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ON LOCAL GEOMETRY OF RANK 3 DISTRIBUTIONS WITH
6-DIMENSIONAL SQUARE

BORIS DOUBROV AND IGOR ZELENKO

ABSTRACT. We solve the equivalence problem for rank 3 completely nonholonomic vector dis-
tributions with 6-dimensional square on a smooth manifold of arbitrary dimension n under very
mild genericity conditions. The main idea is to consider the projectivization of the annihilator D+
of a given 3-dimensional distribution D. It is naturally foliated by characteristic curves, which
are also called the abnormal extremals of the distribution D. The dynamics of vertical fibers
along characteristic curves defines certain curves of flags of isotropic and coisotropic subspaces in
a linear symplectic space. The problem of equivalence of distributions can be essentially reduced
to the differential geometry of such curves.

The class of all 3-distributions under consideration is split into a finite number of subclasses
according to the Young diagram of their flags. The local geometry of distributions can be recovered
from the properties of the symmetry group of so-called flat curves of flags associated with this
Young diagram. In each subclass we describe the flat distribution and construct a canonical frame
for any other distribution.

It turns out that for n > 6 in the most nontrivial case the symmetry algebra of the flat
distribution can be described in terms of rational normal curves (their secants and tangential
developables) in projective spaces and its dimension grows exponentially with respect to n.

1. INTRODUCTION

This paper is a next step of the long-standing program of studying the geometry of non-
holonomic vector distributions using the ideas of geometric control theory. In earlier articles [3, 4]
we have solved the equivalence problem for rank 2 vector distributions constructing a canonical
frame under very mild genericity conditions.

In this article we treat rank 3 vector distributions on smooth manifolds of arbitrary dimen-
sion and solve the equivalence problem constructing a canonical frame for each three-dimensional
distribution D satisfying certain non-degeneracy conditions. The first such condition is the as-
sumption that the dimension of the derived distribution D? = D + [D, D] is 6. In the following
we shall refer to such distributions as (3,6, ... )-distributions indicating that the dimensions of D
itself and D? are 3 and 6 respectively.

The case of (3, 6)-distributions on 6 dimensional manifolds was considered by Robert Bryant [I]
using the Cartan equivalence method. In particular, Bryant proves that there is a natural para-
bolic geometry of type Bs associated to each such distribution. The aim of the current article is
to construct similar geometries associated with a given (3,6, ... )-distribution in any dimension.
As in the case of rank 2 vector distributions the structure groups we get in dimensions 7 and
higher are no longer semisimple.

The obvious (but very rough in the most cases) discrete invariant of a distribution D at ¢ a
so-called small growth vectors at g. It is the tuple {dim D’(q)}jen, where D7 is the j-th power
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of the distribution D, i.e., D! = D/=! + [D,D’~', D! = D. More generally, at each point
q € M we can consider the graded space my = > .o, D1 /Di Tt can be naturally equipped
with a structure of a graded nilpotent Lie algebra and is called a symbol of the distribution D
at a point ¢q. The notion of this symbol is extensively used in works of N. Tanaka and his school
(see [10]) who systematized and generalized the Cartan equivalence method. However, these tools
become really effective only when the symbol algebras are isomorphic at different points, and all
constructions strongly depend on the algebraic structure of the symbol. Note that the problem of
classification of all symbols (graded nilpotent Lie algebras) is quite nontrivial already in dimension
7 (see [8]) and it looks completely hopeless for arbitrary dimensions. For example, as was shown
in [8] already in dimension 7 the continuous parameters appears in symbols of rank (3,6,...)-
distributions (see models m7-3_3(a) and m7_3_13(«) there), and there are 6 more non-isomorphic
symbols in addition to that.

The core idea of our approach comes from geometric control theory and is based on construction
of a characteristic line bundle associated with a given (3,6,...)-distribution and the study of
curves of flags of (co)isotropic subspaces obtained by its linearization. Our classification of rank
3 distributions is done according to a so-called Young diagram of these curves of flags and is not
directly related to Tanaka symbols of the distribution D itself. The local geometry of distributions
can be recovered from the properties of symmetry groups of so-called flat curves of flags associated
with a given Young diagram.

Below we outline the main constructions and the results of the paper. They are given without
proofs and repeated in more detail and with proofs in the main part of the paper.

1.1. Characteristic 1-foliation of abnormal extremals. First we distinguish a characteristic
1-foliation (the foliation of abnormal extremals) on a special odd-dimensional submanifold of
the cotangent bundle associated with any rank 3 distribution D. Define the j-th power of the
distribution D as D! = D and D! = D' + [D, D?]. We assume that all D’ are subbundles of
the tangent bundle. Denote by (D7) C T*M the annihilator of the j-th power DJ, namely

(DY ={(pq) eT;M |p-v=0 YoveDi(qg)}

Let m: T*M — M be the canonical projection. For any A € T*M, A = (p,q),q € M, p € T,y M, let
¢(A)(+) = p(m«-) be the canonical Liouville form and 6 = d¢ be the standard symplectic structure
on T*M.

The crucial notion in this paper is an abnormal extremal of a distribution. An unparametrized
curve in D™ is called abnormal extremal of a distribution D if the tangent line to it at almost every
point belongs to the kernel of the restriction &|p1 of & to D at this point. The term “abnormal
extremals” comes from Optimal Control Theory: abnormal extremals of D are exactly Pontryagin
extremals with zero Lagrange multiplier near the functional for any variational problem with
constrains, given by the distribution D.

Since dim D = 3, the submanifold D+ has odd codimension in 7*M, and the kernels of the
restriction &|p1 are non-trivial. Moreover, as we show below (Lemma, for points in D\ (D?)+
these kernels are one-dimensional. They form a characteristic line distribution in D+\(D?)*,
which will be denoted by C. The line distribution C defines in turn a characteristic 1 -foliation on
D\ (D?)+. The leaves of this foliation are exactly the abnormal extremals of the distribution D
lying in the complement to (D?)=.

It is more natural to work on the projectivization of the contangent bundle instead of the
tangent bundle itself. We define the same objects on the projectivization of D\(D?)L. As
homotheties of the fibers of D' preserve the characteristic line distribution, the projectivization
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induces the characteristic line distribution on PD-\P(D?)+, which will be denoted by C. It defines
the characteristic 1-foliation, and its leaves are called the abnormal extremals of the distribution
D on PDH\P(D?)+.

The distribution C can be defined equivalently in the following way. Take the corank 1 dis-
tribution on D+\(D?)*, given by the Pfaffian equation |1 = 0 and push it forward it under
projectivization to IP’DJ-. In this way we obtain a corank 1 distribution on PD*, which will be
denoted by A. The distribution A defines a quasi-contact structure on the even dimensional
manifold PD\P(D?)* and C is exactly the characteristic distribution of this quasi-contact struc-
ture. Moreover, the symplectic form & induces the antisymmetric form on each subspace of a
distribution 5, defined up to a multiplication by a constant. This antisymmetric form will be
denoted by &.

1.2. Lifting of the distribution to the cotangent bundle. We can consider the characteristic
distribution C as a dynamical system naturally associated with any (3,6,...)-distribution and
study the dynamics of fibers of the natural projection 7: PD\P(D?)+ — M.

In more detail, let V' be a vertical distribution defined as a set of tangent spaces to the fibers
of the projection w. Then, clearly, V' is complimentary to C, and we arrive at a so-called pseudo-
product structure, which consists of a pair of 2 completely integrable distributions (C, V'), whose
sum is non-integrable. Indeed, the direct computation shows that the pull-back 7*D of D itself is
easily recovered from C and V. Namely, we have 7*D =V + C + [C, V]. In particular, this proves
that the distribution C @ V' is bracket-generating.

In this paper we require a stronger non-degeneracy condition on the distribution D. We con-
struct a sequence of distributions starting from 7~ = C @ V by taking the brackets only with
the sections of characteristic bundle:

JD =cav;
JO =gV 41,7 (=7*D);
JE =g0 4,79, ixo.

As J1 lies in the restriction of the quasi-contact bundle A to PDL\P(D?)L and C is the
characteristic bundle of this restriction, it is clear that all distributions 7 (®) will be subbundles of
the contact bundle. We say that the distribution D is of mazimal class if J(™) = A for sufficiently
large m.

In this paper we consider only (3,6, ...)-distributions of maximal class. We note that we are
not aware of any examples of (3,6, ...)-distributions that are not of maximal class.

We can prolong the sequence of subbundles 7 to the negative side defining:

g = {X e J@ | [X.C] j(i)}'

It appears that the subspace J(~*~1 is exactly the skew-orthogonal complement to J® with
respect to the form ¢ for any ¢ > 0. In other words, we have:

JEED = (X e A &( X, 7%) =0}.

Thus, we immediately see that the sequence j ) descends to the characteristic bundle C for
sufficiently small i. In addition, using the fact that dim J© — dim 7Y = 2, we prove that
dim 7 — dim 71 < 2 for any i € Z.

Thus, at any generic point A € PD\P(D?)* we have a flag of subbundles:

ocC=gtmVecgtmec...cgV=c+vcgO=prDcgVc...cgm=A,
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where the dimension gap between two neighbors in this sequence is either 2 or 1.

1.3. Linearization of the flag along characteristic foliation. We linearize this sequence
along the characteristic foliation and turn it into the curve in an appropriate flag manifold of a
symplectic space at each point \g € PD\P(D?)L.

Namely, let v be a leaf of the characteristic 1-foliation C containing Ag and let N be a manifold
of all leaves of C in a small neighborhood of A\g. Then ~ represents a point of N, and we have
a natural projection ®: PD\P(D?)L — N defined in a neighborhood of A\g. Let A C T, N be
the image of A under this projection. As it is a quotient of a codimension 1 distribution by its
characteristic, it inherits a symplectic structure o defined up to a multiplication by a non-zero
scalar.

The differential ®, takes Cy to 0 and the flag of spaces {j(i)} at a point A to a certain flag of
subspaces in A:

A {o — JEm= ¢ gem) oo g o gm) A} . Aen,

where J) = &,(7®) for all i € Z.

Thus, we get a natural map from  to the variety of all flags in the symplectic space A. We call
this curve the linearization of the flag {7} along the characteristic curve . As it is defined in
a natural way, any invariants of this curve will be automatically the invariants of the distribution
D itself. One of the main points here is that the local geometry of rank 3 distribution can be
reconstructed from the geometry of such curves of flag. Hence the core part of the paper is devoted
to the study of the geometry of these curves.

1.4. Geometry of curves of flags of (co)isotropic subspaces.

(a) Young diagrams. To any curve of flags {J()} above one can construct a Young diagram:
the number of boxes in i-th row of it is equal to dim J® — dim J0—Y. As the negative part
of the flag is a skew-symmetric complement to the non-negative part, this diagram completely
determines the dimensions of all quotient spaces J() /J (i=1) for any i € Z.

By construction there are no more than 2 boxes in each column. So, the diagram has the form:

k [

| L]

and is completely determined by a pair of integers (k, ). This diagram is said to be of type (k,1).
It is easy to get that k and [ have to satisfy the relation n = 2k+142, where n is the dimension of
the base manifold M. In particular, the parity of [ and n should coincide. Besides, the assumption
dim D? = 6 implies that the number of columns with 2 boxes is not less than 2. The case [ = 0
corresponds to rectangular Young diagrams, while [ > 0 corresponds to non-rectangular Young
diagrams. We say that a (3,6, ...)-distributions of maximal class is of the type (k,[) if germs
of linearization of the flag {7¥} at generic points of PD-\P(D?)* (along the corresponding
characteristic curve) have type (k,1).

(b) Flat curves associated with Young diagrams. All curves of flags with given Young
diagram can be treated uniformly as a deformation of the so-called flat curve having the biggest
group of symmetries. To describe the flat curve let V' be a vector space of the same dimension as
A(7) (equal to 2n — 6 = 4k + | — 2) endowed with a one-parametric family of symplectic forms
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such that any form from this family is obtained from any other by a multiplication on a nonzero
constant. Assume also that V is endowed with a filtration

(1.1) V =yt 5 oyl 5 pRel —

such that dimV® = dim J@, VO are isotropic for i < 0 and V19 is the skew symmetric
complement of V) for any i. Finally assume that V is endowed with a distinguished basis
(61, ces €2k 1, f1y e f2k+lfl) such that

(1) this basis is symplectic w.r.t. to one of the form ¢ from the one-parametric family of
i

symplectic forms on V, i.e. o(e;,e5) = o(fi, f;) = 0, for any 14, j, o(e;, fori—i) = (=1)°,
and o(e;, f;) = 0 for any i, j such that i 4+ j # 2k + [;
(2) the filtration (1.1)) coincides with
(1.2) 0C (e1) C({er,e2) C---C(er,...,ep)
C (et . eiq1, 1) C ety s eqn, fi,f2) € Cler, ooy eonqi—1, f1- -, far—1)
Cet, oy empi—15 f1,- -5 for) C oo Clers s earpi-1, f1, - forpio1) = V-
Now define a linear maps X € End(V) as follows:
Xei=¢eir1, Xfi=fiprfori=1,...2k+1-2, Xegpy—1=Xforp—1=0.
We say that the curve of flags §1; = {Sl(j)l}f:ﬂ?_l is a flat curve associated with the Young diagram
of type (k,1), if it is an orbit of the flag (1.2) under the action of the one-parameter subgroup

exp(tX). A symplectic moving frame (&(-), ..., éxs1—1(-), fi(-)s -, forpi—1(-)) is called normal
moving frame of the flat curve §y , if
§i() = (@0), (), i= k=l —k

B = @) Ciprna () i) Fipr())s i= kL k-1

and for some parametrization ¢ of the curve

&i(t) = €i1(t), fi(t) = fira(t), fori=1,...2k +1 -2, &y 1(t) = fopq_1(t) = 0.
Note that the frame (exp(tX)ei,...,exp(tX)esgti—1,exp(tX)fi,...,exp(tX) foxt1—1), where e;
and f; are as above, is a normal moving frame of the flat curve {S(Z)}fi:l_l
Let &, be the group of all isomorphisms A of V', sending the flat curve to itself and preserving
the one-parametric family of symplectic forms on V. The latter means that for any form o from

this family there exists a nonzero constant ¢ such that
(1.3) o(Avy, Avg) = co(v1,v2), Yvi,ve € V.

In other words, &y is the group of symmetries of the flat curve. Denote s;; the corresponding
Lie algebras (i.e. the Lie algebra of infinitesimal symmetries of the flat curve).

(c) Bundles of moving frames and their symbol.

Let us clarify what do we mean by saying that any curve of flags with given Young diagram
is a deformation of the corresponding flat curve. For any such curve we construct a bundle of
canonical moving frames of dimension equal to the dimension of the group of symmetries &;,; of
the flat curve. For the flat curve this bundle of canonical moving frames coincides with all its
normal moving frames defined above. Take as before a manifold IV of all leaves of the characteristic
foliation C in a small neighborhood of a point A\g € PD+\P(D?)+ such that the linearizations of
the flag {J (i)} along any leaf of C in this neighborhood has the Young diagram of type (k,1).
Take v € N and collect all frames on A(7), obtained from all canonical moving frames for the
linearization of of the flag {7®} along ~. In this way we get the canonical frame bundle P
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on the contact distribution A of the manifold N. By the frame bundle on a distribution of a
manifold we mean a fiber bundle over this manifold with the fiber over a point consisting of
some distinguished frames of the distribution at this point. The frame bundle we construct is
not in general a principle fiber bundle, but it still possesses a number of nice properties such as
a constant symbol.

In more detail, we define a symbol of the frame bundle P on A as follows. Take the subspace
V with the distinguished frame as in paragraph (b). Then any frame p on A can be identified
with the isomorphism between V and A, sending the distinguished frame on V' to the frame p.
Hence, the tangent space to a fiber of P at a point p can be identified with a subspace of gl(V).
The filtration on V induces a natural filtration on gl(V') and, therefore, on any its subspace. The
corresponding graded subspace grT, P is called a symbol of the bundle P at a point p. Symbols
are subspaces of grgl(V'), which, in turn, is naturally identified with gl(grV’). In the case of
rectangular diagram already the tangent spaces to a fiber of P at different points are the same,
as subspaces of gl(V). On the other hand, in the case of nonrectangular diagram this tangent
spaces at different points are different subspaces of gl(V). However, all symbols at different
points of this bundle are the same. Moreover, in both cases the symbol is equal to the algebra of
infinitesimal symmetries sy ; of the flat curve (under the natural identification of V' and gr V' via
the distinguished basis on V).

(d) Prolongation procedure. We emphasize that our frame bundles on the corank 1 dis-
tribution A are not even principle bundles in general, but the additional filtration on the model
space V for these bundles allows to define the notion of symbol of the bundle at a point. It turns
out that assuming that the symbol is constant, it is possible to carry prolongation procedure for
such frame bundles in a similar way as in the classical theory of G-structures on manifold and as
in the Tanaka theory for G-structures on filtered manifolds [I0]. Since originally we have frames
not on the whole tangent bundle but on a corank 1 distribution only, we have to modify the notion
of the Spencer operator and of the prolongation (of subspaces of gl(V) and of frame bundles). As
in case of standard G-structures, if for some ¢ > 0 the modified i-th prolongation of the symbol
sy, of our frame bundle P is trivial, then for any distribution of type (k,[) there exists a canonical
frame on a certain bundle @) over N. This bundle is constructed as the i-th prolongation of the
frame bundle P. }

The modified i-th prolongation 55;’71) of the symbol s;; has a simple description in terms of
the Tanaka prolongation of a certain graded Lie algebra. First let g_; = V and g_o = Ry for
some vector 1. Define the structure of a graded Lie algebra on the vector space g_s & g_1 by
setting [v1,va] = o(v1,v2)n for some form o from the one-parametric family of symplectic forms
on V. This Lie algebra is isomorphic to the Heisenberg algebra. Now set go = s;;. Note that
by construction sy is a subalgebra of the Lie algebra csp(V') corresponding to a Lie group of all
isomorphisms A of V satisfying . On the other hand, it is clear that csp(V') coincides with the
algebra of all derivations of g_o @ g_1 preserving the filtration. Therefore the space g_o®g_1Dgo
can be endowed with the natural structure of a graded Lie algebra as well by setting [A, v] = Av
for any A € gg and v € V. Let

6= Pa=RneVes,ePa

i>-2 i>1
be the Tanaka universal prolongation ([10]) of the graded Lie algebra

(1.4) g 2Pg1® g =RneV @ sy
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It turns out that our modified ith prolongation 5](;71) coincides with the Tanaka ith prolongation
gi of the algebra g_o ® g_1 @ go for any i > 1. 7

The Lie algebra &, is finite dimensional for any (k, ). We will describe it explicitly in the next
subsection. Moreover, to any pair (k,[) one can assign in a natural way a (3,6, ...)-distribution
of maximal class and type (k,[) such that its algebra of infinitesimal symmetries is equal to &y, ;.
For this let 6271 be a subgroup of &y, preserving the filtration , i.e., one point of the flat

curve, and 52,l be the corresponding Lie algebras. Consider the following subalgebra pj; of &

pri=RpavVile sp @ @gi,
i>1

where V(1) is as in the filtration (I.1]).

Let Gj; be a Lie group with the Lie algebra g and let P;; be a subgroup corresponding
to the subalgebra pj;. Then there is an invariant 3-dimensional distribution on Gy /Py, that
corresponds to the P ;-invariant subspace

Rn @ v g Sk D @ gi
i>1

in gg,1 /i, (note that dim sy ;—dim 5271 =1 and dim V() —dim V(1) = 2). We call this distribution
a flat (3,6, ...)-distributions of type (k,l).

The flat (3,6, ...)-distribution of type (k,[) can be described in more explicit way as follows.
Consider a Lie algebra my;, generated as a vector space by elements X, Y;(1 <i < k), Z;(1 <
j <k+1),n, with the following non-trivial Lie brackets:

[X7Y;]:Y;Z+17 22177k_17
[X,Zj]:Zj+1, j=1.. k+1—-1;
Y1, Z1] =n.

The flat (3,6,...)-distributions of type (k,[) is equivalent to a left-invariant distribution on the
Lie group Mj,; with the Lie algebra my;, which corresponds to the subspace D, = (X, Y1, Z1).
The main result of the paper can be formulated as follows:

Main Theorem. For any (3,6,...)-distribution D of mazimal class and type (k,l) there exists
a natural fiber bundle QQ over the manifold N equipped with a canonical frame. The dimension of
Q is equal to the dimension of the Lie algebra &y, ;. There exists (3,6, .. .)-distribution of mazimal
class and type (k,1) such that its algebra of infinitesimal symmetries is equal to Gy

As a matter of fact if a (3,6, ... )-distribution D of maximal class and type (k,[) has the algebra
of infinitesimal symmetries of dimension equal to dim &, ;, then D is locally equivalent to the flat
(3,6,...)-distribution of maximal class and type (k,1). This uniqueness statement will be proved
in the forthcoming paper.

1.5. Description of algebras s;; and &; ;. To complete the picture we describe explicitely the
symbols of our frame bundles (isomorphic to algebra of infinitesimal symmetries s;; of the flat
curve of of flags of type (k,[)) and the corresponding universal prolongation algebra &, ; from the
main theorem. The cases of rectangular and non-rectangular diagrams are essentially different
and considered separately
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(a) The case of rectangular diagram. In this case | = 0. Let Vo1 = (E1,..., Fog_1) be
the irreducible (2k — 1)-dimensional s[(2, R)-module with weight spaces (E;) and R? = (g1, ¢2) be
the standard gl(2, R)-module. Identify the space V with the s[(2, R) ®gl(2, R) module Va1 @ R?,
such that e; = E; ® €1 and f; = E; ® €. Then the algebra sy, o is equal to the image in gl(V) of
the representation of the algebra s[(2,7) @ gl(2,7), corresponding to the module Va_; ® R2.

Further, it turns out that &30 = s0(4,3) (compare with [I]). On the other hand, for k > 3,
I = 0 the first prolongation g; of the algebra is equal to 0 so that

(1.5) ij70 :RH@V@5k70, k> 3.

(b) The case of non-rectangular diagram. The structure of the Lie algebras s;; and
& in case [ > 0 is much more complicated and can be defined via the language of symplectic
differential geometry. Let r = 2k +1 — 1. Fix a (formal) coordinate system (z1,...,Zy,p1,...,Dr)
in the symplectic space of dimension R?" with the symplectic form:

dry Adp, — dry Adpr—1 + -+ (—1)"dz, Adpy.

Introduce the Poisson Lie bracket on the algebra of polynomials R[z;, p;]. We shall define &, as
a one-dimensional extension of a certain subalgebra in this algebra.

Let P"~! be the projective space with homogeneous coordinates [x1 :x2:...:x.]. Denote by
C the normal rational curve in P"~! given as an image of the Veronese embedding

PPl [sct] [sThism 2L T

There is a unique irreducible SL(2, R)-action on R” such that this rational normal curve is exactly
an orbit of the highest vector in R” under this action.

Denote by 7°C the b-th tangential developable variety of C. Here we assume that 7°C = C.
If V is any algebraic variety in P"~!, we denote, as usual, by I(V) the ideal of homogeneous
polynomials in zi,...,z, vanishing on V. We shall also denote by I;()V) the subspace of all
polynomials of degree b in I(V). Denote also by SV the b-th secant variety of V, which is defined
as an algebraic closure of the union of (n — 1)-planes in P"~! passing through b points from V.
By definition we set S;(V) =V and S;(V) =0 for i < 0.

Now define a subalgebra g in Rlz;, p;] in R[z;, p;] as a sum of the following several subspaces
in Rlz;, pj;]:

e the subalgebra gl(2,R) spanned by:

(r — Daapr — (r — 2)azpr—1 + -+ (=1)" ' 2,po;

T1Pr—1 — 221pr—g + -+ (1) Hr — Da,_1p1;
p

r—1zip, — (r — 3)zepr—1 + -+ + (—1)“1(1 — r)Tp1;

X
Y
H
Z =x1pr — ToPr—1+ ... (—l)rflxrpl.

L4 <p17 s 7pn>7
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o I, = I,(V,) C Rlay,...,z,], where Vs = Ss_1(T*72C) is the (s — 1)-th secant variety of
(k — 2)-th tangential variety to the rational normal curve C. In particular, we have:

Io = (1);
L = (z1,...,2);
Iy = quadratic polynomials vanishing at T 2C,

I3 = cubic polynomials vanishing at So(7%2C);

Note that in the extreme case of k = 2 we have 7F~2C = C, and, for example, I5 is spanned
by all quadratic polynomials of the form z;x; — xr2;, @ +j = k + . In general, for any k£ > 2
the tangential variety 75 2C does not lie in any proper linear subspace of P"~!. Therefore
Ss_1(T*2C) = P! for sufficiently large s, and I, = 0. Thus, g is always finite-dimensional,
though its dimension depends exponentially on r and therefore on the dimension of the original
manifold M (for a fixed k > 2).

The algebra sj; is equal to (X,Y,H, Z,1d) @ I. The algebra & is isomorphic to a one-
dimensional extension of the Lie algebra § by a semisimple element Z’ such that

[Z', f] = (deg(f) —2)f
for any element f € g C R[z;, p;].

Finally note that the main result of [3] and [4] about rank 2 distributions on an n dimensional
manifold can be formulated in a similar way as in our Main Theorem here. The Young diagram
of the linearizations consists of one row, the corresponding flat curve is a curve of complete flags,
consisting of all osculating subspaces of the rational normal curve in the projective space P?"~7,
the algebra of its infinitesimal symmetries is equal to the image of the irreducible embedding of
gl(2,R) into s, = gl(V'), where dim V' = 2n — 6, the flat distribution and its algebra of symmetries
is described as in the subsection 1.4 (d), replacing s;; by s,. In particular, the algebra of
infinitesimal symmetries is equal to the Tanaka universal prolongation of Rn @& V & s,, which is
equal to Rn @V @ s, itself for n > 5 and to the exceptional simple Lie algebra Go for n = 5. All
this suggests that our Main Theorem can be generalized to much general situation of distributions
of arbitrary rank.

2. SYMPLECTIFICATION PROCEDURE

2.1. Description of a characteristic line distribution. Let us describe the characteristic line
distribution C from subsection in terms of a local basis (X7, X2, X3) of the distribution D,
D(q) = span{X1(q), X2(q), X3(q)}. Denote X;; = [X;, Xj] for 1 <i,j < 3. Let us introduce the
“quasi-impulses” u; : T*M — R, u; j : T"M — R, 1 <4,j < 3:

(2.1) ui(A) =p-Xi(q), wij(N)=p Xij(@) A= (p,q), ¢eM, peT M.
Then by definitions
(2.2) Dt ={\eT*M :u;(\) = us(N) = uz(\) = 0}.

As usual, for given function G : T*M — R denote by G the corresponding Hamiltonian vector
field defined by the relation iz6 = —d G.

Lemma 1. The characteristic line distribution C on D\(D?)* satisfies

(2.3) é == <UQ,361 - U173ﬁ2 + U1,263>.
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Proof. Take a vector field H on D\ (D?)* such that locally C(\) = {RH(X)}. Then by definition
of C we have Z‘Ha"(DQ)L = 0. From this and (2.2)) it follows that igd € (dui,dusg, dus), which
implies that

(24) H e <ﬁ1,ﬁ2,ﬁ3>.

On the other hand, H is tangent to D, i.e du;(H) = 0 for 1 < j < 3. This and (2.4) easily
implies (2.3)). O

Let D'(q) C D(q) be the union of one-dimensional subspaces m,(C())) is equal to D(q):

(2.5) D'(q) = {m(C) : A€ DA\(DHH7(N) = a} .
As a consequence of the previous if dim D?(q) = 6, then
(2.6) D'(q) = D(q)

In particular, in this case the original distribution can be recovered from its characteristic line
distribution.

Similarly, from it follows that if dim D?(q) = 4 or dim D?(q) = 5, then the set D'(q)
constitutes a one-dimensional or a two-dimensional subspace of D(q) respectively. If dim D?(q) =
4 then a line distribution D’ is a characteristic subdistribution of D, i.e. [D’, D] C D. In this
case we can make, at least locally, a factorization of M by the 1—foliation generated by the line
distribution D’(q) so that in the quotient manifold we get the rank 2 distribution D(q)/D’(q).
In this way we reduce the equivalence problem for the original rank 3 distribution D to the
equivalence problem for certain rank 2 distribution, which was treated in [3, 4] If dim D?(q) = 5,
then it can be shown that the rank 2 subdistribution D’ satisfies (D’)? C D and this is the unique
rank 2 subdistribution, satisfying this property. Therefore, sometimes it is called the square root
of the distribution D. There are two possibilities: either (D’)?(q) = D(q) for generic ¢ on M
or D'(q) is involutive, i.e. (D’)?> = D’. In the first case the equivalence problem for rank 3
distributions is reduced to the equivalence problem for rank 2 distributions, which was treated in
[3, [4].

So, the equivalence problem for rank 3 distributions cannot be reduced to one for rank 2
distributions only in the following two cases: dim D? = 6 or dim D? = 5 and the square root
D’ is involutive. In the present paper we restrict ourselves to the case dim D?(q) = 6, i.e. to
(3,6,...)—distributions

2.2. The curves of flags associated with abnormal extremals. In what follows the canon-
ical projection from PD+ to M will be denoted also by . By analogy with [3] and [4], let J be
the pull-back of the distribution D on PD+\P(D?)* by the canonical projection 7:

(2.1) J\) ={veT\(PDY): move D(r(N)}

Note that dmJ =n—1, J C 5, and C C J by . The distribution 7 is called the lift of
distribution D to PD-\P(D?)*L.

In the sequel we shall work with the lift 7 instead of the original distribution D. The crucial
advantage of working with 7 is that it has the distinguished line sub-distribution C, while the
original distribution D has no distinguished sub-distributions in general.

We can produce a monotonic (by inclusion) sequence of distributions (in general of nonconstant
ranks) by making iterative Lie brackets of C and J. Namely, first define a sequence of subspaces
TDN), X € PDI\P(D?)*, by the following recursive formulas:

(2:2) JO =g, gO=7g0041c g0-V] Vvi>1.
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2.3)  JE(0) = {v e JI-0(x) : 3 a vector field V C J with V(A) = v } Vi1

such that [C,V](\) € TEI(N),
It is easy to show that in one can replace the quantor J by V. It is clear by constructions

that J(i)()\) - j(i+1)( ) for all i € Z. Besides, J( 9 C A for any i € Z, because J C A and C is
the characteristic subdistribution of A. Thus we get a flag

24)  ...cTJNC...cIgEINcTON cTgPa)c...c gD C...c AN
Further, by analogy with [12] and [13], the following identity holds
(2.5) TJEED(N) = {ve AN :6(v,w) =0 Vw € TDN)},  Vi>0,

where as before ¢ is the antisymmetric form defined on each subspace of the distribution A
canonically up to a multiplication by a constant.
We summarize the main properties of the sequences {J (Z)}ie 7z in the following;:

Proposition 1.
(1) dim JW(\) — dim J(A\) < 2 and the equality holds iff dim D? (r(N)) =6,
(2) dim @D (\) — dim JO-D(\) < 2, for any i € Z
(3) [C,j(i_l)] c J9 and [C,j(i_l)] = J" if and only if eitheri > 1 or dim J@ —dim J0~1 =
dim 701 — dim 762 for i < 0.

Proof. Given a point A € PD\P(D?)* take a vector field H on M tangent to D such that
m.C(\) = {RH (m(A))}. Then directly from definition it follows that

TDN) = {v e T\(PDY) : mov € [H,D)(r(N\)}.

This implies property (1) of the proposition. Property (2) for ¢ > 2 follows from the first relation
of Property (1) and the fact that the distribution C has rank 1. Property (2) for ¢ < 0 follows
from relation (2.5). Property (3) follows easily from definitions and (2.3). O

The dynamics of the flags along any abnormal extremal defines certain curve of flags
of isotropic and coisotropic subspaces in a linear symplectic space. More precisely, let v be a
segment of abnormal extremal of D and O, be a neighborhood of v in PD+ such that the factor
N = O,/(the characteristic one-foliation) is a well defined smooth manifold. Let ® : O, — N
be the canonical projection on the factor. For each ¢ € Z we can define the following curves of
subspaces in T, N:

def

(2.6) A= JD0) o, (7O0),

Note also that A ° <I> A is well defined contact distribution on N and the form & induces
on each space A(7y) the Canonlcal, up to a multiplication by a constant, symplectic form, which
will be denoted by o. From (2.4) it follows that J@()\) € A(y) for all i € Z and X € v. By

constructions,
(2.7) JEI(N) = (JD ()7

Moreover, the subspaces J (i)()\) are coisotropic w.r.t. the form o for ¢ > 0 and isotropic for ¢ < 0.
Besides, dim A(y) = 2(n — 3) and dim JO()\) = n — 2.
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The curve
(2.8) A { cIN C.. TN IV cJVN) C...c IV C } A€,

of flags of isotropic and coisotropic subspaces in a linear space A(~) will be called the linearization
of the flag {J (i)} along the characteristic curve . Clearly, any invariant of such curve w.r.t. the
action of the group CSp(A(’y)) of linear transformations of A(vy), preserving the form o up to
a multiplication by a constant, automatically produces an invariant of the distribution D itself.
Moreover, it turns out that under certain generic assumptions one can construct the canonical
frames of the distribution D from the study of bundles of moving frames canonically associated
with such curves.

The point A € PD\P(D?)* is called regular if there is i(A\) € N such that J'M(\) = A(v),
where ~ is the abnormal extremal, containing A. The point A is called strongly regular, if it is
regular and there is a neighborhood U of X in PD* such that for any i € N dimensions of J®())
does not depend on A\ € vy N U. Strong regularity implies that

(2.9) dim JOD () = dim J@(X) < dim J@ (X)) — dim JED(N).

and we define as follows the Young diagram T of the curve J© at A: for ¢ > 1 the number of

boxes in the ith column of T is equal to dim J®()\) — dim JE=D(\). A strongly regular point

such that the Young diagram of the curve J(© at \ is equal to T will be also called T-regular-.
Rewriting Properties (1)-(2) of Proposition [1|in terms of subspaces J®()), we get

Proposition 2.
(1) dim JH(X) — dim J(\) < 2 and the equality holds iff diim D?(m()\)) = 6,
(2) dim JO(\) — dim JCD(\) < 2, for any i € Z

The last proposition means that columns of the Young diagrams of linearizations along abnor-
mal extremals of rank 3 distributions have either one or two boxes and the first column has two
boxes if and only if dim D?(7())) = 6.

Definition 1. A rank 3 distribution D is said to be of maximal class at a point ¢ € M, if there
exists at least one strongly regular point A € PDH\P(D?)L such that m()\) = q.

Since distributions 7 and C are algebraic on each fiber of PD', the maximality of class at a
point ¢ implies that there is a Young diagram 7' such that the set of T-regular points of the fiber
771 (¢) NPD* is a nonempty Zariski open subset. In this case T will be called the diagram of the
distribution D at the point q.

In the sequel we will study rank 3 distributions of maximal class with dim D? = 6 and with the
fixed diagram T, i.e. (3,6,...) distributions. The number of columns in the diagram 7', consisting
of one box, is called the shift of the diagram T and it will be denoted by [. We also assume that
the number of remaining columns (all of which consisting of 2 boxes) is equal to k— 1. In this case
we also say that the diagram T is of type (k,). From the assumption that dim D? = 6 it follows
that k > 2. Note that the number of boxes in T is equal to rank A(y) — rank JO()\) = n — 4.
Therefore n = 2k + [ + 2 and the parity of [ is equal to the parity of n (recall that n is the
dimension of the ambient manifold M).

Note that germs of rank 3 distributions of the maximal class are generic. Indeed, from alge-
braicity of distributions J and C on each fiber of PD it follows that the distribution has maximal
class at a point g if and only if its jet of sufficiently high order belongs to the Zariski open set of
the jet space of this order. Therefore in order to prove the statement it is sufficient to give just one
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example of a germ of rank 3-distributions of the maximal class. The flat (3,6, ...)-distribution of
type (k,l) with 2k 4+ + 2 = n, define in the Introduction, provides such example.

Finally let us reformulate property (3) of Proposition [1] in terms of subspaces J® (). For
this let us introduce some notation. Let Gi(W) be the Grassmannian G (W) of k-dimensional
subspaces of a linear space W. Take a smooth (unparametrized) curve A : v — Gi(W). Let G(A)
be the set of all smooth curves £ : v +— W such that £(\) € A(A) forall A e~ If p:vy+— Risa
parametrization of v, o(\) = 0 and ¢ = ¢!, then denote

(2.10) DOA(N) = span{jtjjé(w(t))\t_o e B(A),0<5< z}

In particular, directly from definitions it follows that

(2.11) JD(\) = DD g(N).
Besides, as a consequence of property (3) of Proposition [1| we have the following

Proposition 3. Assume that X is strongly regular, then DM JE=D(X) € JO(N) and DD JE-D()) =
JON) if and only if either i > 1 or dim J®(X\) — dim JO=D(X) = dim JE=D(X) — dim JE—2)())
fori <0.

3. CANONICAL BUNDLES OF MOVING FRAMES FOR CURVES OF FLAGS ASSOCIATED WITH
ABNORMAL EXTREMALS

In the present section given the Young diagram 7' of type (k,l) with k > 2 we construct the
canonical bundle of moving frames for any curve of flags with the diagram T in a linear
space A(7v). This gives automatically the canonical frame bundle for any rank 3 distribution
with the diagram T on the contact distribution A of the manifold N constructed in the previous
section. The main point is that this frame bundle has the constant symbol in a sense defined in
the Introduction. This symbol is actually equal to the algebra of infinitesimal symmetries of the
flat curve of flags, corresponding to the diagram T

We will work with J) considered as a vector bundle over v with the fiber .J()()) over a point
A. The cases of rectangular and non-rectangular Young diagrams are quite different and will be
considered separately.

3.1. Curves of flags with rectangular diagram. Assume that the shift [ of the diagram T is
equal to zero, i.e. T is a rectangle with 2 rows and 2k — 1 columns. In this case JF)(X) = 0
and dim JFD(X) = 2. By Proposition [3| we have (J(-F+D)E=2)(X) = A(~). First fix a
parametrization ¢ : v — R of . In the sequel, if s is a section of the bundle J*, then the vector
5(t) belongs to J (¢71(t)). The bundle J(F+1) has a unique (w.r.t. the parametrization )
connection such that any its horizontal section e satisfies

(3.12) PR (1) € T (o7l (1) Yt
A tuple
(3.13) (e1(t), ealt), €} (1), e4(t), ..., e 2 (1), 2 (1)),

where e; and ey are horizontal sections of the canonical (w.r.t ¢) connection on the bundle
JEFD s called the normal (w.r.t ¢) moving frame of the curve [2.8) generated by the pair
(e1,e2). All such frames (for the fixed parametrization ¢ ) constitute the principle bundle over ~
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with a structure group GL(2,R). If e; and e are two nonproportional horizontal sections of the
canonical connection on the bundle J(—*+1) then

o(2k—1) 2k—3 ol
(3.14) ( %Qk_ngjg) -y 4w < <>§2>

=) i—1 €9

~

for some 2 x 2-matrices A;(t). Note that the operator A?()) : JFFD(N) s JEF+HD(X) | having
the matrix A;(t)) w.r.t. the basis (e1(¢), e2(t)), where t = ()) does not depend on the choice of
the sections e; and ey as above. The operators AY(\) are invariants of the parameterized curve
t— J(_k+1)(g0_1(t)).

Now we will show that the curve (or equivalently the curve ) can be endowed with
the canonical projective structure, i.e., we have a distinguished set of parameterizations (called
projective) such that the transition function from one such parameterization to another is a
Moébius transformation. For this let

(3.15) p1e(N) = tr (A5, (V).
How p1,, transforms under reparametrization of 47 Let (1 be another parametrization and
v=o gol_l. Then it is not hard to show that p; , and p1,, are related as follows:

(3.16) Lo (V) = V(1) pre(N) + CiS(0)(7), T =¢1(N)
where S(v) is a Schwarzian derivative of v, i.e. S(v) = %(2“—;/, - 2“;,/ and C} is a nonzero

constant. From the last formula and the fact that Sv = 0 if and only if the function v is Md&bius
it follows that the set of all parameterizations ¢ of v such that

(3.17) pro=0

defines the canonical projective structure on y. Such parameterizations are called the projective
parameterizations of the abnormal extremal . The set of the normal moving frames of the curve
(2.8) w.r.t. all projective parameterizations constitute the principle bundle over v with a structure
group ST(2,R) x GL(2,R), where ST(2,R) denotes the group of lower triangular real 2 x 2 matrices
with unit determinant.

Now let, as before, N be a manifold of all leaves of the characteristic foliation C in a small
neighborhood of a point A\g € PD+\P(D?)* such that the linearizations of the flag {7} along
any leaf of C in this neighborhood has the Young diagram T of type (k,0). Consider the fiber
bundle Py over N such that its fiber over a point v is the set of tuples (v, ¢, (e1,e2)), where ¢
is a projective parametrization on the leaf (the abnormal extremal) v and (e1,e2) is a basis of
J (k4D (90_1(0)). By construction, Py is a principle bundle with a structure group SL(2,RR) x
GL(2,R).

To any point I' € Pyo, I' = (v, ¢, (e1,€2)), assign the frame §(I") on the space A(y) which is
equal to the value at 0 of normal w.r.t ¢ moving frame of the curve generated by the pair of
horizontal sections equal to (e, e2) at 0. Actually, § maps the fiber of Py o over v to the space
of all frames on A(7). It is easy to see that this mapping is an injective immersion. So, the fiber
of Py over v can be identified with its image under §; and we can look on P} as on a bundle
of frames on the contact distribution A on V.

3.2. Curves of flags with non-rectangular diagram.

In this case dim J@(\) = dim JO(X) + 1 for any —k — 1+ 1 < i < —k, while JF=0 = 0
and dim JCFD(A) = dim JEF)(A) + 2. Take a nonzero section e of J(=#=+1) and a nonzero
section f of J(=#+1) such that J(-F+D () = (J(_k))(l)()\) @ {Rf(N\)}. A pair (e, f) is said to be
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a principal pair of sections of the curve (2.8]). As before, fix a parametrization ¢ : v +— R of ~.
By Proposition [3[ the whole curve of flags (2.8]) can be recovered from the sections e and f by

differentiation and the tuples

(3.18) (e(), € (t),...,ePRT=D @), f(1), F(t), ..., fEFH=D (1))

constitute a moving frame in A(v). This moving frame is said to be corresponding to the pair (e, f)
and parametrization . Fix one symplectic form o from the one-parametric family of symplectic
forms on A(7).

We start with the following

Definition 2. A frame (el, ey €2%ti—1s f1y et f2k;+l—1> of the symplectic space (A.,0) is said
to be (k,l)-quasisymplectic if the following conditions hold:
(1) o(ei,ej) =0 foralli+j <2k+2l, o(e;, fj) =0 foralli+j <2k+1—-1, o(fi, f;) =0
foralli+j <2k;
(2) o(fi,eansi—i) = (=1)7F forall1 <i <2k +1—1;
(3) o(fi,eakrit1—3) =0 for all2 <i <2k +1-1;
(4) O'(fk+i, fk+7;+1) =0 fO'I" all 0 S ) S l.

As before, first we will fix a parametrization ¢ : v — R of 7. Note that if (e, f) and (¢, f) are
two principal pairs of sections of the curve (2.8), then they are related as follows:

I+1

(3.19) &) = am(t)e(t).  F(t) = alt)f(5) + 3 Ai(D)eli)(t)
=1

for some functions «, a1, 1, B2, ..., B1+1, where a(t) # 0 and a4 (t) # 0 for any t.

A principal pair (e, f) of sections of the curve is called a normal pair of sections associated
with the parametrization ¢ and the symplectic form o, if the corresponding moving frame is
(k,1)-quasisymplectic for any ¢. In this case the moving frame is said to be normal moving
frame of the curve , generated by the normal pair of sections (e, f) and associated with the
parametrization ¢ and the symplectic form o. We also say that a germ (e, f) of a pair of sections
at a point A\g € v and the corresponding germ of a moving frame at A is normal if their
representatives are normal for a restriction of the curve on a neighborhood of Ag.

Theorem 1. For any point \g € v the set of normal germs at \g of a pair of sections associated
with the parametrization ¢ and the symplectic form o is not empty. If (e, f) is a germs at Ny of
a pair of sections associated with the parametrization ¢ and the symplectic form o, then given a
nonzero real number C' and a set of real numbers {am- 0<r< [é] ,0<i <2 — 47“} there exists

a unique normal germ of a pair of sections (€, f) associated with the parametrization ¢ and the

symplectic form o such that (e, f) and (e, f) are related by formulas (3.19)) with
i ! .
(3.20) alto) = C, B y(to) = aip, VO <1< M 0<i<2-dn

where ty = @(Ng).

Proof. The moving frame , corresponding to a principal tuple (e, f) satisfies condition of
Definition [2| automatically: the first condition follows from the fact that spaces J(=9()) are
isotropic for i > 1 and from . If a nonzero section e of J(=k—1+1) g fixed, then the condition
a(f(k_l)(t), e(kH_l)(t)) = 1 fixes f(t) modulo (J(=%))(1)(x=1(¢)) for a section f such that (e, f) is a
principal pair associated with the parametrization ¢ and the symplectic form o. From here and the
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fact that J(-1=9()\) = (J(i)()\))é it follows by differentiations that U(f(ifl)(t), e(%“*ifl)(t)) =
(—1)"7*, i.e. condition (2) of Definition [2| holds for the corresponding moving frame (3.18)). Any

two principal pairs (e, f) and (€, f) such that the corresponding moving frames satisfy condition
(2) of Definition [2| are related as follows

I+1
1

(3.21) e(t) = —=e(t), f(t)=a()f(t)+ ) Bi(t)el(t)
=1

for some functions «, 01, B2, ..., B1+1, where a(t) # 0 for any t.
By direct computations one can easily get the following

Lemma 2. The condition U(f(k_l)(t),é(kH)(t)) = 0 s equivalent to the following relation:
(3.22) 2k +1— 1)/ (t) = o (f& D), e* D)) at) + o RV (1), e® D (1)) Bria (1),

It is convenient to introduce the notion of weights for sections e, e, f, fand their derivatives,
functions «, G; and their derivatives, symplectic products of sections, produced by multiplications
of these functions on these sections, and products of all of the above. Namely, we set

(3.23) dege =dege = —k —1+i+1, degf® =degf) = —k+i+1
Further, set

(3.24) deg ﬁl-(s) “Wit1-i+ s, degal® =

Then deg of any object as above will be called the weight or the degree of this object. Finally,
the weight of the product of objects above is by definition a sum of weights of all its factors and
for any pair of sections v1, vg, obtained by multiplication of functions from (3.24]) on sections from
(3-23), we set dego(v1,v2) = deguvy + degva. The fact that JE1H) = (J@)< can be written in
terms of weights as follows: for any pair of sections v; and v as above

(3.25) o(vy,v2) =0, if degvy + degve < 0.

The reason for the definition of weights is that we want the righthand sides of relations in (3.21])
and their derivatives to be homogeneous of the same degree as the lefthand sides and their
corresponding derivatives.

Now assume that (e, f) and (e, f) are two principal pairs associated with parametrization ¢
and the symplectic form o such that the corresponding moving frames satisfy Conditions (1) and
(2) of Definition [2 and they are related by (3.21]). Consider the following tuple of sections

(3.26) Si= {10 FOW,e(t), € (1), ..., (1) |

Lemma 3. The condition &(f*+=D(t), fE+)(t)) = 0 can be expressed as the following differ-
ential equation w.r.t. the functions (;:

(3.27) a(t) lii <(§j++j¢_1l) + <2jk++ij l>> ﬁi(2j+i—l) (t) = @

i=1
where ®; is a polynomial expression w.r.t. the functions {ﬁi(s) () Y1<i<it1.0<s<2jrit, 1 (t) }gg{kﬂ’%ﬂ}
and symplectic products with positive weights of pairs of sections from Si4;—1 X Sp4;. Moreover,

K
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the monomials of ®; are quadratic w.r.t. the functions {BZ.(S) ()} 1<i<it1.0<s<krj, 1 (t)}f’:g and

the weights of these monomials are equal to 2j + 1[|

Proof. Replacing f¢+9)(t) and fEH-D(1) in o(fEH-D (1), fE+)(1)), j > 0, by their expres-
sion in terms of the moving frame associated with the pair (e, f), functions 3; and « from

, we get certain polynomial expression w.r.t. the functions {ﬁz‘(S)(t)}1§i§l+1,0§s<2j+i—la
{a® (t)}gg{kﬂ’% H}, and symplectic products with positive weights of pairs of sections from
Sk4j—1 X Sk4;. The monomials of ®; are quadratic w.r.t. the functions {ﬁi(s) (1) }i<i<it1,0<s<k+j
and {a® (t)}?;ig{kﬂ A By (3.25)), these monomials are nonzero if and only if their coefficients

have nonnegative weight. Besides the weights of these monomials are equal to
deg o (F5H70 (1), fI49(1) = 2 + 1.

Therefore, if @.(S) (t) is contained in one of such nonzero monomials, then deg @.(S) (t) is not greater
than 2j + 1. From this and (3.24) it follows that

(3.28) s<2+i—1

If we consider the monomial of o(f(#+i=1)(¢), fk+3) () containing the maximal possible derivative
of the function f;(t), i.e. ﬁi@jﬂ;l)(t), then the weight of the other factors in this monomial has to
be equal to 0. Besides, in the expression of f*+7) (t) the function ﬁi@j Jri_l)(t) appears only near
e +1=3=1)(¢) | while in the expression of f(+7=1)(¢) it appears only near e*=3-2)(¢). Note that
the only pair of sections in Sy ;_1(t) x {e(*+=7=1(#)} having symplectic product of weight 0 is the
pair (f*+771(¢),e(k+1=1=1 (1)) and the only pair of sections in {e(**+1=7=2)(¢)} x Sj.,;(t) having
symplectic product of weight 0 is (e(*+=3=2)(¢), f(k+9)(¢)). In the both cases the symplectic
products are equal to (—1)7 and the additional factor in the corresponding monomials is equal
to a(t) (coming from the term a(t) f*+9=1(t) in the expression of f*+=1(¢) and from the term
a(t) fF)(¢) in the expression of f+9)(t) respectively). From the Leibnitz rule it is not difficult
to get from here that in the expression of o(f*+i=1(¢), f(kﬂ)(tg) in terms the moving frame
2j+i-0) ()

associated with thew pair (e, f) the monomial, containing ﬂi( , has the form

(329) cava (57270 + (555 0) ) o

This completes the proof of the lemma. ([

Let 8 be a (I41) x (I+1)-matrix such that B, ,; = (I;j—:ji__ll) + <2jk++ij_ l> for 0 < j <1,

1<i<l+1 Forany 0<p< [Lt]let B, bea (I+1—2p)x (I+ 11— 2p)-matrix obtained from
B by erasing the last 2p columns, the first p rows, and the last p rows.

Lemma 4. a) det®B, # 0 for any 0 <p < [%] ;

1Binomial coefficients (Z) with n < k are supposed to be equal to zero in (3.27).
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b) The system of differential equations (3.27)) with 0 < j <1 w.r.t. the functions {3;(t )}lel
1s equivalent to the system of equations of the following form

\ 1
(3. 30)51_2:1 42:r1)(t) T <{5Z+1 0; (1) Yo<j</2.0<s<212j—max{2j2r—1}, (t )) , 0<r<[l/2],

)
(3.31)81—2,(t) = @r < l+1 2 (D) Yo<i<ii/2 0<s<ort1-2j, @ (ﬂ) , 0<r<[(1-1)/2]

where \IJT and ©, are polynomial expressions w.r.t. their arguments such that the weights
of each of their monomials are equal to 2l — 2r + 1 and 2r + 1 respectively.

Proof. a) First, by direct computations,
k+j—1 k+j 2k —a+1 k+3j
(3:32) <2j+z’—l>+<2j+i—l>_k+j 2% +i—1)

Let 9" be a (I + 1) x (I + 1)-matrix such that its (j + 1,4)th entry is equal to (2jk++i]— l)
or, equivalently,

k.l k+j5-—1
(3.33) (00 55 = <2j+i—l—2 '

Similarly to above, for any 0 < p < [é] let Sﬁ];’l be a (I+1—2p) x (I+1—2p)-matrix obtained from
B by erasing the last 2p columns, the first p rows, and the last p rows. Since in the factor 2’2 +’+l
in the formula (3.32)) the 1ndlces i and j are separated, it is sufficient to prove the statement a) of

the lemma for the matrlces zm D instead of B,,. Besides, by definition, it is not hard to see that

kl _ qunk+p,l—2
(3.34) My = gmeFPiep,
Denote
l l
_ (-l
(3.35) c(k,1) = (2l_1)!!(21+1)!£[1(2k+2r 1)£[0(k+r).

We will prove that
(3.36) M = ¢ P2

4]
The last formula will imply that 9kl = HCHTJ_QT, which together with (3.34) and (3.35)

will imply the statement a) of the lemma. Formula (3.36)) will follow in turn from the following
statement

Statement 1. For any s € {1,...1} the last column of the matriz MM can be transformed by
a series of elementary matriz transformations such that the (3,1 + 1)th entry of the transformed
matriz is equal to

2j—s—1
rN@k+2r—1) [ k=i+s+r)
r=1

(3.37) d(k, s, j) =

(23—1”2]—1'1_[

(while all other columns remain as in IMF! ).
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In particular, d(k,s,j) =0 for 1 < j < s and d(k,l,l + 1) = ¢(k,1). These facts together with
will easily imply .

So, to complete the proof of the statement a) of Lemma [4] it remains to prove Statement (1 We
do it by induction w.r.t. s. To get Statement [1| for s = 1 we subtract the Ith column multiplied
by k from the (I + 1)th column. Namely by direct computations, one has

(mk,l) _ k(gmkvl)ﬂ =d(k,1,7).

Gil+1
Now assume that Statement [I] is true for s = sg < [ and prove it for s = sg + 1. We work with
the matrix transformed from the matrix 9t*! as in Statement |1| for s = so. Using and
induction hypothesis of Statement |1 applied for the matrix D*+11=2 and s = 5o — 1, we will get
that the (I — 1)th row of the matrix 9% can be transformed by a series of elementary matrix
transformations such that its (7, — 1)th entry is equal to d(k+ 1,50 — 1,7 — 1) for all 2 < j </,
while the (1,7 — 1)th entry of the transformed matrix is equal to 0, because (It* l) = 0 for all
1 <i<1—1. After all these transformations, in order to get Statement [I] for s = 80 + 1 we add
the (I — 1)th column of the obtained matrix multiplied by

_d(k,so,50+1)  (2k+ Dk
dk+1,80—1,80) 2(4s3 —1)

to its (I + 1)th row. Namely, by direct calculations, one has the following identity

(2k + 1)k

d(k j -
( 750a])+ 2(48(2)—1)

d(k+ 1780 - ]-a] - 1) = d(k780 + ]-aj)a

which implies Statement |1|for s = s9+1 (note that the transformations we made with the (I—1)th
column can be turned back). With this the proof of statement a) of Lemma |4 is completed

b) Consider the system of differential equations with 0 < j <[ w.r.t. the functions
{Bi(t )}l+1 If for given j; < jo we differentiate 2(j2 — j1) times equation (@ with 7 = j; and
then subtract the obtained equation multipliead by a constant from equation @ with j = jo,
then we obtain a system of equations
(3.38)

41 o _ , . .

alt) Z(‘B)mﬁz@jﬂ*l) (t) =®; ({5@-(5) () h<i<it10<s<2jrin {o? (t)}?ig{kﬂgﬁl}) » 0=Jsi

=1

where the matrix B is obtained from the B by subtraction of jith row multiplied by the same

constant from the joth rows of the latter and the functions &)j have the properties similar to
the properties of functions ®; from Lemma Therefore the system (3.27) with 0 < j < [ is

equivalent to the system of the type with matrix B obtained from the matrix B by a
series of elementary transformations with its rows. In this way we apply the Gauss algorithm
first to the (I — 2p)th column of B killing all entries below the (p+ 1,1 — 2p)th entry step by step
starting with p = 0 and ending up with p = [l_Tl] This is possible, because (%B)p41,-2p = 1.
Further, from the statement a) of the lemma it follows that we can apply the Gauss algorithm to
the (2 {Z_Tl} + 2p)th column killing all entries below the ([HT?’] +p, 2 {1_71} + 2p)th entry step
by step starting with p = 0 and ending up with p = [%] Besides the ([HT?’] +p, 2 {1_71} + 2p)th
entries of the matrix, obtained in this way, are not equal to zero. Therefore, the system of
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equations (3.27) is equivalent to the following one:

(3.39)
ﬁl—Zrl (t) = a( ({ﬁl+17‘12]])+1 ( )}J Lo {6 ( )}1§i§l+1,0§5<2r1+i—17 {a(z) (t)}?ilo+l> ’
B e @) = a( o <{5z(-2+l1 D@37 18 () hicii o<t 2ns i {0 (t)}?iff”“) :

(-1 l
0<rm < [2]7 0<ry < [2]7

Substitute the righthand side of the first relation of with r; = 1 instead of 5;(¢) into all
other equations, then substitute the righthand side of the first relation with r1 = 2 instead
of B;_5(t) into relations with r; > 2 and any admissible r2, and so on up to r = [1—71] Then
in all obtained expressions substitute o/(¢) and the higher derivatives of a(t) from the equation
, then repeat this procedure recursively until all derivatives of a(t) will be replaced. In this
way we get equations for any admissible r and the equation for r = [%] Further, we

substitute the righthand side of the second relation of (3.39)) with ro = [é] instead of 3 (t) for
even [ and instead of ﬂég) (t) for odd [ into the remaining equations of ([3.39)), then substitute the
righthand side of the second relation of (3.39) with ro = [%] — 1 instead of ﬂ?) (t) for even [ and

instead of ﬂg) (t) for odd [ into the remaining equations of (3.39)), and so on. Then as before in all
obtained expressions substitute o/(t) and the higher derivatives of a(t) from the equation (3.22)),
then repeat this procedure recursively until all derivatives of «(t) will be replaced. In this way
we get equations for all remaining admissible r. The proof of the statement b) of Lemma
is completed O

The statement of Theorem [I| immediately follows from the system of the differential equations
w.r.t. ot) and Gi41-9-(t) with 0 < r < [I/2], consisting of equation (3.22) and all equations
(13.30)). O

As in the case of the rectangular diagram the curve (or equivalently the curve ) can be
endowed with the canonical projective structure, but its construction depends on vanishing or
nonvanishing of certain relative invariant of the curve.

Fix a symplectic form o from the one-parametric family of symplectic forms on A(v) and a
parametrization ¢ : v — R of 7. Let t = ¢()\). To define the mentioned relative invariant note
that by Proposition 3| we have () (¢) € J(=k=I+i+1D) (,=1(¢)). Moreover,

(3.40) J(*k*lﬂﬂ)(np*l(t)) = span{e(j)(t)}ézo Vo<i<l-—1.

Since spaces J®()) are isotropic for i < 0 and J&D = (J(0)4 we get a(e(i) (1), e(”l)(t)) =0 for
all 0 < ¢ < k+1—2. On the other hand, the quantity a(e<k+l—1)(t), e(kH)(t)) is not necessary
equal to 0. Set

(N o (eF D (1), e+ (1)),

where t = ¢(\). The quantity Io(\) depends on a choice of a nonzero section of J¢ , a
parametrization of v, and a form ¢ but it is just multiplied by a positive scalar when one goes
from one such choice to another one. So, the quantity Iy()) is a well defined relative invariant of a
curve at A, i.e. Io(\) is either zero or nonzero, independently of a choice of a nonzero section
of J(=k=1+1) and a parametrization of ~ (moreover, its sign is preserved as well). Our construction
of a canonical projective structure is different in the cases Iy # 0 and Iy = 0. However, as we

—k—I+1)
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will see later, this branching in the construction of a canonical projective structure does not make
any influence on the constancy of the symbol of the obtained frame bundles and therefore on the
prolongation procedure for them.

a) Canonical projective structure in the case [y = 0. Given a normal pair of sections
(e, f) associated with a parametrization ¢ of v and the symplectic form o let

(3.41) p2o(\) = a(0(8), fB(@)), £ =p(N).

Note that pa () does not depend on a choice of normal pair (e, f) . The transformation rule of
p2,, under a reparametrization of +y is similar to (3.16)) Indeed, let ¢1 be another parametrization
and v =po gpl_l. Then it is not hard to show that ps , and p3 ,, are related as follows:

P20 (N) = V(1) p20(N) + CLS(0)(7), 7= p1(N)

where, as before, S(v) is the Schwarzian derivative of v and C’,%J is a nonzero constant.
The set of all parametrizations ¢ of v such that

(3.42) 2o =0

defines the canonical projective structure on -y.

b) Canonical projective structure in the case Iy # 0. As a matter of fact in this case
there is much more simple way to construct distinguished moving frames for a curve of flags .
Indeed, given a parametrization ¢ and a symplectic form o there exists a unique section & of
JE=1H1) such that

|O_(é(k+l71) (t), é(kJrl) (t))‘ =1,

i.e. the absolute value of the relative invariant I for such choice of section of J(=*=+1) s equal
to 1.

Lemma 5. Among all sections of J*tY there is a unique section f such that (e, f) is a principal
pair of section of the curve (2.8]) and the following relations hold:

(3.43) o(FE D (1), e H=N(1)) =1,
(3.44) o(FEHD (1), e* V(1) =0 YO<j<I
Proof. Take a section f of the bundle J—**1) such that (e, f) is a principal pair of section of
the curve (2.8). The condition O'(f(k_l)(t), é(kH_l)(t)) = 1 defines f modulo (J(_k))(l). Further,
taking into account that Iy # 0, it is easy to see that the condition a(f(k_l)(t),é(k+l)(t)) =0
defines f modulo J(=%). More generally, the conditions

o (fF (1), e" D (1)) =0,
for 0 < j <14, defines f modulo J(=5=9_ Our lemma follows from the fact that J-*=0 =0. O

Take the section f from the previous lemma and let

(3.45) pae(N) = o (FED @), fP(1), t=0).
The transformation rule for p3, under a reparametrization of v is similar to (3.16]). Indeed, let

(1 be another parametrization and v = p o gpfl. Then it is not hard to show that p3, and p3,
are related as follows:

P36 (N) = V(1) p3,(N) + CLS()(7), 7= p1(N)
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where, as before, S(v) is the Schwarzian derivative of v and C}, is a nonzero constant. The set
of all parametrizations ¢ of v such that

(3.46) P30 =0

defines the canonical projective structure on -y.

Now let, as before, N be a manifold of all leaves of the characteristic foliation C in a small
neighborhood of a point Ag € PD\P(D?)* such that the linearizations of the flag {7} along
any leaf of C in this neighborhood has the Young diagram 7T of type (k,), where [ > 0. Consider
a fiber bundle Py ; over N such that its fiber over a point + is a set of tuples (’y, v, 0, (e f )), where
@ is a projective parametrization of the leaf (the abnormal extremal) v , o is a symplectic form
o from the one-parametric family of forms on A(7), and (e, f) is a germ of normal pair (e, f) of
sections associated with the parametrization ¢ and the form o. In contrast to the bundles P o,
this bundle has no structure of a principal bundle. On the other hand, on each fiber of this bundle
there is a distinguished global frame. The vector fields of this frame play the role of fundamental
vector fields in the case of principle bundle. They do not constitute a basis of a Lie algebra but
this fact is not important for our further constructions.

Let us construct these vector fields. Note that each fiber of Py ; over a point g is foliated by
a corank 3 foliation Fol such that each its leaf corresponds to a fixed projective parametrization
¢ such that vf~1(0) € N. First we will construct a global moving frame on each leaf of this
foliation. For this fix a point I'g € P, ;, I'g = (7, v, 0, (e, f)) For any 0 < 7 < [%] ,0<i <2047
let s — I', ;(s) be a curve on the fiber of P ; over 7 such that the point I, ;(s) corresponds to the
parametrization ¢ and the symplectic form o but the germ of normal pair (e, f), corresponding
to I'y.;(s), is related to the pair (e, f) by with the the functions «, f1,.. ., G141 satisfying
(3.47) a(0) =1, B 5n(0) = 630,55, VO<F< [é
where §; ; is the Kronecker index. It is clear that I',;(0) = I'g. Define the vector field P,; as
follows: P, ;(I'g) is the velocity of the curve I';.; at s = 0. Further, let s — =Z;(s) be a curve on the
fiber of Py ; over 7 such that the point =;(s) corresponds to the parametrization ¢, the symplectic
form o, and the germ of normal pair (exp®e,exp™® f) associated with the parametrization ¢ and
the form o. Obviously, Z1(0) = I'y. Define a vector field Z; such that Z;(I'g) is the velocity of
the curve Z; at s = 0. Finally, let s — =Za(s) be a curve on the fiber of Py; over 7 such that the
point Z5(s) corresponds to the parametrization ¢, the symplectic form s = exp~2* o, and the
germ of normal pair (exp® e, exp® f) associated with the parametrization ¢ and the form og. By
construction, Z5(0) = I'g. Define a vector field Z5 such that Z9(T'y) is the velocity of the curve =;
at s = 0. The tuple of vector fields ({Pr,i}0<r<[ ]70<i<2l_4T,Zl, Zg) constitute the global frame

L
2

},O§g§2l—4r,

on each leaf of the foliation Fol.

To complete it to a frame on the fibers of P ; first note that if a point I'y = (’y, v, 0, (e, f))
lies in Py then the points I'(s) = (v,¢(-) — s,0,(e, f)) belong to Py; (here we replace the
parametrization ¢ by its shift ¢(-) — s for a constant s). Define a vector field X such that X'(T'g)
is the velocity of the curve s — I'(s) at s = 0. Further there exists a natural action of the
group of real Mébius transformations preserving 0 (~ ST(2,R)) on the fibers of Py ;. Indeed, take
first a Mobius transformations v preserving 0 and ,as before, take a point I'y € P ; such that
Loy ~ (v, 9,0, (e, f)). By direct computations, one can show that if the pair (e(), f())), A € 7, is
a normal pair of sections associated with the parametrization ¢ and the symplectic form o, then
the pair

(eo(V)s (V) = (' (1) FHEFe(N), o (r) " EH2HD £ ()
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with 7 = v=ltogp(N), A € v, is a normal pair of sections associated with the parametrization v=o¢
and the symplectic form o. Then we set that v acts on the fiber of Py ; over \g by sending I'g
to the point (Ao, v~ 0 ¢, 0, (ey, f)). This defines the action of the group ST(2,R) on the fibers
of Py;. Then any choice of a basis (H,Y’) of the corresponding Lie algebra st(2,R) defines two
more vector fields H and Y on the fibers of P, ; which together with the vector field X complete
the tuple ({Pm'}ogrg[%],09521_47” 21, Zg) to the frame on these fibres.

Now to any point I' € Py, where I' = (v, ¢, 0, (e, f)) , assign the frame F2(I') on A(y) at the
point ¢ ~1(0) of normal moving frames of the curve generated by the pair (e, f) and associated
with the parametrization ¢ and symplectic form o. In contrast to the case of rectangular diagram,
we cannot claim that the mapping Fo are injective but we have the following

Proposition 4. The mapping §2 is an immersion.

Proof. Let, as in the Introduction, V' be a vector spaces, endowed with the filtration vector
and with the distinguished basis (e1,...,ea41-1, f1,- .-, for+i—1) satisfying conditions (1) and
(2) of subsection 1.1 b). Then any frame T on A(y) can be identified with the isomorphism
T:V - A(7y) sending the distinguished frame of V' to the frame Y. Further, any vector A
belonging to the tangent space at T to the set of all frames on A(y) can be naturally identified
with an element Z4 of gl(V'). Indeed, if s — Y(s) is a smooth curve of frames on A(7) such that
T(0) =Y and T/(0) = A thenlet Ty = T lo 47 (s)|s=0- So, any vector field B on Py, tangent to
its fibers defines the mapping Zp from Py to gl(V') which sends a point I'y € Py to the operator
Liz,8r0)

From the constructions it is easy to see that for the vector fields 2y, Z5, X', ‘H, and ) the
corresponding mappings Zz,, Zz,, Zx, Iy, and 7y are constant, i.e. do not depend on points of
Py, ;. This is not the case for the mappings corresponding to the vector fields P.;. On the other
hand, the filtration on V induces a natural filtration on gl(V'), i.e. a nondecreasing (by inclusion)
sequence of subspaces gl(V)® of gl(V) such that

(3.48) al(V)D = {Aegl(V): ifve VY then Ave VU+),
We say that the operator A € al(V) has the weight (or degree) equal to i if A is in gl(V)@ but
not in gl(V)@—1

Lemma 6. The operators Ip,_, ) corresponding to the vector field Py; have weight equal to

—2r—i—1)

—2r —i. The equivalence class of the operators Ip_,(ry in gl(V)=2r=9 /g1(V)( does not

depend on I' € Py .

Proof. Take two points T'o,I' € Py, where Ty = (7v,¢,0,(e, f)) and T' = (v,¢,0, (¢, f)) Let
(el(t), ey €2k+lfl(t)> f1 (t), ce f2k+l,1(t)) and (gl (t), e a€2k+l71(t); f1 (t), ce f2k+l,1(t)) be the cor-
responding moving frames over y, where t = p(\), A € 7. Namely, e;(t) = e (1), &(t) =
D), £i(t) = FED(t), and fi(t) = fOD(¢). The pairs (e, f) and (¢, f) are related by
for some functions «, (i, ..., Bi+1, where a(0) = 1.

Let us study how the the vectors f](t) are expressed by the frame (e (t),. .., eap11—1(t), f1(1),...
Jak+1-1(t)). For this first note that €5, ., ,(t) € JED (74(t)). Indeed, from the condition (1)
of the definition of the (k,[)- quasisymplectic frame it follows that o (e;(t), eax41-1(t)) = 0 for any
1 < i <1+ 1. Then by differentiation U(ei(t), eékH_l(t)) = 0 for any 1 < i < [. Recalling that
J(=Fk) (gpfl(t)) = span{e;(t) 9:1 (see ) and that (J(*k))4(¢*1(t)) = J(kfl)(cpfl(t)) by

we get ey, () € J*=1 1t implies in turn that eé@+l_1(t) e Jk+i=2),
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Assume that for 1 < j <1
2k+1—1 2k—2+j

(3.49) e2k+l 1 ( Z Eip(t)ep(t) + Z Gip(t) fo(2)
p=1

In order to make both sides of (3.49) to be homogeneous of the same degree, in addition to weights
defined above, let us define Weights (or degrees) of functions §;;(t) and (j;(t) and their derivatives
as follows:

(3.50) degfj(-;)(t) =s+2k+1l+j—p—1, deggj(-;)(t) =s+2k+j—p—1.
Differentiating (3.21)) j — 1 times and making, if necessary, appropriate substitutions from

(B-49). we get

2k+l 1

fj(t): +Z”JP ).fp(t) Z Ajp(t)ep(t

where functions \j;, are polynomial expressions with constant coefficients w.r.t. the functions
Bs(t), Esp(t) and their derivatives, functions p;,(t) are polynomial expressions with constant co-
efficients w.r.t. the derivatives of function «(t) and functions f,(t), (sp(t) and their derivatives.
In all these expressions substitute all functions (3;_o,(¢) (and their derivatives) by the righthand

sides of (3.31)) (and their derivatives). Then substitute (also recursively, if necessary) all functions
Bl(_?_ll 4;: 1 ( ) (and their derivatives) by the righthand sides of (3.30]) (and their derivatives) and
all derivatives of «(t) by the righthand sides of (3.22) (and their derivatives). After all these

substitutions we will get finally that all function \;,(t) and p;p,(t) are polynomial expressions
w.r.t. the functions

(4)
(3.51) {ﬂH_l_Qr(t)}OSrS[é],0§i§2l—4r J
such that the coefficients of their monomials are in turn polynomial expressions with universal
constant coefficients E| w.r.t. symplectic products with positive weights of pairs of sections from
the set {{es(t)}gi'{l_l,{fs(t)}if{l_l}} and functions « &, p, (s,p, and their derivatives. Note
that by our construction the weights of the functions ,, and (s,, are positive. Therefore by

comparison of weights the function Bl(i)k% (t) cannot appear in the expression for \;,(t) with

deg ep(t) —deg}}( t) > — degﬁlJrl op(t) = —2r — 1.

By (3.23] - the latter is equivalent to the relation p > j 41 — 2r — 4. Further, forp=j+1—2r—1
in the polynomial expression of )\Jp( ) w.r.t. the tuple (3.51)) take the coefficient of the monomial,

containing only the function 51 {1_2-(t) (and mnot its power or other functions from the tuple
(3.51))), if it exists. Then the weight of this coefficient is equal to zero. Therefore this coefficient
is a polynomial w.r.t. the function a(t) with universal coefficients H Let U,i; be the value of this
polynomial at ¢ = 0. Note that this constant is again universal.

Besides, in the polynomial expression of p;,(t) w.r.t. the tuple the coefficient of the

monomial, containing only the function 61(21727“ (t), has positive weight, because each monomials

2By universality of the constants we mean that they are the same for any curve of flags with the fixed Young
diagram.
3It can be shown that this coefficient is equal to a(t) multiplied by a constant.
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of this coefficient contains either derivatives of a(t) or functions (s (t) or their derivatives. Hence

the function ﬁl(j_)l_%(t) cannot appear in the expression for \j,(¢) with p > j +1 —2r —i.
All this implies that the operator Zp ;1) satisfies the following relation:

(3.52) Ip, ro) (fi) = Urij€jiar—; mod VRH=2r=i=1),
By the similar arguments, one gets
(3.53) IP,«,i(Fo)(ej) ¢ V(h—li—2r—i=1)

Taking into account that e; € V(=F=*9) and f; € V(=F+9), we obtain from (3.52)-(3-53)
that Ipm,(po) S g[(V)(_Q’“_i) and that the equivalence class of the operator me.(po) in the space
gl(V)(=2r=9 /g1(V)(=2r=1=1) does not depend on I'y € P;. To complete the proof of the lemma it
remains only to show that Zp ) ¢ gl(V)(=2r=i=1) or equivalently, that given a pair (r,4) the
constant Up;; does not vanish for at least one pair j. From universality of the constants U,;; it is
sufficient to check only for one curve of flags with the given Young diagram. We shall consider
the flat curve §y, defined in the Introduction, as a simplest possible case.

Directly from the definition it follows that for the flat curve the functions &;,(t) and (;p(¢) from
(13.49) vanish. Besides, in section 4, Theorem 2, it will be shown that for the flat curve any normal
(quasi-symplectic) frame is symplectic. Therefore, symplectic products with positive weights of

pairs of sections from the set {{es}if{l_l, { fs}gf{l_l}} vanishes as well. This implies that for

the flat curve the operator Zp (1) satisfies

{ Tp,.(ro)(¢5) =0

(3.54)
IPm’(Fo) (fJ) = Urij€jti—2r—i-

So, if Upij = 0 for any j, then Zp_,r,) = 0, but the latter is impossible. Indeed, let Fol; be a
subfoliation of Fol such that the points of the same leaf of Fol; correspond not only to the same
projective parametrization of v , but also to the same symplectic form o from the one-parametric
family of forms on A(y) and the same first section e;(¢) from the normal pair of sections. In the

flat case equations ([3.30) w.r.t. the functions {ﬂr(t)}gfo} are linear. Therefore each leaf of the
foliation Fol; has natural affine structure. The mapping §o sends the leaf of the foliation Foly
passing through the point I'g to the set of frames on A(v) of the type

2k+1-1

{{esOYEL A0+ Y0 Agep0))Ef,
p=1

which also has natural affine structure. Besides, it is clear that in the flat case the mapping §o
is affine on each leaf of Fol;. From the proof of Theorem 2 below the dimensions of the image of
this leaf w.r.t. §2 is equal to the dimension of this leaf. In particular, this implies that in the flat
case the restriction of F2 to each leaf of Fol; (and therefore o itself) is an immersion. Since the
tuple of vectors {,Prvi(ro)}0<r<[%],0<i<2l—4r span the tangent space at I'g to the leaf of Fol; passing

through I'y, we get from here that I, Pr.i(To) = 0. This completes the proof of the lemma. U

The previous arguments also shows that the mapping §2 is an immersion. O
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4. PROLONGATION OF FILTERED FRAME BUNDLES ON CORANK 1 DISTRIBUTIONS

4.1. Graded skew-symmetric forms, symbols, and W —structures. Collecting together
the common features of both cases considered in the previous section, we arrive naturally to the
following abstract setting.

Let M be a smooth manifold endowed with a bracket-generating distribution © of corank
1. On each subspace D(x), x € M, a skew-symmetric bilinear form w, is defined, up to a
multiplication by a nonzero constant: w; = da(z)|p(,), where o is a nonzero one form, annihilating
the distribution ®. Note that we do not assume that the distribution ®© is contact so the form w,
is not symplectic in general. As in the symplectic case, a subspace A of ®(z) is called isotropic
(w.r.t. the form wy), if wy|pn = 0. Also, given a subspace A C D(z), denote by A4 = {v € D(z) :
wz(v,£) =0 VL€ A}, the generalized skew-symmetric complement of A.

Further let V' be a vector space of dimension dim M — 1 (equal to rank of ©) endowed with a
filtration

(4.1) v=vDoyU-Ho oSyE-H5 oSyh) =g

Also assume that V is endowed with a distinguished basis compatible with the filtration (4.1)).
Denote by F(®) the bundle over M of all frames of ©. It can be identified with the set of all
isomorphisms ¢,: V — D(z), x € M: to any frame D(x) one assigns the isomorphism ¢,, which
sends the distinguished basis of V' to this frame. Further, let Fy (D) be the subbundle of F(D),
consisting of all frames ¢, of ® such that the following two conditions hold

(1) each subspace ¢, (V(i)) with ¢ < 0 is an isotropic subspace of D (z) w.r.t. the form wy;
, L\ L
(2) ¢o(VTD) = (%(V(Z))) for any —1 — 1 <i<I.

In the other words, the mapping ¢, € Fy (D) induces a well defined, up to a multiplication
on a nonzero constant, skew-symmetric bilinear form wg, = ¢;w, on V such that subspaces %42
with i < 0 are isotropic and V(='=Y = (V)< for any i € {~T —1,...,T} w.r.t. Og,. Besides,
the form wy, induces the skew-symmetric bilinear form Wy, & on the graded space

I

(4.2) gV= P vy
i=I1+1

in the following way: assume that z € V1) /Y011 and 5 € V02) /Y (2= then

(1) if j1 4+ j2 = 0, we put Wy, or(Z,¥) = We, (x,y), where x and y are representatives of z and

g in VU (t) and V72) () respectively;

(2) if j1 + jo = 0, we put Wy, ¢ (7,y) = 0.
Let P be a fiber bundle over M endowed with the fixed fiberwise immersion § to Fy/(®). One
says that a fiber subbundle P of Fy/ (D) has a constant graded skew-symmetric form if the forms
Wg(p)gr are the same, up to a multiplication on a nonzero constant, for all p € P. For a rank
3 distribution D of maximal class and with the fixed diagram 7' as manifold M we take the
manifold N, as a distribution ® we take the distribution A and as the bundle P we take the
bundles Py ; for the corresponding k and [. Note that by our constructon the bundles P ; have
constant graded skew-symmetric form for any k and .

Further, let P, = 7~ !(x) N P be its fiber over x. Using the identifications above and the
immersion §, one gets that the tangent space Tp(P,T(p)) to a fiber Pp, at a point p can be
identified with a subspace of gl(V'), which will be denoted by W,. Indeed, to any vector A
belonging to Tj(Pr(y)) We assign an element Z4 of gl(V) as follows: if s — p(s) is a smooth in
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P such that p(0) = p and p/(0) = A then let Ty = F(p)~* o LF(p(s))]s=0, Where in the last
formula by F(p(s)) we mean the isomorphism between V and D (r(p)) corresponding to the frame
F(p(s)). Set W, = {Za : A € T,(Pr))}- By analogy with the previous section, the filtration
induces a natural filtration on gl(V') and, therefore, on any its subspace. The corresponding
graded subspace gr W), is called a symbol of the bundle P at a point p. Symbols are subspaces
of grgl(V), which in turn is naturally identified with gl(grV’). We say that the bundle P has
constant symbol if its symbols at different points coincide.

In the sequel we shall deal only with fibre bundles P as above having constant graded skew-
symmetric form and constant symbol. We denote this graded skew-symmetric form on grV by to
and the symbol gr W), by s. Note that by our construction the form v is not identically zero.

Definition 3. Let P be a fibre bundle endowed with the fized fiberwise immersion § to Fy (D)
and with constant symbol s. Let W be a filtered linear space such that the dimensions of the
spaces of its filtration are equal to the dimensions of the corresponding spaces of the filtration of
Wy (= Tp(Pr(p)))- P is called a W-structure of frames on ®, if the filtered tangent spaces W), to
fibers of P at different points are identified together with filtrations on them or , more precisely,
if a smooth family {¢p}pep of isomorphisms 1, : W — W), preserving the filtrations, is fized.

If the subbundle P is a reduction of the bundle Fy/(®) to a subgroup G of GL(V) with the
Lie algebra g, then P is automatically a g-structure: the filtration induces a filtration on
g and the symbol of P is nothing but grg; the spaces T),(Pr(,)) are naturally identified with g.
This situation occurs for a rank 3 distribution with a rectangular diagram 7'. In this case the
structure group is isomorphic to ST(2,R) x GL(2,R). In the case of nonrectangular diagram the
corresponding bundle P}, ;, [ > 0, has constant symbol by Lemma @ Moreover, as was shown in
the previous section, on each fiber of P} ; there is a distinguished global frame, which is equivalent
to the fact that the filtered tangent spaces W), to fibers of P} ; at different points are identified
(and also together with filtrations on them). So, Py ; is a W-structure as well.

4.2. Prolongation procedure. In the sequel for simplicity of presentation we suppose that
m: P — M is a W-structure, which is a fiber subbundle of Fy (D). All constructions are general-
ized to arbitrary W-structures in an obvious way. We also assume that P has a constant graded
skew-symmetric form on ®. Let ®(1) = 7*9 be the pullback of © by the projection 7. One can
define the partial soldering form on DM, ie., a field of linear maps 0, S)(l)(p) — V of V-valued
partial one-form on ™) given by:

6,(X) = ()" (dpm(X)), X e DW(p),

where, as before, a point p € P is identified with an isomorphism p: V — ’D(ﬁ(p))
Consider a bundle @ over P with a fiber @), over a point p, consisting of all subspaces, which
complete the spaces W), = ker d,7 to D (p). That is:

Qp = {Hp - Q(l)(p) ‘ H,® W, = 9(1)(17)}-

Note that the partial soldering form 6 defines an isomorphism of H,, with V for any horizontal
subspace H,,. Fix a point ¢ € @), ¢ = H, and a pair of vectors v; and v in V. Take two vector
fields Y7 and Y3 in a neighbourhood U of p such that 6(Y;) = v; in U and Y;(p) € Hp for i = 1,2.
Set

(4.3) Ny(v1,v2) = dpr ([Y1,Y2](p)) -

It is clear that the vector M, (v1,v2) € T (p)M does not depend on a choice of a pair of vector
fields Y7 and Y5 with the properties prescribed above.
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Given a vector v € V' define a vector grv in the graded space grV' as follows: if v € V@ but
v ¢ V=1 then gro is an equivalence class of v in V% / V(=1 By our constructions there exists
two vectors v1 and 75 in V' such that

(4.4) to(gr o1, grve) # 0,

where, as before, v is the graded skew-symmetric form on gr V', associated with our bundle P.
Condition (4.4) implies that

(4.5) Wp(01,02) #0 for any p,

where, as before, wy,(v1,72) = do (p(z_)l),p(ﬁg)) for some nonzero 1-form «, annihilating the dis-
tribution ©. The condition (4.5)) is in turn equivalent to the fact that the vector M, (v1,v2) is
transversal to D (7 (p)).

Further, define a vector space V=Vve Rn for some vector n. Then given a point ¢ € (), one
can define an extension of the isomorphism p: V — 2 (ﬂ(p)) to an isomorphism x,: V' — T,y M
by setting x4(n) = M(q)(v1,v2). Finally, let pr: V +— V be the canonical projection corresponding

to the splitting V=ve R7. Then we can define the structure function C: Q — Hom(A2V, V),
associated with a pair of vectors v1 and vy as follows:

(4.6) C(q)(v1,v2) = pro (xq) ™' (Ng(v1,v2)).
Now take H), and H,, in Q. How C(Hp) and C(H,,) are related? First, recall that H, and H,

are subspaces in 9(1)(19) complementary to the tangents space W), to a fiber of P at a point p.
Then we have a well-defined map:

5(H;/77Hp)3 V — W,,
such that
(4.7) X +0(H,, Hp)(0(X)) € H, for each X € H,.

It is easy to see that the set of all subspaces at p € P, which are complementary to W), in ®(p),
forms an affine space associated with a vector space Hom(V,W)), i.e., Q is an affine bundle over
P

Second, recall that the Spencer operator S, of a pair (V,W,), where V is a vector space and
W), is a subspace of gl(V') is defined as follows:

Sp: Hom(V,W,) — Hom(A?V,V), ¢ — S, (),
Sp(¢)2 v1 N\ Vg — ¢(U1)’U2 — (25(1)2)1)1, v1,v2 € V.

Now assume, as before, that V is a vector space, v; and v are vectors in V, w, is a skew-
symmetric form on V' such that w,(01,02) # 0, and W, is a subspace of gl(V'). To the quintuple

(4.8)

(V, 01, U2, 0p, Wp) we assign a modified Spencer operator S, in the following way:

gp: Hom(V,W),) — Horn(/\2V7 V), ¢ §p(¢)7
4.9 ~ e
Y Sp(p)(v1,v2) = Sp()(v1, v2) — @p(vl,vg)m.

Then by direct computation one can show that

(4.10) C(H)) = C(H,) + Sy (3(H,, Hp)),
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where §(H,,, Hy) is as in (4.7). The classical first prolongation ngl) of the subspace W), C gl(V) is

defined to be the kernel of S,. The modified first prolongation nglm) of the subspace W), C gl(V)
is defined to be the kernel of gp. In both cases ngl) and Wélm) are subspaces of gl(V, W),). It is
clear that W;El) - W;Elm).

Note that the modified Spencer operator depends on a choice of a pair of vectors 71 and oo

in V, satisfying (4.4). The amazing thing is that the modified first prolongation Wélm) does not
depend on a choice of a pair of vectors v1 and vy in V', satisfying (4.5). This is because if one

takes another pair of vectors 07 and ¥2 in V' such that wy(?1,02) # 0 and ¢ € W,Slm), then by

(@9)

Sp()(v1,02) _ Sp() (01, 02)

wp(v1, 02) Wp (01, 72)

One can describe the modified first prolongation Wélm) in more symmetric way as follows:

Wélm) = {(p S HOHI(V', Wp) ‘ &p(f)l, EQ)SP(QO)(Ul,UQ)—(T)p(Ul,Ug)Sp((p)(ﬁl, 772) = O,V'Ul,vg,@l,@Q e V}
Besides, there is another convenient characterization of the modified first prolongation:
(4.11) nglm) = {¢ € Hom(V,W,,) | Jv € V such that S,(¢)(v1,v2) = wp(v1,v2)v Yvi,v2 € V'}

More generally, as in the classical theory of prolongations, one can define the modified Spencer
operator and the modified first prolongation also for a subspace 20 of Hom(V, V), where V; is
some linear space not necessary equal to V as before. In this case the Spencer and the modified
Spencer operators are operators from Hom(V,20) to Hom(V AV, V}) and they are defined by the
same formulas, as in and . The modified first prolongation is a kernel of the modified
Spencer operator. There is also a description of the modified first prolongation analogous to
, where we can consider W), as a subspace of Hom(V, V) and take v from Vj. This slight
generalization allows us to define inductively the modified higher order prolongations of W),.

Indeed, by construction nglm) C Hom(V,W),). So, taking W), as Vi, one can define

Wp(zm) _ (Wélm))(lm).

More generally, for any ¢ > 0 we can consider W,ﬁim) as a subspace in Hom(V,V;) with V; =

WAED™) and set by induction W™ = () tm)

Lemma 7. Suppose that W is a subalgebra in csp(V') and dim W > 4. Define a graded nilpotent
Lie algebra g— = g_o + g_1, where g_o = Rn for some element n, g1 =V and the Lie bracket
given by [v1 + a1n,v2 + agn] = W(vi,v2)n. Set go = W and let g = > ;5 ,9; be the Tanaka
prolongation of the pair (g—,go). Then the p-th modified prolongation W®™) of W coincides with
the subspace g, in the Tanaka prolongation for any p > 0.

Proof. According to [10] the subspace g;+; in the Tanaka prolongation is defined inductively as a

set of all linear maps ¢ of degree i + 1 from g_ to Z;:_Q g; such that

(4.12) d([x1, z2]) = [d(21), 22] + [21, P(22)], for all x1,29 € g_.

It is clear that any such map ¢ is uniquely defined by its restriction ¢ to g_1. Let v = ¢(n) € g;—1.
Therefore, using induction, one can consider g;+1 as a subspace in Hom(g_1,g;). Substituting
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r1 = vy, To = Ve, v1,v2 € V into equation (4.12)) we get the following linear equation on a pair
(¥, v):
(4.13) w(v1, v2)v = [th(v1), v2] — [P(ve),v1], for all vi,v2 €V =g_;.

This equation coincides with equation (4.11]) on the modified prolongation gglm)
that g;41 is contained in gglm).

In order to prove that these spaces are equal it is sufficient to show that if ¢ is a linear maps of
degree i + 1 from g_ to > %_ ,g; such that(4.12)) holds for any x1,z2 € g—1(= V), then it holds
for any x1,z9 € g_. It is trivial for x1 = x93 = 1. So, it remains to consider only the case x1 =7

and z2 = z € V. Since [n, z] = 0, in this case (4.12]) is equivalent to

(4.14) [6(n), 2] + [n, ¢(2)] = 0.
Let us prove (4.14). Since dimV' > 4, we can choose 2 and y in V such that [z,y] = 7 and

of g;. It implies

[, 2] = [y, 2] = 0. Then, using for vectors from V', we get
(4'1 ) [¢(77)7 Z] = [[gb(.%’), y]7 z] —1—[[1‘, ¢(y)]v Z] - [(ﬁ(l’)% Z] - [gb(y)x, Z]
(4.16) [, ¢(2)] = [[z,¢(2)]. 4] + [, [y, 6(2)]]

Since ¢(z) € g; and [y, z] = 0, we have [¢(z)y, z| = [¢(z)z,y]. Similarly, [¢p(y)z, z] = [P(y)z, x].
Substituting this to , we get
(4.17) [¢(n), 2] = [6(2)z,y] — [¢(y)z, 2]

Further, since (4.12) holds on V' and [z,z] = 0, then [z,¢(z)] = [z,¢(x)]. In the same way,
ly, o(2)] = [z, #(y)]. Substituting it to (4.16)) we get

(4.18) [, 0(2)] = [[z,0(x)], 9] + [z, [2, 6(y)] = ~[d(2)2,y] + [6(y)2, ]
Identity follows from and . This completes the proof of the lemma. O

Remark 1. Note that the last lemma does not hold for dim V' = 2, as condition becomes
trivial in this case, and we get wam) — Hom(V,W). In particular, if W # 0, then W m) ig also
non-zero for any ¢ > 0. On the other hand, Tanaka prolongation is non-trivial even for dim V = 2.
For example, if W consists of all diagonal matrices in a certain symplectic bases of V', then Tanaka
prolongation of W becomes zero on the third step.

Corollary 1. If W is a subalgebra in ¢sp(V) and dimV' > 4 then the sum Rn+V + 3.5 W m)

has a natural structure of a graded Lie algebra, where degn = —2, degV = —1, and deg Wwim) — g
for any i > 0.

We can considered the graded analogs S, and §gr of Spencer operators S, and gp. Namely, let
Sgr be the Spencer operator of a pair (grV,s) and let ggr be the modified Spencer operator of the
quintuple (gr V, gr 01, gr 02, v, 5), where, as before, s is the symbol of our bundle P, i.e. griW, =s
for any p € P. N N

In general, operators S, and S, or S, and S, are different and even operate on different spaces.
However, they are closely related so that it is possible to carry prolongation procedure for the
considered frame bundles on corank 1 filtered distribution in a similar way as for G-structures.

For any two filtered vector spaces V, W the spaces V*, Hom(V, W), S*V, AFV are also naturally
endowed with a filtration. In all these cases the associated graded vector spaces are naturally
isomorphic to (gr V)*, Hom(gr V,gr W), S*(gr V') and A¥(gr V). Moreover, any subspace U C V
also inherits filtration together with a natural embedding of associated graded vector space gr U
into gr V. In the following we shall freely use these identifications.
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Directly from definitions one can show that the Spencer operator S, preserves the filtration.
The same is true for the modified Spencer operator. Indeed, for this we actually have to show

that if v; € V), vy € VU2) and the map ¢ € (Hom(V, Wp))(i), then
(4.19) Tp(v1,v2) Sy () (T, Tp) € VUL HI2HD),

For this assume that 9, € VU1 and 95 € VU2, Then from the fact that S, preserves filtration
it follows that wpy(vi,v2)Sp(p)(01,02) € VUiHi2H) Qo if ji + jo > j1 + jo, we are done. On the
other hand, by definition of the form w, g, it follows that j; + jo = 0. So, if j1 + j2 < j1 + Jjo.
then ji + j2 < 0, but then by condition (2) on filtration (??) one has w,(v1, v2) = 0. Hence (4.19)
holds also in the case j1 + j2 < j1 + Jo. N

Besides, it is easy to show that both S, and Sg are the morphisms of degree 0 of graded
spaces.

Lemma 8. The operators Sg: and §gr coincides with the graded operators gr S, and gr §p from
gr Hom(V, W,) to gr Hom(A2V, V), associated with the operators S, and S, under natural identi-
fication of gr Hom(V, W,,) with Hom(gr V,s) and gr Hom(A%V, V) with Hom(A? gr V, gr V).

Proof. For the classical Spencer operator the statement of the lemma follows directly from def-
initions. Let us check it for the modified Spencer operator. For this we have to check that if
=p: Hom(V,W,) — Hom(V AV, V) is defined by
- - Sp(ep) (v1,02)
= V1,V2) = Wp V1,V ~ — = )
p(#)(v1,v2) = Wp(v1, v2) 5y (01, 52)
then
Ser (1) (gr v1, gr v2)
4.20 =) = 1o & : :
(4.20) gr Zp(¢) (21, w2) = (1, 72) oy p—
Take, as before, v1 € V(jl), Vg € V(2) and assume that U] € V01 and Vg € Vv 02), Then j1+j2 =10
and it is not difficult to show that
grEp(w)(grvl,grvg) :07 if jl +.j2 > 07
Sgr(w)(gr vy, g1 U2)
ro(gr vy, gr v2)
Taking into account the definition of the graded skew-symmetric form v, we get that the last two
relations are equivalent to (4.20]). O

gr=,(¢)(gr v, grug) = ro(gru, grug) , ifj1 472 <0.

In the following we shall also need the normalization conditions for the prolongation procedure.
These conditions are formally defined as any graded subspace gr N C Hom(A?grV,grV) such
that: ~

Hom (A% grV,gr V) = im Sy, @ gr N.

Now let us prove the following general lemma:

Lemma 9. Let T: A — B be a mapping of arbitrary filtered vector spaces A, B preserving the

filtration. Let grT: gr A — gr B be the associated mapping of the corresponding graded vector
spaces. Then we have:

(1) gr(ker Y) C ker(grY);
(2) if C is any subspace in B such that
(4.21) grC @imgrY =grB,
then C +imY = B;
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(3) under the assumptions of the previous items, the space gr Y~1(C) does not depend on C
and coincides with ker(gr Y).
Proof.

1) Suppose that a € A% and Y(a) = 0. Then grY(a + A®1) = T(a) + B*1 = 0 and
a+ A*=1 ¢ gr A lies in the kernel of gr Y.

2) Let b be any element in B¥)_ Then by assumption the element b + B~ ¢ gr B uniquely
decomposes as (c+C*=1) (T (a+ A*~D)) for some elements ¢+ C*~Y € gr C and a+ A*~1) ¢
grA. Hence, we see that (b — ¢ — Y(a)) lies in B®~Y. Proceeding by induction we get that
b= + Y(a’) for some elements ¢ € C and o’ € A.

3) Let a € T=1(C) N A®. Then grY(a+ A*D) lies in gr C and, hence, is equal to 0. Thus,
we have gr Y=1(C) C ker(gr Y).

To prove the opposite inclusion ker(grY) C grY~1(C) we actually have to show that for
any a € AW satisfying T(a) € B*~1, there exist o' € A®) such that a — o’ € A*~1 and
Y(a') € C. For this let Ti_; be the restriction of T to A*~1). Then from it follows that
grC* =D @ imgr T), = B~ Hence, by the previous item of the lemma we have

C*Y 4imY,_, = B&D,

From this and the assumption that Y(a) € B®*~1 it follows that there exist c;,_; € C*~1
and ap_; € A*~D such that Y(a) = ¢4y + Y(ap_1). Therefore, as required a’ one can take
d = a—ap_1. Indeed, @/ —a = ap_; € A#D and T(a') = Y(a — ap_1) = cx—1 € C. This
completes the proof of the third item of the lemma. O

As a direct consequence of the two previous lemmas we get
Lemma 10. Let
S,: Hom(V, W,) — Hom(A%V, V),
ggr : Hom(grV,s) — Hom(A2grV,grV)

be the modified Spencer operators associated with the quintuples (V, 1, U2, @y, Wp) and
(grV,groy,grog, w,s) respectively.

(1) The subspace grker §p C Hom(grV,s) associated with the subspace ker §p C Hom(V, W,)

lies in ker Sg,. In other words, gr WIE””) is contained in s(1™)

(2) Let N C Hom(A2V,V) be any subspace such that the associated graded space gr N C
Hom(A%gr V,gr V) is complimentary to im Sy,.. Then N +im S = Hom(A?V, V).

(3) Let N be as in the previous item, and let

W = {¢ € Hom(V,W,,) | $,(¢) € N}.
)

Then the associated graded space gr W;EIJ\T/n does not depend on N and coincides with

s(Im) — ker ggr.

Note that in general ker S, = nglm) has smaller dimension than ker §gr = 5(m). But we shall
need only the fact that ker §gr = 0 implies ker §p = 0. Besides, although the space gr WIEIJI\?)

depends in general on a choice of a pair of vectors (01, v3) from V| satisfying (4.4)), from item 3 of

the previous lemma it follows that gr nglﬁl) is independent not only of the subspace N but also
of the choice of this pair.



On local geometry of rank 3 distributions with 6-dimensional square 33

Now everything is ready to describe the prolongation procedure for the W-structure P of frames
with constant graded skew-symmetric form on ®. Using filtrations on V and W, define a filtration
on the space V @ W as follows: First consider the following filtration:

Veaw=vDaw->vUi-Dgw>. . ovibgw>...ovhgw=w

Second, take the filtration on W and make a shift of the indices (the weights) of their subspaces
such that the index of W itself will be equal —I;. The final filtration on V' @& W is obtained by
pasting together these two filtration.

Fix a pair of vectors (v1,v2) from V, satisfying . We call this pair the initial pair for
prolongation. Fix an arbitrary subspace N C Hom(A“V, V') such that the corresponding sub-
space gr N C Hom(A? grV,grV) is complimentary to im Sgr, and, thus, satisfies the conditions
of Lemma The first prolongation of P (subordinated to the subspace N and the initial pair
(%1, 9) ) is a subbundle P(M) of Q consisting of all subspaces H,, complementary to W), in 20 (p)
such that C(H,) € N. The bundle P(") can be naturally identified with a subbundle of the
frame bundle Fygu (D). For this let {1, },cp be a smooth family {t,},ep of isomorphisms
Yp : W — W), as in Definition Then for any point p) = (p, Hp) € PW one can define a
linear map L,u): V& W — T,P such that (Lp(l))_l\Hp =plo pH, and Lo |w = 1y, where
in the first relation p is identified with an isomorphism from V to @(7‘(‘(}7)) as in the beginning of
the section. The skew-symmetric form on V @& W corresponding to a point p() is such that its
restriction to V' coincides with the form @, and the subspace W belongs to its kernel. It implies
that the bundle P() has a constant graded skew-symmetric form as well and that the initial pair
of vectors (v1,02) satisfies the relation analogous to for this graded skew-symmetric form.

1)

Furthermore, the tangent space to the fiber of P can be identified with the subspace Wi N as

p7
in item (3) of Lemma In particular, from the same item it follows that the first prolongation
P has constant symbol.

How to identify the tangent spaces to the fibers of P1) at different points? Namely, we have

to identify subspaces W;SPN and W;E;)N for different p1,ps € P. For this let N’ be any subspace of

Hom(V, W) such that gr N’ is complimentary to (). Then, since gr WSJ{[ is equal to M) for all

p € P, we see that N’ is complimentary to Wzslj)v. Thus, by fixing an appropriate subspace N’ we

can identify all spaces ngljz, with W' = Hom(V, W)/N’. The space W' has the natural filtration,

induced by the filtration on Hom(V, W). The identifications between W;lj)\, and W1 preserves the
filtrations on this spaces. ’

As a conclusion, starting with W-structure P and fixing two spaces N and N’ as above, one
can define the first prolongation P of P such that it is endowed with Wl'-structure for an
appropriate space W' and it has constant graded skew-symmetric form. In the same way, fixing
appropriate spaces N1 and Nj one can define the second prolongation PR = (P(l))(l) and so
on. The sequence (N, N’', N1, Nj,...) is called a sequence of defining spaces for the prolongation
procedure.

Assume now that for some k € N the kth modified prolongation s is equal to zero. It implies
that choosing a sequence of defining subspaces we will get a canonical Ehresmann connection
on the kth-prolongation P*), subordinated to the chosen sequence of defining subspaces, and,
consequently, the canonical frame on the corresponding corank 1 distribution k) of P*). This
frame can be extended to the canonical frame on P*) by taking the Lie brackets of the vector
fields in the frame, corresponding to the initial pair (v1,73). More precisely, a frame on D)

(km)
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is a family of isomorphisms p*): Vo W @ W'...® Wk 1 — ©®) (pk)), The additional vector
field, which extends this frame to the frame on P®*), can be taken as [p*)(v1), p® ()], i.e.
one can extend the map p®) from the vector space V& W @& W' ... & W+~ to the vector space
VowaeWw!. . .aW* teRy such that p*) (1) = [p*) (v1), pt¥) (v9)]. Our constructions immediately
imply the following

Theorem 2. Assume that P is a W -structure with a constant graded skew-symmetric form and
a constant symbol s. If the modified kth prolongation s of s vanishes for some k € N, then
with each such P, an initial pair of vectors for prolongation, and a sequence of defining spaces
one can associate a canonical frame on a kth prolongation P*) of P. Two such W -structures are
locally equivalent if and only if their canonical frames corresponding to the same initial pair of
vectors for prolongation and the same sequence of defining spaces are locally equivalent.

The last theorem shows that in order to prove the existence of canonical frame on certain
prolongation of the bundle P it is sufficient to analyze the modified prolongations of its symbol
only.

5. SYMBOLS AND PROLONGATIONS OF W-STRUCTURES FOR RANK 3 DISTRIBUTIONS

Let, as above, V' be a vector space endowed with a skew-symmetric bilinear form o. Note that
we do not require it to be non-degenerate, although most of the computations in this section
will be done for non-degenerate form. Let, as above, W be any subspace in gl(V'). Again, in all
computations below this will be actually a subalgebra in csp(V).

Let us recall that according to the modified prolongation of the subspace W is a subspace
W™ in Hom(V, g) consisting of all maps ¢: V — W, for which we can find a vector v € V such
that the following identity is satisfied:

(5.1) d(v1)v2 — d(v2)v1 = o(v1,v2)v, for all vy, v € V.

Note that if such vector v € V exists for a given map ¢, then it is unique. So, we can always
identify W™ with a subspace in Hom(W, V) x V complimentary to the second summand and

consisting of all pairs (¢, v) satisfying .
It is clear that the standard first prolongation W) of W, defined as a set of all maps ¢': W — V
satisfying the equation:
@' (v1)vy — ¢ (v2)v1 = 0, for all v1,v9 €V,

is a subspace in the modified prolongation, as it corresponds to all pairs (¢, v) from the modified
prolongation with v = 0.

5.1. The symbol for non-rectangular diagrams. Let us describe the symbol s;; for the
W-structure Pj; with [ > 0. Let » = 2k +1 — 1 and let V' be a vector space with a basis

{617"'7€T5f17"'5f7'}'
Let us define linear maps X, H,Y, Z1, Z € End(V) as follows:

Xei=eip1, Xfi=fir,(i=1,...,7r—=1), Xe,=Xf, =0;
Hei=(r+1-=2i)e;, Hf; =(r+1-2i)f;,(i=1,...,r);

Ve = (i = 1)(r 1= et Vi = (i = )+ 1= )fisy (i = 2,.c07), Yer =Y fi =0
Zlei:(ii;Zlfi:_fi’(i:1"'%7");

ZQGZ':ei;Zin:fi’(i:]"“'?T)'
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It is easy to check that the elements X, H,Y form a basis of a three-dimensional subalgebra in
gl(V) isomorphic to s[(2,R). Both elements Z; and Zs commute with this subalgebra. Denote
by a the 5-dimensional subalgebra in gl(V') generated by these elements. Note also that the
decomposition V = V. @ V; is stable with respect to the action of a. Denote also by ag the
subalgebra in a of codimension 1 generated by elements H,Y, Z1, Zs.

According to Definition [2[ define also a symplectic form o on V. @ V; by the formula

o(ei,e;) = a(fi, f;) = 0;
o(ei, fri1—i) = (=1)%
o(e, fj) =0, i+j#r+1

We can see immediately that all five endomorphisms X, H, Y, Z1, Z5 preserve the symplectic form
up to a scalar multiplier.

Consider now the action of s[(2,R) (generated by X, H,Y) on the space of all linear maps
Hom(Vy, Ve) C gl(V). The symplectic form o gives us an isomorphism of sl(2, R)-modules V
and V.. Hence, the s[(2,R)-module Hom(V}, V¢) is naturally isomorphic to V; ®Ve=V.®V, and
decomposes into irreducible s[(2,R)-submodules 1o, o, I, _4, ..., Iz, IIy of dimensions 2r — 1,
2r — 3, ..., 3, 1 respectively.

Under identification of V with Ve, the subspace of all elements from Hom(V7, V) that preserve
the symplectic form is naturally isomorphic to S?(V.) and decomposes as s[(2, R)-module into the
sum of submodules Iy, o, IIg, g, ..., IIy (for even r) or Iy (for odd ).

Define the subspace p C S%(V,) € Hom(Vy,V.) C End(V) as the sum of irreducible s[(2,R)-
submodules I, 4510 = oy, Mgy, ..., Iy (or Ilp).

Theorem 3. The symbol sy, corresponding to the non-rectangular diagram of type (k,l), is
equivalent to the subalgebra a+p C End(V'), which in turn is equal to the algebra of infinitesimal
symmetries of the corresponding flat curve §y .

Proof. To prove the theorem, we can consider any curve with the required diagram. We shall
consider the flat curve §}; as a simplest possible case and prove that in this case the W-structure
is in fact a standard G-structure with a Lie algebra g = a + p.

Let us compute the symmetry group Sym(gFj,) of §x,; consisting of all linear transformations
of V' that preserve the form o up to the constant and map the curve §j; to itself. It is easy to see
that this is a well-defined closed Lie subgroup in GL(V'). Denote by Symg(§,;) the subgroup of
Sym(Jx ) stabilizing the flag and by sym(gx ) and sym($x,) the corresponding subalgebras
in gl(V'). Let go be the subalgebra in gl(V') consisting of all linear maps that stabilize the flag .
Note, that, in particular, ag +p C go. It is easy to see that sym,(Fx,;) is a Lie algebra of the
subgroup of Sym(§y,;) that stabilizes the point Fj;(0). As §,; is one-dimensional, symg(Fx,) has
codimension 1 in sym(gFy,), and, hence, sym(Fx,;) = symg(Fr,;) + RX.

According to [2], the algebra symg(Fx;) can be defined as a largest subalgebra b in gy that
satisfies the condition [X,h] C h + RX. We shall use this characterization to prove that in fact
symg(Sk,) = ao +p. As [X,a0] C a=ap+RX and [X,p] C p, we see that the subalgebra ag + p
does satisfy the above condition, and, thus, lies in symg(Fy).

On the other hand, the dimension of sym () can not exceed the dimension of the space of
all (k,l)-quasisymplectic frames at the point §j;(0). As follows from Proposition (1, the space

of all (k,l)-quasisymplectic frames has dimension 1 + Zgﬁ)] (2l — 4r 4+ 1). Taking into account
the two-dimensional space of projective reparametrizations leaving a point §j;(0) fixed, and a
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one-parameter group of all scalings of the symplectic form o, we see that the space of all (k,[)-
quasisymplectic frames has dimension 4 + nyo]@l — 4r + 1). But we have dimay = 4 and
dimp = ngo} (2l — 47 +1). This proves that symg(Fx,;) = ao + p and, thus, sym(Sx;) = a + p.
Hence, the W-structure of all (k,1)-quasisymplectic frames associated with a flat curve is a
standard G-structure with G = Symg(§x,). In particular, any quasi-symplectic moving frame is

in fact symplectic in case of the flat curve.
O

Let us prove now that this symbol is always of finite type and compute its prolongation explicitly
in case k =2 (and [ > 0).

(1m)

Lemma 11. The modified prolongation (sy;) coincides with the standard prolongation p™)

of the subspace p.

Proof. Let (¢,v) be any element in (s;)(!™. Let us note that the space a + p is in fact a
subalgebra in gl(V') preserving the subspace V. C V. The restriction of this subalgebra to V. is
4-dimensional and is generated by the elements Xy, , Hy,, Yy, and (Z1)y,. In particular, it is
equal to the image of the irreducible embedding of gl(2,R) into gl(V;).

Let (¢,v) € (5;6,1)(17”). Let us prove that v = 0 and ¢ takes values in p. Consider the equa-
tion in the following cases.
1°. w1,v9 € V.. As the restriction of the symplectic form to V. vanishes, we get ¢(vi)ve =
¢(vg)v1, which is exactly the equation for the standard prolongation of the restriction of ag + p
to Ve. According to the result of Kobayashi-Nagano [7], the first prolongation of the irreducible
embedding of gl(2,R) is non-zero only if the dimension of the representation space does not
exceed 3. In our case the lowest possible dimension of V. is achieved when k£ = 2,/ = 1 and is
equal to 4. Thus, we see that ¢(v1)vy = 0 for all v1, v € V. In particular, this implies that ¢(Vp)
lies in R(Z1 — Z3) + p.
2°. v1,ve € Vy. As V; is also an isotropic subspace, we also get ¢(vi)va = ¢(v2)vi. Considering
this equation modulo V,, we again get that ¢(vi)va = 0 mod V.. This implies that ¢(Vy) C
R(Zl + ZQ) + p.

Cases 1 and 2 above imply that ¢ can be decomposed as follows:

(5.2)  @(ve +vy) = ¢ (ve +v5) + a(ve)(Z1 — Z2) /2 + B(vf)(Z1 + Z2) /2, Vve € Ve,vp € V5,

where ¢ takes values in p, a € V¥ and € Vf.
3°. vy = ve € Ve, v2 = vy € Vy. Then we get:

P(ve)vy — P(vf)ve = o (ve, vf)v.
Considering this equation modulo V, and taking into account that p vanishes on V. and sends V}
to Ve, we get:
a(ve)vy = o(ve,vf)v mod Ve, for any v. € Ve, vy € V7.

As the dimensions of V. and V; are at least 4, for any v. we can find a non-zero vector vy € Vy
such that o(ve,vy) = 0. Hence, we see that «(ve.) = 0. In particular, we also see that v € V.

Let us now fix an arbitrary v, € V.. From we have ¢(ve) = ¢'(ve). Let us prove that
@' (ve) = 0. Indeed, we have

¢ (ve)vy = o(ve,vf)v + B(vf)ve, for any vy € Vy.

The element ¢'(v.) lies in p, while the right hand side defines a certain linear map from V} to V,
which has rank < 2. However, as we shall see later (Corollary to Lemma , the space p does
not contain any non-zero elements of rank 2 or less. Thus, we get ¢'(v.) = 0 and v is proportional
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to ve. As ve can be arbitrary and the dimension of the subspace V is at least 4, this implies that
v=0and 8 =0.

Hence, ¢ takes values in p and the modified prolongation (5kﬁl)(1m)

coincides with (s ;). O

Lemma 12. Let o be any (possibly degenerate) skew-symmetric form on V. Suppose V is
decomposed as E ® F, where both E and F are isotropic and F has a trivial intersection with
kernel of o. Let W be a subspace in Hom(F, E) C End(V) not containing elements of rank 1.
Then we have:

(1) the modified prolongation W™ coincides with the standard prolongation W,

(2) the space W' = W™ = W) considered as a subspace in End(V'), V! = W xV, satisfies
the conditions of the lemma for the decomposition V! = E' & F', where E' = W x E,
F'=F.

Proof. Let (¢,v) € W™ Consider for v. € E, vy € F. As ¢(vf)ve = 0, we get ¢p(ve)vy =
o(ve,vf)v. So, the element ¢(ve) is a map of rank < 1. Hence, by assumption of the lemma,
we get ¢(ve) = 0 for all v, € V.. Since F has a trivial intersection with ker o, for any non-zero
vf € F there exists such v, € F that o(ve,vs) # 0. Hence, we also get v = 0. This proves that
wam) — (1)

Let us prove the second part of the lemma. We have already proved above that ¢(v.) = 0 for
any v. € E. Hence, W™ lies in Hom(F', E') € End(V"). It is sufficient to show that W’ does
not have any elements of rank 1. Suppose, there is such an element. Then it can be represented
as vy +— a(vy)wg for some non-zero o € F*, wo € W. Again, considering equation for two
vectors vy, vy € F', we get:

a(vy)wo(ve) = a(va)wy(vy), for all v, ve € F.

We can always choose such vy € F' that a(vg) # 0. Then we get wo(v) = a(v)w(vy)/a(vg) for
any v € F. Hence, wy has rank 1 as well, and this contradicts the assumption of the lemma. [

Corollary 2. The modified prolongation (5;@1)(””) coincides with the standard prolongation p®
of the subspace p for any i > 1.

Proof. Indeed, it is easy to see that subspace p C Hom(F, E) C End(V) satisfies the condition of
the lemma. Hence, p(™ = p® for all i > 0. And according to Lemma we have (s5,;)1™) =
p(m) = p(). Hence, (s1,;)™ = pm) = p0@ for any i > 1. O

To prove that the standard N-th prolongation p®¥) vanishes for sufficiently large N, we shall

accumulate the language of symplectic geometry and Poisson bracket. Let us introduce the space
R?" with coordinates x1,...,2,,p1,...,p, and the symplectic from:

dxy Ndpy — dxzg Ndpr—1 + -+ (=1)"dz, A dp;.

Note that the space of all polynomials R[z;, p;] with the Poisson bracket defined by this symplectic
form is a Lie algebra with one-dimensional center generated by 1.

Let us identify V. @ V; with subspace in R[z;, p;] consisting of all polynomials of degree 1
identifying basis vectors e; with polynomials x; and basis vectors f; with p;, ¢ = 1,...,r. It is
well-known that sp(V. @ V) can be identified then with the space of all quadratic polynomials in
R[z;, p;], and k-th prolongation of sp(Ve & V) with the space of all polynomials of degree k + 2.

Since the subspace p lies in S?(V,) = Vi ®Ve Csp(Ve ® Vi), we see that we can interpret it
as a certain subspace of degree 2 polynomials in x1,...,z,. Let us define this subspace in a more
geometric way using the language of algebraic geometry. Let PV; be the projectivization of the
subspace V¢ and let C' be the orbit of exp(a) through the vector fi. As ap and, hence exp(ap),
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preserves R f1, we see that this orbit is 1-dimensional. It is evident that C' is a closure of the orbit
of exp(tX) and is a rational normal curve in PV}.

Let P! be the projective space with homogeneous coordinates [x1 : 22 :...:x,]. Denote by
C the normal rational curve in P"~! given as an image of the Veronese embedding
(5.3) PPl [sit] [s"h s 2L 7T

By fixing a rational normal curve C' in P"~! we also fix the structure of SL(2,R)-module on R”.

Denote by 7"C the n-th tangential developable variety of C. Here we assume that 7°C = C.
If V is any algebraic variety in P"~!, we denote, as usual, by I(V) the ideal of homogeneous
polynomials in xi,...,z, vanishing on V. We shall also denote by I,,(V) the subspace of all
polynomials of degree n in I(V). Denote also by S,V the n-th secant variety of V, which is
defined as an algebraic closure of the union of (n — 1)-planes in P"~! passing through n points
from V. By definition we set S;(V) = V.

Let us recall a standard result from algebraic geometry:

Lemma 13 ([5]). Let
S*R™*) = Z Hor 452
i>0
be the decomposition of the SL(2,R)-module S?(R™*) into the sum of the irreducible submodules,
where Il,, is a unique submodule of dimension m + 1.
Then the space Io(T*C) of all degree 2 polynomials vanishing on T*C' is equal to ZZZS o _4io.

Corollary 3. The space Io(C) does not contain non-zero elements of rank < 2.

Proof. According to the lemma, any element from I3(C') should vanish on C. Suppose that
I(C) contains any element F' of rank < 2. Then it lies in a linear combination of polynomials
G?,GH, H? for certain homogeneous degree 1 polynomials G, H. We can always extend our base
field to C and decompose F' into the product of two linear polynomials G’ and H’. As F vanishes
on the rational curve, we see that either G’ or H’ should also vanish on C. However, this is
impossible as C' does no lie in any proper linear subspace in P 1. O

Using Lemma [T3] above we get

Theorem 4. The subspace p C S?(V.) can be identified with the space of all quadratic polynomials
in x1,...,2, that vanish at (k — 2)-th tangent developable variety of C.

The n-th prolongation of p in contained in I, 2(V), where V = S, 1(T+72C) is the (n + 1)-th
secant variety of (k — 2)-th tangential variety to the rational normal curve C.

Proof. The first part of the theorem immediately follows from definition of p and Lemma [I3]

To prove the second part, let us consider a more general case. Let V be an arbitrary algebraic
variety in P"~! and let I5(V) be the set of all quadratic polynomials in z1,...,, vanishing at V.
If we consider I5()) as a subspace in S?(V,) C Hom(Vy, V) C gl(V), then its n-th prolongation
can be identified with polynomials F(x1,...,z,) of degree n + 2 such that 6‘%7}? € I,(V) for

)
all multi-indices a = (a,..., ;) with |a] = n. It is clear that any such pollynomial and all its
partial derivatives of degree < n lie in I(V).
Let us prove that any such polynomial F' vanishes identically at S,41(V). It is sufficient to
prove that it vanishes at any secant n-plane of V. Indeed, let pg,...,pn € V be the set of n + 1
points and let

WP =P 1 [yo:yr:e:yn] = Yopo + yiP1 + - - YnDn;
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be the embedding of the corresponding secant n-plane. Then F' o W is a polynomial of degree

n+ 2 on P” that vanishes at basis points ¢; € P", ¢ = 0,...,n, and, in addition, all its derivatives
of degree < n also satisfy this property. This immediately implies that "o W = 0. Hence, F
vanishes identically at S, 1+1(V). O

Corollary 4. The subspace p, and, hence, the symbol s;,; is of finite type.

Proof. Since the rational normal curve C' is non-degenerate, its r-th secant variety coincides with
Pr=1. Hence, S,11(7%2C) = P! for any n > r — 1. Then the ideal I(V) is trivial, and
I,+2(V) ={0}. O

Let us consider the case kK = 2 in more detail. We have a well-known description of n-secant
varieties of the rational normal curve (/5.3

Lemma 14 ([6]). Let V = S, (C) be the n-secant variety of C, where n > 0. Then the ideal I(V)
is generated (as an ideal) by In42(V). The space In42(V), in its turn, is generated (as a linear
space) by all rank n + 2 minors of the matriz:

1 o 3 ...  Tp_g
Z2 €3 L4 coe Tr—a+l
)
Lo+l La+2 Lat2 --- Ly

where a is an arbitrary integer between n and r/2.

In particular, we see that in case k = 2 the space p(™, n > 0 coincides with the ideal I,,;2(S,C)
and is described explicitly by Lemma

5.2. The symbol in case of rectangular diagrams. In this subsection we describe the symbol
51,0 for W-structure Py o, constructed in case of rectangular diagrams. Let r = 2k —1. We assume
that k > 3, so that » > 5. The case k = 2 corresponds to non-degenerate (3,6) distributions, and
has been studied by Bryant [1J.

Let U be an irreducible s[(2,R)-module of dimension r. Define a Lie algebra a as a direct
product s[(2,R) x gl(2,R) and define a natural action of a on the tensor product V = U ® R?.
We shall identify a with the subalgebra in gl(V') defined by the action of a on V.

There is a unique (up to a constant) (s[(2, R) xs[(2, R))-invariant symplectic form o on V', which
can be defined as a product of a (unique up to a constant) sl(2,R)-invariant non-degenerate
symmetric form on U and the standard skew-symmetric form on R? preserved by the second
s((2,R).

Theorem 5. The symbol sy, for rectangular diagrams is equivalent to the subalgebra a C gl(V'),
which in turn is equal to the algebra of infinitesimal symmetries of the flat curve S .
The first modified prolongation (5k70)(1m) is trivial for k > 2.

Proof. The first part of the theorem can be proved in the same way as Theorem

Let us prove the second part. Denote by {ei,ea,...,e,} the standard basis of the sl(2,R)-
module U and decompose V' as ®)_,V;, where V; = Re; @ R?. Then we have a.V; C V;_1 +V; +Viyq
fori=2,3,r—1and a.Vy C V1+V3, a.V, C V,_1+V,.. Note also that (e;, e;) = 0 for any i+j # 6.
In particular, we get o(V;,V;) = 0 for any i + j # 6.

Let (¢,v) be the element of the modified prolongation of a. Consider equation forv; € 1}
and vy € V,_1. As o(v,v2) = 0, we get ¢(v1)va = @(v2)vy. Since ¢(vy)ve lies in a.V,—1 C
Vico + Vo—1 + V, and ¢(ve)vy lies in Vi + Vo, we see that both parts of this equality should
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vanish. This is possible only if ¢(v1) lies in RH + gl(2,R), and, in particular ¢(V1)V; C V; for all
i=1,...,r. Similarly, we can prove that ¢(V;)V; CV; fori=1,...,r.

Consider now equation forv; € Vi and vg € V.. We get v € ¢(V1).V,+¢(V;). Vi C Vi+ V.
On the other hand, if we consider vi,ve € Vj (recall that » = 2k — 1), we see that v € a.V}, C
Vi—1+ Vi + Vir1. As k> 3, we get v = 0 and the modified prolongation a™) coincides with the
standard prolongation a®). But according to Kobayashi-Nagano [, a is trivial for r > 5. O

Finally note that the Main Theorem, formulated in the Introduction, is obtained by combining
Theorem [2| Lemma, [7, Theorem [3] Corollary 4, and Theorem
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