;(7), where a; ;(7) is defined by (7.19)
with A = A%(7). Then it is easy to see that the structural equation for the
canonical moving frame has the following form:

( ?8 ) N ( Qs('g) —Q%(T) ) ( ?8 ) (7.48)

We claim that in order to prove Theorem 2', it is sufficient to prove the
following lemma.

Lemma 7.5. The matriz in the structural equation (7
on the coefficients of the expansions of t — w;(t,7), 1
Laurent series att = T.

7.48) depends only
< 3 in the
Indeed, if Lemma 7.5 holds, then first by Lemma 7.4 this matrix de-
=

o1 BT }t:'r’
the structural equation (7.48) has a unique solution with a prescribed ini-
tial condition, and, finally, any symplectic basis can be taken as an initial
condition of (7.48).

pends only on the functions 7 +— 1 < j < m, second,
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Proof of Lemma 7.5. First, according to (7.3),

($:))ij = {0’ (1,9) 7 (m,m), (7.49)

m2, (i,5) = (m,m).

Further, by recursive formula (2.4) for ¢ = 0:

SB = %AO(T) = Al(T) +
+ i (4n(r)8-An(7) + A_n(T)STAn(T)), (7.50)
n=1-2m

where A;(7) are defined by expansion (2.3) (here we have used the fact that
by definition of the derivative curve Ag(7) = 0 and by Lemma 6.1 the order
of the pole of t — (S; — S;)~! at t = 7 is equal to 2m —1). By the definition
of the vectors w(t, 7), we have

t

((5e=5071) == [wile, w6 e,

Therefore, any A, (1) with n # 0 can be expressed in terms of the coefficients
of the expansions of t — w;(¢,7), 1 <14 < m, into the Laurent series at t = 7.
This together with (7.49) and (7.50) implies that SO can be expressed in
terms of the coefficients of the expansions of ¢t — w;(¢,7), 1 < i < m, into
the Laurent series at ¢t = 7.

Finally, let us analyze the matrix Q(7). By Lemma 7.3, all its entries
a; (1) with 1 < ¢ < m — 1 can be expressed in terms of the coefficients of
the expansions of ¢t — wy, (¢, 7) into the Laurent series at ¢ = 7. The entries
am,;(7) do not enter the differential equation (7.23). To find an expression
for these entries, we will use the integral-differential equation (7.12) that
can be rewritten for A = Ag(7) in the form

t

on(T) T
Ow (1) :wﬁ%@ﬂ/%ﬂmmmﬂ%~(”U

37’1

T1=T

Using (7.20), we can obtain from here the following system of equation w.r.t.
the components w; (¢, 7):

ow;(t,7)
j —|—Zwlt7'alj

t

= —mem(t,T)/wm(f,r)wj(f,r)d§, 1<j<m. (7.52)
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For a given j consider the Laurent expansion of the left-hand side of

(7.51), as a function of ¢, at t = 7. By (7.25), the coefficient of in

this expansion is equal to o, (7). On the other hand, all coePﬁments of the
appropriate expansion of the right-hand side can be expressed in terms of
coefficients of expansions of ¢ — w;(t,7) and t — wp, (¢, 7) into the Laurent
series at t = 7. Therefore, the entries oy, j(7) can also be expressed in terms
of coefficients of expansions of ¢ — w; (¢, 7) (even with ¢ = j or m) into the
Laurent series at ¢ = 7. This concludes the proof of our lemma and also of
Theorem 2. O

8. APPENDIX

In this appendix we prove identity (7.47). We are sure that the proof
presented here is far from being optimal, but this is the only one that we
have at this moment.

Denote the determinant in the left-hand side of (7.47) by L, (k). Ex-
panding this determinant w.r.t. the last column, we have

L (k) = (=1)770,( Hm IT ¢ +][mk). (8.2
=1

j=1 i=j+1

Then, substituting (7.46) into (8.1), one can easily transform L, (k) to the
following form:

_m+1 m(2m — j) .
Ly (k) = ' (m_j+1)!(]_1)(k—2(m—j+1))><
m—j 2m
X (k—1) H (k—1) (8.2)
1=2—j 1=2m—j+2

Note that L,, (k) is a polynomial of degree 2m, exactly as the polynomial in

the right-hand side of (7.47). Also, for both polynomials the coefficient of

leading term k2™ is equal to 1. Therefore, in order to prove identity (7.47),

it is sufficient to prove that the polynomials in both sides of (7.47) have the

same roots, or, equivalently, that L,,(2¢) = L,,,(1—2i) = 0for all 1 < i < m.
We will do this in two steps: first we will show that

L,(2i)=0, 1<i<m. (8.3)
Second, we will prove that the function

k
k—2m

Im(k) %

Lo (k) (8.4)
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satisfies
Lon(—1 = k) = L (K), (8.5)

i.e., Ly,(k) is invariant under the reflection of its argument w.r.t. —1/2.
This together with (8.3) and the fact that L,,(0) = 0 (which follows directly
from the definition of L,,(k)) will imply that also L,,(1 — 2i) = 0 for all
1<:<m.

1. The proof of (8.3). For 1 < j <m+ 1, we denote

_ __ m@m—j) :
pmi(F) = I T (k= 20m—j+1)) x
X H k=3 ] *-9. (8.6)
i=2—j i=2m—j+2

By a direct computation, the following identity can be easily verified:
Prm,j(2m — 21) + P 2142—;(2m —21) = 0, (8.7)
where
0<Ii<m-1, max{1,2l4+1—-m} <j<min{m+1,20+1}.
In particular, applying (8.6) to j =1+ 1, we have

Pmi+1(2m —20) = 0. (8.8)
By construction,
m—+1
Lo (2m — 21) Z Pm.j(2m — 21). (8.9)

Denote 11 = max{1,2l +1 —m} and l = min{m + 1,2/ + 1}. Consider the
following 3 cases:
(1) 1 < j <l3. Then from (8.7) and (8.8) it follows that

lo l
Z Pm,j(2m —21) = Z (pm7j(2m —21) 4 pm 2142—;(2m — 21)) +
Jj=h Jj=h
+ Pma1(2m —21) = 0; (8.10)

(2) 20 +2<j<m+1. Then 2m — j + 2 < m — I < 2m; therefore, from
(8.6) it follows that p,, j(2m — 21) = 0;

(3) 1 <j<2l—m. Then 2 < 2m — 2] < m — j and again from (8.6) it
follows that in this case py, ;(2m — 2l) = 0.

Therefore, by (8.9), L, (2m—21) = 0for all 0 <[ < m—1, or, equivalently,
L,(2i)=0foralll <i<m.
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2. The proof of (8.5). We will transform the expression for L,,(k) into
a more symmetric form. Following [5] (Chap. 1, Sec. 2) we denote

znlh (gfx(x—l—h)...(a:—i— (n—1)h). (8.11)

Then similarly to the Newton binomial identity, one easily obtains

nlh _ =~ (n n—ilh, ilh
(x+y) —z;(i>x Y (8.12)
Using notation (8.11), one can rewrite L,,(k) in the form
§_ mm )
Ln(k) = (k= 2(m = j +1)) x
><(k:—m+j)m’1|1(k—2m)j’”1. (8.13)

Applying (8.12), one obtains

(k—m+ )" = ((k+1)+(G-m-1)" "=

_Z( ) (k+1)m G —m— 1) =

m—j+1 s
=Y (—1)i< ”: )(k+1)m—1—“%. (8.14)

=0
Substituting (8.14) into (8.13) and changing the order of summation, one

easily obtains

Z(Zﬁuﬂ 2(m — )k~ 2m)" ) x

1=

L (CDmi(k + )m ot

(m—i— 1) (8.15)
Lemma 8.1. The following identity holds:
(k 2m)1 (k —2(m — j)) =
= ' —j—1i)
mfzfl
-1
=—(k—2m)(k+m—1) . .
(m“ L (k — 2m) 8.16

(m —)! -
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Proof. Using the representation k —2(m — j) = (k — 2m) + 24, one can split
the left-hand side of (8.16) into the sum of two terms:

m—1i

(2m—j—1)! i
(k —2m) jz T _]_Z)'(k:—2m)3 +
= @2m—j-1) i
+2Z oD _]_Z)!(k—Zm)J : (8.17)
Jj=1

Since o
(2m—j—1)=(m+i—1)(m+i)m 7l

the first term of (8.17) can be written in such a way that one can apply the

binomial identity (8.12):

(m+i— 1)k —2m) ¥= (m —i N in_
‘ ) (m+1) (k —2m)’" =
(m —9)! jz::() ( J )
_ (m+ i(;ffﬁff 2m) (k= m + i)™l (8.18)

In the same way, the second term of (8.17) can also be written in such a
way that one can apply the binomial identity (8.12):

m—1 2 i1 '
22 m=J =DV il =

= G-l m—j—1)

N em—j-2) _ o)+t =

2 Jz::o @im—j—i-Di >
m—i—1 :

Y (2m —j —2)! —9m il =

= 2(k — 2m) J; (j)!(m—j—i—l)!(k 2m + 1)

_ 2(m+i—1)!(k—2m)

(m—i—1)!
_ 2(m —'(—niz__li)!_(]i; 2 (1 — i+ Y, (8.19)

Combining (8.18) and (8.19), we obtain that the left-hand side of (8.16)
is equal to

(m+i—1)!(k—2m)<k—m+i

(m—i—1)! +2)(k—m+z'+1)m—i—1|1:

m—1
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= %(1@ —2m)(k+m —i)(k—m+i+1)m " =
. m—i—1
= %(lﬁ—%ﬂ Yk +m—1) H (8.20)

=1

which is exactly the right-hand side of (8.16). This completes the proof of
the lemma. O

Now substituting (8.16) into (8.15), we have the following identity:

-1) m'm—l—z—l)
L (k) = (k = 2m Zz m—1i—1)!

—

m—i— m—i

i‘[ (k=10 J] (& +0). (8.21)
=1

=1
Then the function L,, (k) satisfies

— k
Lom(k) = k—2m

Lo (k) =

=(-1) m'm—l—z—l) i
= 1-— .22
Zl, _2_1)'11_[1k+ ) ll;llkJrl (8.22)

i=

It remains only to note that all terms of the sum in the right-hand side
of (8.22) are invariant under the reflection of the argument w.r.t. —5 o

equivalently, under the substitution k¥ — —1 — k. Then the function L,, (k)
is also invariant under this substitution, which proves (8.5) and, therefore,
also (7.47).
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