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On geodesic equivalence of Riemannian metrics and
sub-Riemannian metrics on distributions of corank 1

Igor Zelenko*

Abstract

The present paper is devoted to the problem of (local) geodesic equivalence of Riemannian
metrics and sub-Riemannian metrics on generic corank 1 distributions. Using Pontryagin
Maximum Principle, we treat Riemannian and sub-Riemannian cases in an unified way and
obtain some algebraic necessary conditions for the geodesic equivalence of (sub-)Riemannian
metrics. In this way first we obtain a new elementary proof of classical Levi-Civita’s The-
orem about the classification of all Riemannian geodesically equivalent metrics in a neigh-
borhood of so-called regular (stable) point w.r.t. these metrics. Secondly we prove that
sub-Riemannian metrics on contact distributions are geodesically equivalent iff they are con-
stantly proportional. Then we describe all geodesically equivalent sub-Riemannian metrics
on quasi-contact distributions. Finally we make the classification of all pairs of geodesically
equivalent Riemannian metrics on a surface, which proportional in an isolated point. This
is the simplest case, which was not covered by Levi-Civita’s Theorem.

1 Introduction

Let us recall that two Riemannian metrics on a manifold M are called geodesically (or projec-
tive) equivalent at a point gy € M, if in some neighborhood of ¢g all their geodesics, considered
as unparametrized curves, coincide. The notion of geodesic equivalence can be generalized di-
rectly to sub-Riemannian metrics by replacing Riemannian geodesics by normal sub-Riemannian
geodesics:

Let D be a bracket-generating (completely nonholonomic) distribution on M. A Lipschitzian
curve £(t) is called admissible for the distribution D, if it is tangent to D almost everywhere,
ie., & (t) € D(§ (t)) a.e.. A sub-Riemannian metric G on D is given by choosing an inner product
Gy(,-) on each subspaces D(q) for any ¢ € M smoothly w.r.t. g. Let || - || = \/Gq(:,-) be
the corresponding Euclidean norm on D(q). For any admissible curve & : [0,T] — M its length
w.r.t. the sub-Riemannian metric G is equal to fOT IIE@)]| ¢(t) dt. Given two points g1 and ¢z one
can look for the curve of minimal length among all admissible curves connecting ¢; with gs. This
problem can be obviously reformulated as a time-minimal control problem (for this one takes
into the consideration only admissible curves parametrized by the length). The sub-Riemannian
extremal trajectory w.r.t. the metric G is the projection to M of a Pontryagin extremal of this
problem (which lives in the cotangent bundle 7% M).

In general, Pontryagin extremals can be normal or abnormal: the extremal is called ab-
normal, if the Lagrange multiplier of the functional is equal to zero, and normal otherwise.
The projection of normal (abnormal) Pontryagin extremal is called a normal (abnormal) sub-
Riemannian extremal trajectory. Any abnormal sub-Riemannian extremal trajectory, considered
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as unparametrized curves, is characterized by distribution D only, but not by the metric on it.
Normal sub-Riemannian extremals surely depend on the metric. They can be described in the
following simple way: Let h : T*M — R satisfies

1 2 *
h(p.q) = 5 (max{p(v) : |lvfly = 1,v € D(¢)})" g €M, peTiM (1.1)
Then the normal sub-Riemannian extremal trajectories are exactly the projections on M of the
trajectories of the Hamiltonian system A\ = h(A), lying on the %—level set of h, i.e., on the set
{AeT*M :h()\) = 3}.

Remark 1 The norm ||-||; on Dy induces the norm on the dual space, which will be denoted
also by || - ||q- Therefore taking the restriction p|pq) of some covector p € Ty M one can rewrite

3) in the following form
1 *
h(p,q) = 5llplp)ll; g €M, peTyM. (1.2)

Note that a Riemannian metric is actually the sub-Riemannian metric with D = T'M and
classical Riemannian geodesics are exactly normal extremal trajectories in this situation (here
abnormal extremals do not exist). Note also that, as in Riemannian case, sufficiently small pieces
of normal sub-Riemannian extremal trajectories are length minimizers (see, for example, [H],
Appendix C there). Therefore we will call them in the sequel normal sub-Riemannian geodesics.
The following definition is a natural extension of the notion of the geodesic equivalence from
Riemannian to the general sub-Riemannian case:

Definition 1 Two sub-Riemannian metrics given on a distribution D of a manifold M are
called geodesically (or projective) equivalent at a point qo € M, if in some neighborhood of qo all
their normal geodesics, considered as unparametrized curves, coincide.

It is clear that if sub-Riemannian metrics G; and G are constantly proportional, i.e., there
exists a positive constant C' such that Ga, = CGy, for any ¢, then they are geodesically equiv-
alent. The first appearing question is whether there exist constantly non-proportional geodesi-
cally equivalent sub-Riemannian metrics? The simplest example of constantly non-proportional
Riemannian metrics on a surface can be described as follows: Let P and S be a plane and a
hemisphere in R? such that equator of the hemisphere is parallel to the plane. Let G; and Go
be the metrics on P and S respectively, induced from the Euclidean metric on R3. Denote by
F : S — P the stereographic projection from the center O of the hemisphere (namely, if ¢ € S
then F'(q) is the only point on P lying on the straight line, which connects O and ¢). Then
the mapping F sends geodesics of Gy (arcs of big circles on S) to geodesics of G (straight
lines on P). Therefore G is geodesically equivalent to G = (F~1)*Gy, the pull-back of Go by
F~! but this metric are not constantly proportional. Moreover, as E. Beltrami showed in [T],
a Riemannian metric on a surface is geodesically equivalent to the flat one iff it has a constant
curvature.

Let us introduced some notions, which are important for the considered problem. For a given
ordered pair of sub-Riemannian metrics G1, G2 and a point ¢ one can define the following linear
operator S, : D(q) — D(q):

Gaq(v1,v2) = G14(Sqv1,v2), v1,v2 € D(q).

Obviously, 9, is self-adjoint w.r.t. the Euclidean structure given by G7.



Definition 2 The operator S, will be called the transition operator from the metric G to
the metric Go at the point q.

Let N(q) be the number of distinct eigenvalues of the operator Sj.

Definition 3 The point qo is called reqular w.r.t. the pair of sub-Riemannian metrics G
and Ga, if the function N(q) is constant in some neighborhood of qq.

Note that the regularity of the point g is equivalent to the fact that the set of multiplicities
of eigenvalues of the transition operator S is the same for all points ¢ from some neighborhood
of qo (in [7] regular points were called stable). By standard arguments one can show that the
function N(q) is lower semicontinuous. This together with the fact that it is integer-valued
implies the following

Proposition 1 The set of reqular points w.r.t. the pair of sub-Riemannian metrics is open
and dense in M.

For Riemannian metrics on an n-dimensional manifold all possible pairs of geodesically equiv-
alent metrics in a neighborhood of a regular point w.r.t. these metrics were described already by
Levi-Civita in [ (see Theorem [[l below and also [1]), who had extended the earlier result of Dini
for surfaces (see [2,[3], or [6]) to an arbitrary n. From this result it follows that Riemannian
metrics, for which there exists at least one non-proportional geodesically equivalent Riemannian
metric, are of the very special form.

The classification of geodesically equivalent Riemannian metrics at non-regular points (i.e.,
points, where eigenvalues of transition operator bifurcate) even on a surface was not done,
while the geodesic equivalence of proper sub-Riemannian metrics (i.e, when D # T'M and D is
bracket-generating) was not studied before. In the present paper we treat both these problems.

In the sequel for shortness (m,n)-distribution means an m-dimensional subbundle of the
tangent bundle of an n-dimensional manifold. Our study of the geodesic equivalence of proper
sub-Riemannian metrics will be mainly concentrated on the following two cases:

1. D is the contact distribution. Namely, D is a corank 1 distribution on an odd dimensional
manifold such that if w is a differential 1-form, which annihilates D, D(q) = {v € T,M :
wq(v) = 0}, then the restriction dw|p of the differential dw on D is a nondegenerated
2-form at any ¢. In this case there are no abnormal Pontryagin extremals.

2. D is the quasi-contact distribution. Namely, D is a corank 1 distribution on an even
dimensional manifold such that if w is a differential 1-form, which annihilates D, then
the restriction dw|p of the differential dw on D has 1-dimensional kernel at any ¢q. The
kernels of dw|p form line distribution. We will call it the abnormal line distribution of
the quasi-contact distribution D. Abnormal extremal trajectories of the sub-Riemannian
metric G on D are exactly the leaves of this distribution, parametrized by the length.

Clearly in both cases the germs of distribution D are generic germs of corank 1 distributions.
Note also that in both cases there exists only one, up to a diffeomorphism, distribution satisfying
the prescribed properties (a particular case of Darboux’s Theorem). Actually, our method
works for sub-Riemannian metrics defined on much more general distributions, for example,
on so-called step 1 bracket-generating distributions: an (m,n)-distribution D is called step 1
bracket-generating if dim D'*! = dim D' + 1 for any 1 <[ < n —m (here the Ith power D! of
the distribution D is defined by induction D! = D=1 + [D, D'=1]). The study of the problem



of the geodesic equivalence for sub-Riemannian metrics on general step 1 bracket-generating
distributions will be done in our future publications.

The paper is organized as follows. In section 2 we show that the problem of geodesic equiv-
alence of sub-Riemannian metrics can be reduced to the question of the existence of an orbital
diffeomorphism between the corresponding flows of extremals. This reduction is obvious in the
Riemannian case, but in the proper sub-Riemannian case it has some additional difficulties,
especially in the presence of abnormal extremals. After this reduction we express the condition
for the existence of the orbital diffeomorphism in terms of the special frame adapted to the
pair of sub-Riemannian metrics. Further for step 1 bracket-generating distributions we obtain
a necessary condition for the geodesic equivalence in terms of divisibility of some polynomials
(on the fibers of the cotangent bundle of the ambient manifold) associated with these metrics.
We call it the first divisibility condition. It imposes rather strong restrictions on the pair of the
metrics.

In section 3 we give the coordinate-free formulation of Levi-Civita’s Theorem (Theorem [)
and prove it in a new, rather elementary way, using the conditions for the existence of the
orbital diffeomorphism and the first divisibility condition. In section 4 for a sub-Riemannian
metric on corank 1 distribution we obtain an additional necessary condition for the geodesic
equivalence in terms of divisibility of some polynomials associated with these metrics. We
call it the second divisibility condition. Using the conditions for the existence of the orbital
diffeomorphism and the second divisibility condition we prove that sub-Riemannian metrics on
contact distributions are geodesically equivalent iff they are constantly proportional (Theorem
) and we give the classification of all geodesically equivalent sub-Riemannian metrics on quasi-
contact distributions (Theorem Bl). This classification is given in coordinate-free way and has
apparent similarities with our interpretation of Levi-Civita’s Theorem. This gives a hope for
the existence of a general classification theorem about geodesic equivalence of sub-Riemannian
metrics defined on very general class of distribution, which will contain as particular cases the
cases considered in the present paper.

Finally in section 5 for the Riemannian metrics on a surface we obtain the classification of
geodesically equivalent pairs at a non-regular point (the point of bifurcation of the eigenvalues
of the transition operator). Note that for generic pair of Riemannian metrics on a surface
the set of points of their proportionality consists of isolated points. Therefore it is natural to
consider the case when two Riemannian metrics on a surface are proportional in an isolated
point. Some results of the global topological nature (namely, about the number of the points of
proportionality for a pair of globally geodesically equivalent Riemannian metrics on a sphere)
were obtained in [6], but the local classification surprisingly was not done before. The canonical
conformal structure on a surface, associated with a Riemannian metric, plays the crucial role in
this classification. Using this conformal structure and Dini’s Theorem (Levi-Civita’s Theorem in
the case of a surface), one can associate any pair of geodesically equivalent metrics on a surface,
which are proportional in an isolated point gp, with some (multiple-valued) analytic function
in a neighborhood of ¢y with a singularity at qy. The analysis of this singularity gives us the
required classification (Theorems H and [).

2 Geodesic equivalence and orbital diffeomorphism of the ex-

tremal flows

2.1 Existence of the orbital diffeomorphism Let G; and G5 be two sub-Riemannian
metrics on a distribution D of a manifold M, || - || , and I| - ||2q be the corresponding Euclidean
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norms on D(gq), h; and hy be the Hamiltonians, defined by ([LT), where || - ||, is replaced by
[l - Hiq7 1=1,2. Also let H; and H> be the %—level sets of hy and ho respectively, i.e.

Besides, for given distribution D and metric G on it denote by J*¥(D,G) the space of k-jets of
all C* curves admissible to D and parametrized by length w.r.t. the metrics G. By definition
the 1-jet J1(D, G) satisfies

JHD,G) = {(g:v) : a € M,v € D(q), |[vll, = 1.
(k)

For given curve v we will denote by jy,

~ the k-jet of the curve v at the point ¢g.

Proposition 2 If for some neighborhood U of qo in M there exist a fiberwise diffeomorphism
®: HNT*U — HyNT*U and a function a : Hy — R such that

—

.11 (N) = a(M)ha (B(N), (2.2)
then the metrics Gy and Go are geodesically equivalent at qq.

Proof. Indeed, ® maps any trajectory of the system A = hi()\), lying in Hy N T*U, to
the curve, which coincides, up to reparametrization, with a trajectory of the system A= HQ()\).
Therefore in U any normal sub-Riemannian geodesics of (G; is, up to reparametrization, a normal
sub-Riemannian geodesics of Go. [

In the case of Riemannian metrics the relation (2) is also necessary for the geodesic equiv-
alence of metrics G; and G2. Indeed, in this case there is only one geodesic passing through the

given point in the given direction, and the map Pi(l) : Hy — JY(TM,G;) defined by
def . s - .
P jir(e™) = (), 7 (V) ), i =12, (23)

is a diffeomorphism (here we denote by 7 : T*M + M the canonical projection and by e the
flow generated by vector field }_ii, i =1,2). So, directly by definition, if the metrics G; and G,
are geodesically equivalent at gy, then there is a neighborhood U of ¢y such that the following
diffeomorphism

is fiberwise, maps H; N T*U to Hy NT*U and satisfies (Z2) on Hy NT*U.

Definition 4 A fiberwise diffeomorphism ® defined on a nonempty open set B of Hy such
that ®(B) C Hy is called the orbital diffeomorphism of the extremal flows of the sub-Riemannian
metrics G1 and Gy on B, if it satisfies (Z2) for any A € B.

Let us study the question, whether the existence of the orbital diffeomorphism is necessary
for the geodesic equivalence of sub-Riemannian metrics. In the case of a proper sub-Riemannian
metric (i.e., D # TM, D is bracket-generating) an entire family of normal sub-Riemannian
geodesics passes in general through the given point in the given direction. So, in order to
distinguish different normal geodesics, passing through a point, we need jets of higher order.
Besides, the presence of the abnormal extremal trajectories causes to addition difficulties, as



shown below. By analogy with [Z3) let us define the following mapping Pl.(k) :H; — J*(D,Gy),
1=1,2:
def . h
PR jin(eh) (2:5)

Then one can check without difficulties that:
a) if D is contact then the mapping Pi@) establishes the diffeomorphism between H; and its
image;
b) if D is quasi-contact, C is the abnormal line distribution of D, and the set S; C H; is
defined by
Si={\ec H;: P\ ec}, (2.6)

)

then the restriction of the mapping PZ-(2 on H;,\S; establishes the diffeomorphism between

Hl-q\SZ- and its image, while the restriction of Pi(2) on §; is constant on each fiber.

Now denote by Q4(D, G;) the set of all C*° admissible curves, starting at ¢ and parametrized
by length w.r.t. the metric G; and let Jf(D,GZ-) be the space of k-jet of these curves at 0.
Consider the mapping I, : Q4(D, G1) — Q4(D, G2) which sends a curve v to its reparametriza-

tion (w.r.t. the length of G3). Obviously , this mapping induces the diffeomorphisms Lgk) :
J(f(D, G1) — J(f(D, G2). Collecting all such diffeomorphisms for any ¢ we obtain a diffeomor-
phism I*) : J*(D,Gy) — J*¥(D,G5). Then similarly to () we obtain that if the distribution
D is one of the two listed in Introduction, and the sub-Riemannian metrics G; and Go, defined
on D, are geodesically equivalent at g, then there exist a neighborhood U of ¢g such that the
following mapping

o(\) = (P?) "o 1® o R (), (27)

is well defined on the set B, where B = H; N T*U in contact case and B = (H; N T*U)\S; in
quasi-contact (here Sj is as in (EZ8])). Moreover, such & is the orbital diffecomorphism on the set
B w.r.t. the metrics G; and G5. We have proved the following

Proposition 3 If G1 and Gy are Riemannian metric or sub-Riemannian metrics defined
on contact or quasi-contact distributions and if they are geodesically equivalent at some point
qo, then for some neighborhood U of qo there exists the orbital diffeomorphism of the extremal
flows of the metrics G1 and Go on some nonempty open set B in Hi NT*U, n(B) = U. In the
Riemannian and contact case one can take B = Hy NT*U, while in quasi-contact case one can
take B = (Hy NT*U)\S1, where Sy is as in (Z4).

Actually, there is an analogue of the previous proposition for sub-Riemannian metrics defined
on much more wide class of distributions. To formulate it let us introduce some notations.
Denote by Ay, (D) the set of all points ¢ € M which can be connected with ¢p by abnormal
extremal trajectory of the distribution D. For example, in Riemannian and contact case Aq, (D)
is empty; in quasi-contact case Ayg, (D) is the set Ly, \{qo}, where L, is the leaf of the abnormal
line distribution, passing through qo.

Proposition 4 Suppose that the sub-Riemannian metrics G1 and G, defined on the bracket-
generating distribution D, are geodesically equivalent at the point qy and for any neighborhood
V' of qo the set V\ Ay (D) has positive Lebesgue measure. Then for some neighborhood U of qg
there exists the orbital diffeomorphism of the extremal flows of the metrics G1 and Go on some
open set B in HyNT*U, n(B) =U.

Remark 2 Actually in the previous proposition one can replace the set Aq (D) by the set of
all points ¢ € M which can be connected by abnormal extremal trajectory, having minimal length
w.r.t. the metric Gy (or G) among all admissible trajectories with endpoints qy and q.



Since in the present paper we solve completely the problem of geodesic equivalence only in
the cases, considered in Proposition Bl we postpone the proof of Proposition @l and the statement
in Remark Pl to the future paper.

2.2 The orbital diffeomorphism in terms of the adapted frame to the pair of
metrics. Suppose that D is an (m,n)-distribution on a manifold M. Let gp be a regular point
w.r.t. the metric G; and Gy (see Definition B). It is simple to show that the regularity of
the point qq is equivalent to the fact that the set of the multiplicities of the eigenvalues of the
transition operator S; is the same for all points ¢ from some neighborhood of gg. Therefore
in some neighborhood U of ¢y one can choose the basis (Xi,...,X,,) of the distribution D
orthonormal w.r.t. the metric G such that each X;(q) is eigenvector of the transition operator
Sqs ¢ € V. Such basis of D will be called the adapted basis to the ordered pair of metrics
(G1,G2) on a set U. A frame (X1,...,X,) will be called the adapted frame to the ordered pair
of sub-Riemannian metrics (G1,G2) on a set U, if the tuple (Xl, ..., X;n) is the adapted basis
of D wr.t. (G1,G2) on U.

Let us express the relation (Z2) for the orbital diffeomorphism in terms of some adapted
frame (X1,...,X,) . Let u; : T"M +— R be the "quasi-impulse” of the vector field X,

ui(p,q) = p(Xi(q)), qeUpeT U (2.8)
For given diffeomorphism ® defined on an open set of T*M denote by

Suppose also that for any ¢, 1 < i < m, the eigenvalue of the transition operator S, correspond-
ing to the eigenvector X;(q), is equal to a?(q).

Lemma 1 If ® is the orbital diffeomorphism of the extremal flows of the metrics G and
Go on an open set B C Hy NT*U, then the functions ®; with 1 < i < m satisfy

2,,.
o= —2l 1 <i<m. (2.10)
\/ Dohey U
Proof. Since by construction the tuple (Xi,...,X,,) constitute an orthonormal basis of the
distribution D w.r.t. the metric (G1, the Hamiltonian h; satisfies h1 = %Z:’;l u?, and
m m m
h1 :Zuzﬁz, myehq :Zule H, = {)\ET*UZ'L@ :1} (211)
i=1 i=1 i=1
(here 7 : T*M + M is the canonical projection). Let X; be
— 1
i
and u;(p,q) = p(Xi(q)) be the corresponding quasi-impulses. Then
=2 1<i<m, (2.13)
87

Note that by construction (X'l, ... ,Xn) is the orthonormal basis of D w.r.t. the metric Gs.
Hence, similarly to (ZII), we have hy = S @, which together with ([ZI2) and ZI3)
implies that

m . m m
W*HQZZ%XZ-, H2={A6T*U:Za§:1}:{AeT*U; ' :1} (2.14)
i=1

i=1 1 i=1 ¢

8, | S,

~
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Suppose that @ is the orbital diffeomorphism on some set B, satisfying ([2) for some function
a. Then by definition ®(\) € Hy for any A € B. This together with Z3) and {I4) implies
that

m

P2
d =1 (2.15)
y K]

Further from the fact that ® is fiberwise and ([ZI]) it follows that

m

(0 @ )R (A) = Tl (A) = ) u; X;.
=1

On the other hand, (29) and I4) imply
- TP,
mha (B(N) =) X,

From the last two relations and (2) it follows that
ad; = a?ui, 1<1<m

From this and ([ZT3)) it follows easily that

(2.16)

which implies (ZI0). O

Now we will find the relation for the remaining components ®;, m + 1 < i < n, of ®. Let
c?i be the structural functions of the adapted frame (X3,...,X,), i.e., the function, satisfying

(Xi, X;] = Zc?iXk. Let the vector fields X;, 1 < i < m, satisfy ([ZI2)) and set

Note that by construction (X71,..., X,,) is the adapted frame w.r.t. the ordered pair (G2, Gh).
Let E;?i be the structural functions of the frame (Xi,...,X,). The following functions will be
very useful in the sequel together with function a, defined by (ZI6l):

def 1= - 1 hy(a?) _
R; = §h1(a?)uj + a?hl(uj) — §a?uja—2 — Z c?iaiajakuiuk, (2.18)
1<i,k<m
def “ _k
ij = chiaiui (219)
i=1

Lemma 2 A map ® is the orbital diffeomorphism on a set B of the extremal flows of the
metrics G1 and G iff on B the functions & with m+ 1 < k < n satisfy the following relations:

n
. R;
Vi<j<m: o Z Qr®, = 7” (2.20)
k=m+1
n 1 m
Vm4+1<s<n: hi(®,)— k ZH QurPr =~ ; Q kiU (2.21)
=m =



Proof. In the sequel we set
Vm+1<n: «a =1 (2.22)

Denote by Y; the vector field on Hp, which is the lift of the vector field X; (i.e., m.Y; = X;),
and du;(Y;) = 0 V1 < j < n (ie., Yj is horizontal field of the connection on T*M defined by
distribution, satisfying du; = ... = du,, = 0). Similarly, let Y; be the vector field on Hs, which is
the lift of X; and duj(Y;) = 0 for all 1 < j < n. Note also that the tuple (uq,...,uy,) defines the
coordinates on each fiber T5'M of T*M. So, one can define the vector fields 9y,, 1 <1 < n, as
follows: 0,, is vertical (i.e., tangent to the fibers of T*M) and du;(0u;) = ;5 for all j =1,...n
where 0;; is the Kronecker symbol. In the same way one can define the fields 0y,. With this
notations, using (ZI2) and [ZI3), V1 < i < n one can easily obtain the following relation :

(2.23)

Besides, by standard calculations, we have
m
hi = Zuiuz ZUZY + Z Z Uik Ou; s (2.24)
i=1 i=1 j,k=1

m

E:uzuZ Zuz f Z Em: Efiﬂiﬁk&;j. (2.25)

m u m X (Oé ) m n EI‘?-a-
hy = Z —;YZ + Z 22 J uiujOy; + Z J ]uzuk&L].. (2.26)
= % =1 Y% =1 j ey ik
This together with (ZI0]) implies easily that
m m m
ha(®(N)) = a ! ZuZYZ +a? Z( u] + Z cﬂala]akuluk)a +
i=1 j=1 i,k=1
m n m m
a! Z Z Z E;‘-”iaiajuiq)k(‘)uj + Z Z <a_2 Z éfiaiakuiuk—i— (2.27)
j=1 k=m+1 i=1 s=m—+1i=1 k=1
n
Z E’Eiaiui%)aus, (2.28)
k=m+1

where a is as in ([ZI6). On the other hand, from the fact that ® is fiberwise and relation (10
it follows that

- " LA a?u; LI
BN = wY; | —LL— 0, + h(®;)0,
l ; ; V2 o J J';rl ]

Using relations (Z27)) and (Z24), it is not hard to check by direct calculations that (2) holds
iff both (Z20) and ([ZZT)) hold, which concludes the proof of the Lemma. [J

(2.29)



2.3 The first divisibility condition. Let Z; : D(¢q)* — D(q) be the canonical isomorphism
w.r.t. the inner product G14(-,-), namely, £(-) = G14,(Z1(£),-) V£ € D(q)*. Define the following
function P : T*M — R:

2
P(,) = (1L elow)ls, )+ a€MpeT;M (2.30)

(here || - |2, is the Euclidean norm on D(q) corresponding to the inner product Ga,(+, "), plp(q)
is the restriction of covector p € T, M on the subspace D(q)). Obviously, the restriction of P on
each fiber 7'M is a degree 2 homogeneous polynomial, while the restriction of 1 (P) on each
fiber Ty M is a degree 3 polynomial. Besides, in a neighborhood of the regular point

m
P=a?= Za?u?7 (2.31)
i=1
where (uq,...,u,,) are quasi-impulses of the vectors of the adapted basis (X7i,...X,,) to the

order pair (G1,G2) and a? are eigenvalues of the transition operator S,, corresponding to the
eigenvectors Xj;.

Definition 5 We will say that the ordered pair (G1,G2) of sub-Riemannian metrics on the
distribution D satisfies the first divisibility condition on a set U, if the polynomial hy (P)\T;M 18
divided by the polynomial P|T;M for any q € U.

Proposition 5 Let D be an (m,n)-distribution on a manifold M such that
Vi<s<n-m+1, dimD°=m+s—1. (2.32)

Suppose also that for given two sub-Riemannian metrics G1 and Go on D and for some open
set U of M there exists an orbital diffeomorphism of the extremal flows of these metrics in some
open set B in H{NT*U, n(B) = U. Then the pair (G1,G2) satisfies the first divisibility condition
onU.

Proof. Since the set of regular points is dense ( Proposition [l) it is sufficient to prove the
first divisibility condition for a regular point gy w.r.t. the pair (G1,G2). Therefore in order to
obtain the first divisibility condition we can use Lemmas [[l and Bl Note also that by (ZIJ) the
function R; has the following form on each fiber:

hy(P
?uj i )—I—polynomial (2.33)

R, = —
J o P

1
2

First suppose that D = T'M (in this case the assumption ([232)) holds automatically). Then
the identity Z20) is equivalent to the identity R; = 0, 1 < j < n, which holds on open set B
in H; NT*U with 7(B) = U and therefore on the whole 7*U. Hence from 33 it follows that

uj%, has to be a polynomial, which implies easily that the polynomial P has to divide the

polynomial 1 (P), i.e., the first divisibility condition holds.
Now consider the case D # T'M. By assumption (Z32]), we can complete the adapted basis
(X1,...,X,) to the adapted frame such that

Vm+1<s<n X,c D™ (2.34)

10



Then D? = span(X7y,... X,nt1), which implies that there exist indices 7,7, 1 < i, < m, such
that E%H(qo) # 0, while Efj =0forall 1 <i,7 <mand k> m+ 1. In other words,

Yk k>m+1,1<j<m Q=0 (2.35)
F1<i<m Quup £0 (2.36)
(see (ZI9) for the definition of the functions Q;i). Then from Z20) it follows that
R~
By = —— I (2.37)
Qi1 VP
Using (333)), we obtain
1 h 1
D11 = ——azuz 1(P) + polynomial (2.38)

277 Q1 PO jQjm 1 VP
on each set BNT M, g€ U.

Further, from assumption ([Z32) it follows that EI;;F L'— 0 for any k, s, i such that m < s < k
and 1 < i < m. On the other hand, there exist i, 1 < < m, such that Ej;l = 0. In other words,

Yk, s:m<s<k Qupi1=0 (2.39)
Vs:m<s<n—1 Qssy1 Z0. (2.40)
Hence by (ZZI)), applied for s = m +1 — 1 with 2 <1 < n —m, one has
m—+l—1 m
Dt = Q1 (hl( mAl—1) Z Qi1 1xPy — P2 Z Qm—i—l—l,kakuk)- (2.41)
k=m-+1 =

Then by induction from (Z38)) and 1) it is not difficult to get the following relation for any
2<l<m-n
(=D"(2 = 1)t au; (7 (P)) polynomial

lO)- 1+1/2 . . l 1—1/2
2Qjm+l7) /Hz‘:lQm-i-zm-i-z—i-l 3m+17) /H m+zm+z+1

on each BNT;M, q € U. Substituting the expression for ®,,; from Z2) to identity 2]
with s = n one can obtain without difficulties that

u; (i_il (P)) o polynomial

Byt = (2.42)

i 2.43)
Qi P m+3/2 H?:1m Qi mit1 Q;‘mnj'flpn m+1/2 Hn . :Ln—i-rznm:-t}i-l
or, equivalently
n—m Hn_—m—l n—m—i }_il (,P) n—m+1
im+1 ( i=1 m-+i m+l+1) ( ) = polynomial. (2-44)

P

on each set BNT; M, g € U. Note that the left-hand side of (2.44]) is rational function. Hence
from (244)) it has to be polynomial. Note also that P is positive definite quadratic form (see
(E31)), while the functions Q ;i are linear (with real coefficients) on each fiber. Therefore from
(224) it follows easily that the polynomial P has to divide the polynomial h (P), i.e., the first
divisibility condition holds. The proof of the proposition is concluded. .

Note that if D is contact, quasi-contact, or D = T'M, then the assumption ([Z32)) of the
previous proposition holds. So, as a direct consequence of Proposition Bl and the previous
proposition, we have the following

11



Corollary 1 Suppose that two metrics G1 and Go defined on the distribution D are geodesi-
cally equivalent at the point qy. Assume also that the distribution D satisfies one of the two
following conditions:

1. D=TM (the Riemannian case);
2. D is corank 1 contact or quasi-contact distribution;
Then the pair (G1,G2) satisfies the first divisibility condition on U.

So, in the cases under consideration the first divisibility condition is necessary for the geodesic
equivalence. In the next proposition we collect all information from the first divisibility condition,
which will be used in the sequel. It shows that the first divisibility condition imposes rather
strong restrictions on the pair of the metrics.

Proposition 6 Suppose that the metrics G1 and Go, defined on the distribution D, satisfy

the first divisibility condition on some set U. If (X1,...X;,) is a basis of D adapted to the order

pair (G1,Gs), and the transition operator Sy has the form S, = diag (a3(q),...,a2,(q)) in this

basis (c; > 0), then the following relations hold

[Xi, X;5](q) ¢ = ai(q) = o;(q); (2.45)

o[

o
< 2

a - ozz)c]Z + ( a —ai)ct ]k + (a? a%)cgk =0, 1,7,k are pairwise distinct. (2.49)

(2.46)

||
/\
|
Q | Q
SOpo|<. b0
~

|QQ Q |QQM <. [\3|u %)

> 0, o #aqj (2.47)
> 0, Qi # i, 0 F Qs (2.48)
(in all relations above 1 <i,j5,k < m).

Proof. As before let us complete the adapted basis (X1, ... X,,) of D somehow to the local
frame. From ([Z24)) and ([Z3T) by direct calculation one has

Z Xi( uZu + 2 Z Zcﬂa]ulujuk (2.50)
7.7 1 7] 1k=1

On the other hand by the first divisibility condition there exist functions p;(¢q), 1 < ¢ < n, such

that . .
= (Z piui> (Z a?u?) (2.51)
i=1 j=1

Relation ([Z4d)) follows immediately from comparing the coefficients of w;uju in the right-
hand sides of ([Zh0) and ([ZX21l), where i, j, k are pairwise distinct and 1 < 1,5,k < m.

Further, comparing the coefficient of u;ujuy in the right-hand side of (Z50)and (Z51]), where
1<i<j3<mandk >m, we have

F(a? —a?)=0 (2.52)



Therefore, if [X;, X;](¢) ¢ D(q), then there exists k& > m such that c?i(q) # 0, which implies
that a;(¢) = «;(g). Relation ([243) is proved.

Further, comparing coefficients of u? in the right-hand sides of (ZA) and ([ZX51) we obtain
that

s (2.53)
while comparing coefficients of ulug with ¢ # j and using ([Z23)) one obtains easily that

a?Xi(a?) - a?Xi(a?) = 20;2-(%2 - a?)a?. (2.54)

The last equation implies (ZZ6]).
In order to prove (ZZ1) note that we can obtain one more relation in addition to (ZZ6I),

starting with the metric G2 as the original one and using transition from the metric Ga to the

metric G1. Namely, if X; is as in (ZIZ) then by analogy with 54 we have
a;Xi(a)) - ajXi(af) = 20,(af — af)at (2.55)

R antN

Obviously, @; = a% Also, by ([ZI2) one get easily that

5‘7 _ i _ Xi(aj) (2 56)
Jr (673 OéiOéj ' '

Substituting the last two relations and ([ZIZ) into (255) it is not difficult to get the following

a? Xi(0F) — a3 X;(af) = 205 ((a;c); — Xi(ay))(af — af) (2.57)

Then combining (Z54]) with (X0) and using the fact that o; # «; one get

1 X(ed)
= 2.58
w2 a? —a? ( )

7

Substituting the last relation again in ([Z5]) we have
Za?Xi(a?) — a?Xi(a?) =0,
which is equivalent to (241). Relation (24])) follows immediately from (ZZ47).

Corollary 2 If D is a bracket-generating (2,n)-distribution, n > 2, and the metrics Gy
and Go, defined on D, satisfy the first divisibility condition, then they are proportional, namely
G, = a(q)Gu, -

Proof. Since D is bracket-generating, the set V; of points ¢ with
dim D?(q) = 3 (2.59)

is open and dense. By Proposition [l the intersection V5 of this set with the set of all regular
points w.r.t. the metrics G; and G, is also open dense. Therefore it is sufficient to proof the
corollary for the points of V5. From regularity it follows the existence of the adapted frame
(X1, X5). So, we can apply the previous proposition. By Z29), [X1, X2] ¢ D. Hence from
243 it follows that a1 = g, which completes the proof of the corollary. [

Suppose that D is a step 1 bracket-generating (2, n)-distribution (dim D'*! = dim D'+ 1 for
any 1 <1 <n—m). It can be shown easily that D satisfy the assumptions of Proposition Hl
Therefore by Propositions @, B, and Corollary Bl we have the following
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Proposition 7 Suppose that two sub-Riemannian metrics G1 and G are defined on a step
1 bracket-generating (2, n)-distribution, where n > 2. If they are geodesically equivalent at some
point qo, then they are proportional, namely Ga, = a(q)G1, in some neighborhood of qqo.

Our conjecture is that the factor a(q) in the previous propoposition has to be constant, but
we can prove it still only in the case n = 3 (see Corollary [ below). We finish this section with
the following useful lemma

Lemma 3 Suppose that the metrics G1 and Ga, defined on an (m,n)-distribution D, satisfy
the first divisibility condition at some neighborhood U of a regular point qo. If (X1,...Xy) is
a basis of D adapted to the order pair (Gi,G2), and the transition operator Sy has the form
S, = diag (a3(q),...,a2,(q)) in this basis (c; > 0), then the functions Rj, 1 < j < m, defined

by (ZI3), can be written in the following form

m m 4
. X(az) o? (0%
Rj=Y>(1- ( —af)e}; — =1 )u§ +Y (- 5ji)ggxi(a—;)uiuj +
i=1 i=1 J i
m m
Z Z (1 —0ik) a — ak cﬂuzuk + aj Z Z cﬂuzuk (2.60)
i=1 k=1 i=1 k=m+1

(here &;; is the Kronecker symbol).

The relation can be obtain without difficulties by substitution of [Z13]), (Z56]) and the following

obvious identity
_k k%%

= Cijy 1,7, k are pairwise distinct (2.61)
9, a]

into (ZI).

3 The case of Riemannian metrics near regular point

In the present section, using the technique developed above, we give a new proof of classical
Levi-Civita’s Theorem about the classification of all Riemannian geodesically equivalent metrics
in a neighborhood of the regular points w.r.t. these metrics (see [, []). This proof is rather
elementary and transparent from the geometrical point of view. Some crucial ideas of this proof
will be used in the next section for obtaining the corresponding classification for sub-Riemannian
geodesically equivalent metrics on quasi-contact distributions.

Here we prefer the coordinate-free formulation of Levi-Civita’s Theorem, which in our opin-
ion clarifies the statement of it. But before let us introduce some notations and prove some
preparatory lemmas.

Let G1 and G5 be Riemannian metrics on an n-dimensional manifold M. Let ¢g be a regular
point w.r.t. these metrics. Suppose that (Xi,...X,) is a frame adapted to the order pair
(G1,G2) in some neighborhood of g, and the transition operator S, from the metric G to the
metric G has the form S, = diag (a}(q),...,a2(g)) in this basis (a; > 0).

n

Let Rj, 1 < j < n, be as in [(ZIF)). Propositions & Bl and Lemma B imply the following

Lemma 4 Two Riemannian metrics G1 and Gy are geodesically equivalent at a regular point
qo if and only if there exist some neighborhood U of gy such that the following identities hold on
U

Vji:1<j<n R;=0. (3.1)

14



Further, let {A;,...,An} be the set of all distinct eigenvalues of Sy, As > 0 (from the
regularity the number of these eigenvalues is constant for all ¢ from some neighborhood of qp).
Denote by

I,={i:a?=)} 1<s<N (3.2)
Denote also by Dj the following rank |I;|-distribution
Dy = span{ X, }icr,, 1<s<N (3.3)

Lemma 5 If two Riemannian metrics G1 and Go are geodesically equivalent at a regular
point qq, then the distribution Dy is integrable in a neighborhood of qq.

Proof. By Lemma Ml identities (B) hold. Taking the coefficient of u;uy from Z60), by
(B) one has

(a? - a%)c?i + (a? - a2)c§-k =0, 1,J,k are pairwise distinct. (3.4)

i
If a; = o and o; # oy, then from the last relation (a? — az)cfi = 0, which implies that c;?i = 0.

In other words, if ¢, j € I, then [X;, X;] € Ds. So, D; is an integrable distribution. [J

Lemma 6 If two Riemannian metrics G1 and Go are geodesically equivalent at a reqular
point qq, then the distribution

def

is integrable in a neighborhood of qo for all s,1 , 1 <s#1[ < N.

Proof. By the previous lemma it is sufficient to prove that for any three indices 4, j, k with
pairwise distinct oy, «;, and aj we have c?i # 0. Making the corresponding permutation of
indices in ([B4]), we obtain one more relation

—(a? - ai)cﬁ-”i + (a2 — a?)cgk =0, 1,7,k are pairwise distinct. (3.5)

Comb'ining B34), B3H), and [ZZ9), we obtain the system of three linear equations w.r.t. c;‘?i, c§. s
and ¢/, with the determinant equal to 2(a? — a?)(a? —a2)(ad — a?), which implies that c?i =0.
U

From the previous lemma by standard arguments one has the following

Corollary 3 If two Riemannian metrics G1 and Go are geodesically equivalent at a regqular
point qo, then in some neighborhood U of the point qy there exist coordinates (x1,...xy) such
that

Vs:1<s<p Ds={dx;=0}gr,. (3.6)

In other words, in this coordinates the leaves of the integrable distribution Dy are |I4|-dimensional
linear subspaces, parallel to the coordinate {x;}ic1,-subspace.

For any s, 1 < s < N, denote by F; the foliation of the integral manifolds of the distribution
D;. Let Fs(qo) be the leaf of Fs, passing through the point gg. Also, let U be the neighborhood
of go from Corollary Bl Then for any s, 1 < s < N, one can define a special map prs : U — Fs(qo)
in the following way: the point prs(q) is the point of intersection of Fs(gp) with the integral
manifold of the distribution span{D; : 1 <1 < N, # s}, passing through ¢. In the coordinates
of Corollary Bl with ¢o = (0,...,0) the map pry is the projection on the coordinate {z;}ics.-
subspace (which preserves all coordinates z;, i € I;). Now we are ready to formulate Levi-
Civita’s Theorem:
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Theorem 1 (Levi-Civita) Two Riemannian metrics G1 and Gy are geodesically equivalent
at a point qo if and only if for any s, 1 < s < N, on a manifold Fs(qo) there exist a Riemannian
metric gs and a positive function (s, which is constant if dim Fs > 1, such that $5s(qo0) # 51(qo)
for all s # 1 and in some neighborhood of qy the metrics G1 and Gy have the following form

N
G, = Z'Ys(p""s)*gs’ (37)
s=1
N
G2 = Z )\S’YS(prs)*g& (38)
s=1
where
N
Xs = (Bsoprs) [ [ (8o pr), (3.9)
=1
1 1
. = — . 3.10
k ll;[S‘ (Biopri)  (Bsoprs) (3.10)

Proof. We start with the proof of the ”only if” part. Below we work in the coordinate
neighborhood U of Corollary Bl First let us prove the following

Lemma 7 For any s, 1 < s < N, there exist a metric gs on Fs and some function s such

that (374) holds.

Proof. Since by construction for any s; # sy the distributions Dg, and Ds, are orthogonal
w.r.t. the metric Gy, the relation ([B7) is equivalent to the fact that for any s, 1 < s < N, there
exists the metric g; on Fs and the function v, such that

VY € Di(q)  Gig = YsGspryg ((d(prs)gY) (3.11)

If dim Fs; = 1 (or, equivalently, |I5| = 1), then relation (BI1]) holds automatically for some g
on F and some function ~,, because all quadratic forms of one variable are proportional. Let

us prove ([BI]) in the general case. First, as gs we can take the restriction Gy Folan) of G1 to
s(q0
fs (qo), ie

gs =G (3.12)

! fs(qo)
Fix some point ¢ € Fs(qo) and denote by Gs(q1) the integral manifold of the distribution
span{D; : 1 < | < N,l # s}, passing through ¢;. Fix some vector v € Dg(q1) such that
gs(v,v) = 1. By construction for any g € Gs(q1) there exist a unique vector Y,(q) € Ds(q) such
that d(prs)qY,(q) = v. Denote by &, the following function on G4(q1)

eu(q) Y Gl (Ya(a), Yal@), q € Gula) (3.13)

It is clear that the relation (BI]) is equivalent to the fact that the function &, does not depend
on the choice of the unit vector v from Dg(qq). Then in order to obtain (BI1) on G4(q1), we will
put

Vs = Ep. (3.14)

16



Let us prove that the function &, does not depend on unit vector v from Dg(q;). Fix some [ # s
and some vector field Z € Dy, which is unit w.r.t. the metric Gy, i.e. G1(Z,Z) = 1. For some
j € I, i € I; take an adapted frame (Xy,...,X,,) such that

X;(q) =&, *Yu(q), Vg€ Gi(a), (3.15)
X, = Z. (3.16)
First by construction one has
; 1 Xi(Ev)
c,=—= 1
R (3.7
Indeed, let (z1,...,,) be coordinates of Corollary Bl and suppose that v =}, . Uka%k' Then
by ([BI3) on Gs(q1) the fields X; with j € I, have the form
X; :E_l/Qkai, (3.18)
! ’ kels 8xk

while by construction X; € span(a%l,)l_g[ , which together with (BI8) implies (BI7). On the

other hand, by (HGD we have
C‘j =-X; —)\ 1-— —)\ 1 (3 19)
gt 27 Al Al ’ '

where as before A\s(q), \i/(¢q) are the eigenvalues of the transition operator Sy, corresponding to
the eigenspaces D4(q) and D;(q). So, from BID), EI9), (BI8), and definition of ¢, it follows

that
Z(2) As A\
=7 |= 1-——= 3.20
€v <>\l> < >\l> ’ (3.20)

ev(q1) =1 (3.21)

The right-hand side of (B2Z0)) does not depend on the choice of the vector v. Hence from B20)-
@Z1) it follows that on the curve e'?q; the function e, does not depend on the choice of the
vector v. Note that any point of Gs(q1) can be connected with g; by some finite concatenation
of the integral curves of the fields £7, where Z € D;, | # s. Therefore by induction on the
number of "switches”, one gets from ([B20) that on the manifold Gs(¢1) the function &, does not
depend on the choice of the vector v. Defining vs, as in ([BI4), we obtain ([BI1]) on Gs(q1) and
hence on U, which completes the proof of Lemma [[C]

Lemma 8 There exist functions 55 on Fs(qo) such that (39) holds.

Proof. Let, as above, (z1,...,z,) be some coordinates from Corollary Bl Denote by x; the
following |I4|-tuple:
Xs = {a:z-}igs. (3.22)
Since by construction
0
span{Xiter, = span {5~ }ier, = Ds, (3.23)
(3

17



relations (Z41) and ([(Z48) are equivalent to the following relations respectively

V1<s#I<N, iel,: 0 <A—l2>=0 (3.24)
- - s 0x; \ Mg ’

V1<s,l,r<N,l#sr#sicl,: 0 <ﬁ>:o. (3.25)
B B 8% )\r

First suppose that N = 2. Then from (24)) there exist functions (3(xs), s = 1,3 such that

P P
i—? = Ba(x2), i—; = Bi(x1), (3.26)

which easily implies (B), if we take f; = 511/ 3, Bo = 721/ 8 For N > 2 a standard analysis of
conditions ([B20]) implies that there exist functions [s(xs) such that

As(q)  Bs(xs)

= 3.27
N~ Al) (20
Substituting the last relation in (Z47) one can obtain easily that
9 As(q) > .
— =0, e, l#s 3.28
o (58 ) =0 jeniz 3.29

Using standard arguments of ”separation of variables” for the last equations, one can easily
conclude that there exist a function o(xs) such that

Ae =o(xs) [ B100)- (3.29)
l#s
Substituting the last equation to (B:21) we obtain that

os(Xs) _ ﬁ?(XS)
alx)  Bixa)’

which in turn implies that o; = C3? for some constant C' > 0. Replacing functions 3; by kf;
for some constant k£ > 0 one can make C' = 1. So,

N
Xs = Bs(xs) [T 0w, (3.30)
=1
which is equivalent to (Bd). O

Lemma 9 If dim F; > 1, then As is constant on each leaf of the foliation Fy

Proof. Taking the coefficients of u?, i # j , from (Z60) and using (1), we obtain the
following relation
Xj(0f) =2c(0f —af) i# . (3.31)
Note that identity (B3T]) is stronger than identity (Z58]): in the first identity we assume that the
corresponding indices are different, while in the second one we assume that the corresponding
eigenvalues are different. Take any pair of indices i, j € I such that i # j (by assumption |I5| > 1
it is possible). Applying ([B31) and using the fact that a; = o; = )\;/2, we get X;(As) = 0 for
any j € I, which implies the statement of the lemma. [
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Remark 3 The functions (s from relation (Z4) have the intrinsic meaning, because they
can be expressed by the eigenvalues of the transition operator Sy in the following way

No1 __2
Boopre =X ([TN) ™ (3.32)
l#s
From the previous lemma and (B3) it follows immediately the following
Corollary 4 If dim F; > 1, then the function Bs is constant.

To complete the "only if” part it remains to prove relation (BI0). For this, combining (BI4I),
BID), and BIJ), then taking into account [B23) and [B21), one obtains without difficulties

ﬁs(Xs) _ 1‘
Bi(xi) '

Again using standard ”separation of variables” arguments we get from the last relations that
there exist one-valuable functions ws(xs) such that

0 0
Vi<s#I<N,iel: %ln%:&r'

In

(3.33)

1 B 1
5[()([) 58()(5)

¥s = ws(Xs) H
l#s

. (3.34)

Finally note that by a change of coordinates of the type xs — Fs(xs) we can make ws = 1 for
any 1 < s < N, which together with (B34]) implies (BI0). This completes the proof of the ”only
if” part.

Note that in the proof of the "only if” part we actually have used all information, which can
be obtained from relations ([B1]) (the only group of coefficients in (Z60) that we did not exploit
are coefficients of u;u; with 7 # j, but the identities that they produce from (B are equivalent
to identities (B33T), which was obtained by exploiting another group of coefficients). Therefore
by Lemma Ml the conditions of the theorem are not only necessary, but also sufficient. The proof
of the theorem is completed. [

For metrics on surfaces Levi-Civita’s theorem is called also Dini’s Theorem, because Dini
obtained it first in [2].

4 The case of corank one distributions

In the present section we investigate the problem of geodesic equivalence of sub-Riemannian
metrics on a distribution D of corank 1, especially, if D is contact or quasi-contact. From the
beginning we work in the neighborhood of regular point ¢, extending then the results to the
non-regular points by the limiting process, when it is possible.

Let the functions R; and Q) be as in (218) and T respectively. All these functions are
polynomials on the fibers. In general, these functions depend on the choice of the adapted frame
to the pair of the metrics (G1, Ga2).

Definition 6 We will say that the ordered pair (G1,G2) of sub-Riemannian metrics on the
distribution D satisfies the second divisibility condition on an open set U, if there exist an adapted
frame to the pair (G1,Gz) in U such that for any q € U on the fiber TyU the polynomial R; is
divided by the polynomial Qjm+1 for any index j such that Qjm41 # 0 on T;U, 1 < j < m.
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Note that E;?Z’H = a,la,cg'fl for any 4,7 such that 1 < < j. Therefore
i

m

1
Qjmi1 = — Y i, (4.1)
&=

Proposition 8 Suppose that for given two sub-Riemannian metrics G1 and Go on corank 1
distribution D and for some open set U of regular point qy there exists an orbital diffeomorphism
of the extremal flows of these metrics in some open set B in Hy NT*U, w(B) = U. Then the
pair (G1,G2) satisfies the second divisibility condition on U.

Proof. Fix some index j, 1 < j < m, such that
Qjm+1 Z 0. (4.2)
Substituting ([Z37) into (ZZI]) we obtain

El(Qij)Rj _ polynomial
Q3,1 P2 Qjmi P32

or, equivalently,
Phy(Qjm+1)R;
Qjm+1
Positive definite quadratic form PP cannot be divided by @ jp,41, which is linear function with

= polynomial. (4.3)

real coefficients. Let us prove that Qj,,+1 does not divide ﬁl(Qij). Assuming the converse,
one can conclude that the coefficients of uju,, 1 in the quadratic polynomial hl(Qij) has to
be equal to zero (because @ jm+1 does not depend both on u; and on wy,+1). On the other hand,
from ([(Z24)) and (EJJ) it is not hard to get that this coefficient is equal to

- 2

1

e (cg'fr )°.
i=1
Hence c;'i”rl = 0 for all 1 < i < m, which contradicts the assumption [2]). So, relation (E3])
yields that R; has to be divided by Qjn+1, i.e., the second divisibility condition holds.[]

Proposition 9 Suppose that for given two sub-Riemannian metrics G1 and Go on some
(m,m+ 1)-distribution D and for some open set U there exists an orbital diffeomorphism of the
extremal flows of these metrics in some open set B in Hi NT*U, w(B) = U. Suppose also that
there exists the basis (X1,...,Xm) of D adapted to the ordered pair (G1,G2), and the transition
operator S, has the form S, = diag (a2(q), ..., a2,(q)) in this basis (c; > 0). Then the following
two statements hold

1. If
def

19 {je{1,...,m}:[X;,Dl(a) ¢ D(g) Vg€ U}, (4.4)
then a; = aj in U for alli,j € I;
2. Ifad;faj,jel, and [ = {je{l,...,m}:aj:a}, then

Vjel: Xi(a)=0 (4.5)
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Proof. By Proposition B for any j € I the polynomial R; is divided by a;Qjm+1. But by

(37) the polynomial —
other word,

- does not depend on j € I (because it is equal to VP®,11). In

m+1

Rj = (Z Tiui) @ Qjm+1, (4.6)

i=1
where coefficients r; do not depend on j € I. As a consequence of the last identity and ([Z31)

one has —
m
Doiey Till

q) +1 =
m ﬁ
Using (Z60) and (EJl), one can compare the coefficients of w;um+1, 1 < i < m in both sides of

(&3l to get

(4.7)

2 m+1 __ m—+1
ajcji = ’I"m+16ji

Since by definition for any j € I there exist 1 < i < m such that cerl # 0, then
Vjel: oz? = Tyl (4.8)

In other words, a; does not depend on j € I, which concludes the proof of the first statement
of the proposition.

Let us prove the second statement. From (E60) and the fact that o; = a; = « for all i € 1
it follows that

1
Viel: (the coefficient of u? in Rj) = —§X]~(a2). (4.9)

If j € I\I, then Qj;,+1 = 0 and by identity ZZ) we have R; = 0, which together with (3
implies that X;(a?) = 0.

If j € I, then comparing the coefficients of u?, i € I, i # j in both sides of ) and using
relations (E9), (EI), we obtain

1
5 i) = rici . (4.10)

Substituting identity (1) into identity (ZZI) with s = m + 1, then using (Z353]), and finally
multiplying both sides on VP, we get

m+1 m a m+1 m+1 m
E Tzuz - _( E o2 U ) E iU — Qm—i—l m-+1 § iU = § Qm-i—l EOLUE (4'11)
=Y k=1

Comparing the coefficients of u;um+1, j € I in both sides of @IIl) one can obtain without
difficulties that

an+1+ X( %) =0,

which together with @I0) implies that % ntlx X;(a?) = 0, where n; is the number of indices i,
1 <i < m such that cerl # 0. Therefore X (a ) =0 for all j € I. The proof of the second
statement is also completed O

As a direct consequence of Proposition Bland the previous proposition we obtain the following

Theorem 2 If two sub-Riemannian metrics G1 and Gs, defined on a contact distribution
D, are geodesically equivalent at some point qo, then they are constantly proportional in some
neighborhood of qq.
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Proof. First note that it is sufficient to prove this theorem for regular ¢o: using the density
of the set of regular points (Proposition [l), one can extend the theorem to the non-regular
points by passing to the limit. If gy is regular, then there exists the basis (Xi,...,X,,) of D
adapted to the ordered pair (G1,G2). Let, as before, the transition operator S, has the form
S, = diag (a3(q),...,a2,(¢q)) in this basis (o; > 0). In the case of the contact distribution the
set I, defined by ([4), coincides with {1,...,m}. Therefore, by consecutive use of Propositions
and [@ we obtain that there exists the function « such that a; = o and X;(«) = 0 for any 1,
1 < ¢ < m. This together with the fact that contact distribution is bracket generating implies

that a; = a = const for any 7, 1 < i < m, which concludes the proof of the theorem. [J

For (2,3)-distributions we can extend the last result from contact to all bracket-generating
distributions, because the set of points, where bracket-generating (2, 3)- distributions are contact,
is open and dense. Namely, we have the following

Corollary 5 If two sub-Riemannian metrics G1 and Gs, defined on a bracket-generating
(2, 3)-distribution D, are geodesically equivalent at some point qo, then they are constantly pro-
portional in some neighborhood of qq.

Now consider the case of the quasi-contact distribution D. The following theorem gives the
classification of all geodesically equivalent sub-Riemannian metrics, defined on such distribution:

Theorem 3 Suppose that G1 and Go are two sub-Riemannian metrics on the quasi-contact
distribution D such that Go # const G1. Assume also that the vector field X is tangent to the
abnormal line distribution of D and unit w.r.t. the metric Gy (i.e., G1,(X,X) =1). Then the
metrics G1 and Go are geodesically equivalent at the point qg if and only if in some neighborhood
U of qo the following four conditions hold simultaneously:

1. If
Di(q) ={v € D(q) : Gi,(v,X) =0}, =12, (4.12)
then D1(q) = D2(q) and the distribution D? is codimension 1 integrable distribution (here
D} = Dy + [Dy, D1]);

2. If F is the foliation of the integral hypersurfaces of the distribution D3, then the flow etX
generated by the vector field X preserves the foliation F, i.e., it maps any leaf of F to a
leaf of F;

3. There exists the one-variable function [((t), 5(0) = 1, such that if Fo is the leaf of the
foliation F passing through qo and Gl‘ o is the restriction of the metric Gy to the leaf

et Fo
e!X Fy, then

e (4.13)

= 80 () a)

4. There exist two constants Cp > 0 and Cy > —1, Cy # 0, such that if Fy is as before and

)
etX Fo etX Fo

Go - is the restriction of the metric Gy to the leaf !X Fy, then
etz 0
Ch
=—F—G 4.14
2 etX Fo 1+ Cof(1) ! et X Fy ( )
Vge X Fy: G (X(9),X(q) = & 5. (4.15)
(14 Cap(t))
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Before proving Theorem B, let us make some remarks. According to this theorem for the
quasi-contact distribution D the pair (G, G3) of constantly non-proportional geodesically equiv-
alent metrics at the point qg is uniquely determined by fixing

a) a vector field X tangent to the abnormal line distribution of D;

b) a hypersurface Fy, passing through go and transversal to the abnormal line distribution
of D;

c) a sub-Riemaznnian metric G on the contact distribution D, defined on the hypersurface F
as follows: D(q) = D(q) NTyFo, q € Fo;

d) a one-variable function ((t) with 5(0) = 1;
e) two constants C1, Co, where C1 >0 Cy > —1, and Cs # 0.

The metrics G; can be uniquely recovered from the data of a)-d). For this we extend the
distribution D and the metric G on D from Fy to M by the flow X. Namely, we set

VgeFo: D(EXg) = (€).D(), Gurxglviw) = Go((e™)v, (¥)w), v,w € D(eXg).
Then the metric G is uniquely defined by the following two conditions:

e for any ¢ € e!X F on the subspace D(q) the metric Gy coincides with G' multiplied by the
factor [3(t)

e for any ¢ the vector X(g) is unit and orthogonal to D(q) w.r.t. G.

In particular, it shows that the metrics on quasi-contact distributions, admitting constantly
non-proportional geodesically equivalent metrics, are very special. The metric G2 is uniquely
determined by G and two constants C; and Coy with the properties prescribed in e). In other
words, if the metric G1 admits constantly non-proportional geodesically equivalent metrics, then
the set of such metrics is two-parametric. Note also that if one takes C5 = 0 in statement 4 of
Theorem B then the metrics are constantly proportional.

Proof of Theorem Bl Let us prove the ”only if” part. Let the metrics G7 and Gs be
geodesically equivalent. First suppose that qq is regular point w.r.t. the pair (G1,G3). As before
let (X1,...,X,n) be a basis of D adapted to the ordered pair (G1,G2) and suppose that the
transition operator Sy = diag(ca3(q),...,a2,(q)) (where a; > 0) w.r.t. the basis (X1,..., Xp).

First note that the field X has to coincide with one of the fields X;, 1 < i < m. Otherwise,
the set I, defined by ([Z), coincides with {1,...,m}. Then by the same arguments, as in the
proof of Theorem B, we obtain that the metrics G; and G are constantly proportional, which
contradicts our assumptions. Without loss of generality, it can be assumed that X = X,,.
Secondly by Proposition @ for any 1 <i,j < m—1 we have a; = ;. In the sequel we set o; = «
forl1 <i<m-—1.

Since the field X,, = X has no singularities, by passing to the limit one obtains that the
adapted basis with the same properties exists also in a neighborhood of non-regular points
w.r.t. to the pair (G1,G2). Moreover, a,, # «. Indeed, assuming the converse we obtain from
the statement 2 of Proposition [l that the set I = {j e{l,....m}:qo; = a} coincides with
{1,...,m}. But from this again by the same arguments, as in the proof of Theorem [, we obtain
that the metrics G; and G9 are constantly proportional, which contradicts our assumptions.
Actually, we have shown that for geodesically equivalent metrics gy is always regular: in some
neighborhood of ¢¢ the number of distinct eigenvalues of the transition operator is constant and
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equal either to 1 (in this case the metrics are constantly proportional) or to 2. Besides, if D
and Dj are as in ({I2), then

Dy = Dy = span(Xy, ..., Xm—1).

From (ZZ7) it follows that X&%)z 0 for all 1 <4 < m — 1, which together with (X))

implies

Vi<i<m—1: Xi(am)=D0. (4.16)
Replacing the (X)) and ([ETI6) in (Z46), we obtain also that
Vi<i<m—1: &7 =0. (4.17)

Let us complete the adapted basis (X7, ..., X,,) somehow to the frame (Xi,..., X;+1).
Lemma 10 The distribution D% = D1 + [D1, D1] is integrable.

Proof. Using (Z&0) and (I, let us compare the coefficients of w;ty,, 1 < ¢ < m — 1 in both
sides of ([Hl), where 1 < j <m — 1. As a result, we get easily

Vi<i#j<m-—1: (a2—a?n)c;7}:rm I e ;”njl

But by construction m & I, i.e. cgnnj V=0 forall 1 <j <m—1. Therefore the last relation is

equivalent to the following identlty

. . . . T'm +1
Hence [X;, X;] € span(Xl,... Xin—1, 572 X —|—Xm+1) forall 1 <4,5 <m —1 or, equiva-
lently,
2 T'm
Di = span (Dl, ——— Xm + Xm+1>. (4.19)
o —«

m

To prove the lemma it is sufficient to prove that
. T r
Vi<i<m-—1: [X X + Xm+1] c span(Dl, X+ Xm+1). (4.20)

m m

Using (X)) and T4, it is easy to show that ([20) is equivalent to the following identity
Xi(rm) + rmcr: + cﬂﬂi(oﬂ —a?) - rmcﬁﬂz =0 (4.21)

Let us prove identity [Z1]). First note that from ([H]) and [I0) it follows easily that r; = 0
for 1 < i < m — 1 (here we use also the fact that for given i, 1 < i < m — 1, there exist j,
1 <j <m—1, such that c?]”l # 0). From this and (EH) it follows that the identity (EIT]) can
be rewritten in the following form:

. m+1 1 X m+1 m+1 m
hl (Z Tiui) Um Z Ty — Qm-i—l m+1 Z riu; = Z Qm-l—l EOLUE (422)
i=m m k=1

Comparing the coefficients of w;u,,, 1 <i < m — 1 in both sides of [E22) by use of [Z24]) and
ET9) it is not difficult to obtain

m m 7 —m—+1 ) -m
Xi(rm) + TmCm; + Tmt1(Cmp1i T Cngim) = T'mCmi 1@ = (Crngim + Cg1s) 0Qm (4.23)
-m+1 m+1 i _ o ~m _
From (Z&1) and EZ2) it follows that Cm—i—lz = 2O Coim = =gy, and Gy =

amcm . while by [X) we have r,,11 = . Substituting all this to [Z3]) we get (EZT]), which

a m+l
completes the proof of the lemma. [
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Lemma 11 If F is the foliation of the integral hypersurfaces of the distribution D3, then
the flow e!X generated by the vector field X preserves the foliation F.

Proof. From the previous lemma it follows that in some neighborhood U of ¢y there ex-

ist coordinates (z1,...,Zm+1) such that the leaves of F are {z,, = const} and X,, = 1/%
for some function v. By construction, all vector fields X; with 1 < ¢ < m — 1 belong to
span(a%l, e Wa_l, ﬁﬂ). Therefore ¢, = XlT(V) for all 1 < ¢ < m — 1, which together with

(ETD) implies that X;(v) =0 for all 1 <4 <m — 1. Then v is constant on each leaf of F, which
equivalent to the statement of the lemma. [

Lemma 12 Relation {{.13) holds for some one-variable function [((t).

Proof. Actually the proof of this lemma is very similar to the proof of Lemma[l Since the
vector field X = X, satisfies [X, D] C D, the flow e!X preserves the distribution D. This and
the previous lemma implies that e!X preserves also the distribution D; (note that by the previous
lemma D;(q) = D(q) NT,F(q), where F(q) is the leaf of the foliation F, passing through the
point q).

Fix some point g1 € Fy. Denote by L, the abnormal extremal trajectory passing through
q1. Fix some vector v € D,(q1) such that G4, (v,v) = 1. By construction for any point ¢ € Lg,
such that ¢ = €% gy there exist a unique vector Y,(g) € Di(q) such that d(e~*X),Y,(q) = v.
Denote by €, the following function on the curve L, .

e(q) Y G1,(V(0), Yal0), g € Ly, (4.24)

By the same arguments as in the proof of Lemma [ we obtain that the function ¢, does not
depend on the choice of the unit vector v from Dp(gq1). It implies that for any ¢ in some
neighborhood U of ¢q (here any coordinate neighborhood from the proof of the previous lemma
can be taken as U) there is 5(q) such that if ¢ = ¥ q;, where ¢; € Fy, then

—tX \*
= G )
etX]:O ﬁ ((6 ) 1
Besides, similarly to (B20)-@B2Z1]), we have

= 1. (4.27)

Gy

(4.25)

etX Fo

Finally by [H) and ([I0) the functions a and vy, are constant on each leaf of the foliation
F. Therefore ([@20)-E2D) implies that the function 3 is constant on each leaf of the foliation
F too. This fact together with (E20]) implies [EI3)).00

In order to complete the proof of the "only if” part it remains to prove identities ([EI4]) and
(ET1H). By [I2) and statement 1 of Proposition

Vg e X Fy Gay = a*(q)G1, (4.28)
Vg € X Fy : G, (X(q), X(q)) = a2 (q). (4.29)
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So, it remains to find the functions a and «;,. As was mentioned in the proof of the previous
lemma, the functions a and «,, are constant on each leaf of the foliation F. Besides, by (ZZ41)
we have Xm(o‘—Q) = 0. So,

Qam

2 =0, (4.30)

Um

where C' is constant. Then from (226 it follows that for any j, 1 < j <m —1

Xom <%> =2c,, (1 — %) (4.31)

By Lemmas we can choose the coordinates (y1,...,Ym,t) in a neighborhood of gy such
that ¢o = (0,...,0) and

Xm=—=; 4.32
5 (4.32)
= 0
X; =8> v, 1<j<m-—1 (4.33)
o O
As in (BI7) this yields that
; 1d
L= ———1 .
Substituting the last formula in ([@31]), one can obtain without difficulties that
C
= 4.34
“m T CuB() (4.34)
for some constant Co, Co > —1, Cy # 0. Then by (E30)
02
2
=Capyp=———— 4.35
T T T B0 (4.35)

Setting C7 = C? and substituting (Z30) and (E34) into @ZN) and @Z), we get (EId) and
(ETH). The proof of the "only if” part of the theorem is completed.

Note that in the proof of the "only if ” part we actually have used all information, contained
in (E4), which is equivalent to (Z20). Also, it can be shown by direct check that if all conditions
1-4 of Theorem Blhold then the identity ([@22]) holds too (but this identity is equivalent to ([Z2ZT])).
From this, Lemma Bl and Proposition Bl it follows that conditions 1-4 of the theorem are also
sufficient for the geodesic equivalence of our metrics at qo. O

5 The case of Riemannian metrics on a surface near non-regular
isolated point

In the present section for the Riemannian metrics on a surface we obtain the classification
of geodesically equivalent pairs at non-regular point (the point of bifurcation of the eigenvalues
of the transition operator). Namely, we consider the case when two Riemannian metrics on a
surface are proportional in an isolated point. Since the set of all 2 x 2 symmetric matrices with
the equal eigenvalues has codimension 2 in the set of all 2 x 2 symmetric matrices, we have that
for generic pair of Riemannian metrics on a surface the set of points of their proportionality
consists of isolated points. Therefore its is natural to consider the case when two Riemannian
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metrics on a surface are proportional in an isolated point. It turns out that Dini’s Theorem
(i.e., Levi-Civita’s theorem in the case of a surface) can be naturally extended to this case.

First let us formulate Dini’s Theorem in the case of non-proportional metrics and analyze
its additional features.

Theorem 4 (Dini’s Theorem) Suppose that two Riemannian metrics G1 and G on a sur-
face are non-proportional at some point qy. Then they are geodesically equivalent at qq if and only
if in some neighborhood of qq, there exist coordinates (z1,72), qo = (29,23), and one-variable
functions B1(z1) and Ba(x2) (B1(2?) < B2(xY)) such that in this coordinates

2 _ 1 22 4 da?
141 = (50— 5oy ) (et + e 6.)

-1 = Bu(a)Ba(a) (

where |[v||? = G;(v,v), i = 1,2.

ﬁl(lggl) o ﬁz(lx2)> (ﬁ1(331)d33% + ﬁ2($2)d$§) , (5.2)

The coordinates, appearing in Theorem H will be called Dini’s coordinates of the ordered
pair of Riemannian metrics (G, G2). The following lemma will be useful in the sequel

Lemma 13 If (x1,22) and (Z1,%2) are two Dini’s coordinates of the ordered pair of Rie-
mannian metrics (G1,G2) on the same neighborhood U, then T; = +x; + ¢; some constants c¢;,
1=1,2.

Proof. From Corollary Bl and the fact that in Theorem [[l we assume that (3 (2)) < SBa(9)
it follows that the coordinate net of all Dini’s coordinates on U coincide: Dy = {dzo = 0} =
{dzo = 0} is the line distribution of the eigenvectors of the transition operator, corresponding
to its smallest eigenvalue, while Dy = {dx; = 0} = {dz; = 0} is the line distribution of
the eigenvectors of the transition operator, corresponding to its biggest eigenvalue. Hence the
transition function between the coordinates has a form z; = ¥;(z;), i = 1,...n. Then the first
metric is written in the coordinates (Z1,...,Z,) as follows:

2 1 _ 1 : N2 (d 3 )2
-1l = (51(1/1(1’1)) 5%@(@))) ;(%( )7 (dz)”.

By Remark Bl the coefficients of dw? in (BJJ) do not depend on the choice of the Dini coordinates.
Therefore (¢}(z;))? = 1, which implies the statement of the Lemma. [J

Recall that a Riemannian metric on a surface defines the canonical conformal structure: In
a neighborhood of any point there is a coordinate system in which the Riemannian metric has
the form

11 = w(a,y)(da? + dy?). (5-3)

Such coordinates are called isothermal (see, for example, [§ or [3]). The transition function
from one isothermal coordinates to some other is conformal mapping, up to the orientation, so
the set of all charts with isothermal coordinates defines the conformal structure. Note that by
(B all Dini’s coordinates are isothermal w.r.t. the first metric Gy.

Now suppose that the Riemannian metrics G; and Gy are proportional at some isolated
point gy and geodesic equivalent in a neighborhood of this point. Choose in a neighborhood B
of g some isothermal coordinates (x,y) w.r.t. the first metric G;. Also, we can assume that the
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metrics are geodesic equivalent in B (otherwise we can take a smaller neighborhood). By above
for any ¢ € B in a neighborhood B, of ¢ there exist Dini’s coordinates (u,v) of the ordered pair
(G1,G2). We also can take them such that they define the same orientation as (x,y). The pair
(Bg,u(z,y) +iv(z,y) is a function element of an analytic function. Taking one of such function
elements and using the standard procedure of the analytic continuation, we get the analytic
function F' in the punctured neighborhood B\gg such that each of its function elements defines
the transition function from the chosen isothermal coordinates (x,y) to Dini’s coordinates of
the ordered pair (G, G2) in the neighborhood of this function element. The function F' will be
called a Dini transition function of the ordered pair of geodesic equivalent Riemannian metrics
from the given isothermal coordinates (x,y). The following theorem gives the characterization
of Dini’s transition functions at an isolated point of the proportionality of the metrics:

Theorem 5 If F(z) is some Dini transition function of the ordered pair of Riemannian
metrics, which are proportional at an isolated point qy and geodesic equivalent in a neighborhood
of this point, then the function (F')? has a pole of order 1 or 2 at qo. Besides, if (F')? has a
pole of order 2 at qq, then the principle negative coefficient in its Laurent expansion at qo has to
be real.

Proof. First note that the function (F”)? is an one-valued function on some punctured
neighborhood B\ gy of ¢o. Indeed, by Lemma [[3] the function elements (V, F}) and (V, Fy) of F
(with the common neighborhood of definition) satisfy

Fi(z) =xF(2) +c, z=uz+1y, (5.4)

where c is some complex constant. This implies that (F})? = (F3)2.

Now let us prove that (F')? has a pole at qo. Indeed, suppose that in the original coordinates
the metric G satisfies ([3]) with some function p. Writing the metric G; in Dini’s coordinates,
we obtain that ) )

2
p= (o= )IF (5.5)
1 Bo ’
where the functions 3; are as in Theorem Bl The functions 3; are expressed by the eigenvalues
A; of the transition operator as in ([B32) with n = 2. The condition of the proportionality of
the metrics at gy implies that

B1(q0) = B2(qo0) (5.6)

(because A\1(qo) = A2(qo)). From this, (BX) and the fact that the function p has no singularity
at qo it follows that lim,_q, |F'(2)]? = oo, i.e. (F’)? has a pole at qo.

Although the function F is in general multiple-valued, by (&) the families of the level sets of
the function Re F' (the function Im F') for all its branches coincide. By construction the function
(1 is constant on the level set of Re F', while the function 35 is constant on the level set of Im F'.
Using this fact it is not difficult to prove that the order of pole of (F')? at qo is not greater
than 2. Assuming the converse, we obtain that the function F? also has a pole at qy. So, F?
maps a puncture neighborhood of gg onto the neighborhood of infinity and also sends the point
qo to co. But any level set of Re F is the preimage w.r.t. the mapping F? of some parabola of
the type u = ¢* — % on the plane w, where w = F?(2), w = u + iv. Such parabolas have oo
as an accumulation point. Hence ¢ is the accumulation point of any level set of the function
Re F. This together with the fact that (31 is constant on the level set of Re F' and continuous
at go implies that (4 is identically equal to some constant Cy in a neighborhood of ¢g. In the

same way, (J2 is identically equal to some constant Co there. Moreover, by ([&8) C; = Cs. But
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it means that our metrics are proportional in the neighborhood of gy, which contradicts our
assumptions. So, the order of pole of (F')? at qq is not greater than 2.

To complete the proof of the theorem it remains to show that if (F”)? has a pole of order 2 at
qo, then the principle negative coefficient in its Laurent expansion at g is real. Indeed, if (F’)?
has a pole of order 2 with the principle negative coefficient a in its Laurent expansion at g,
then F' has the logarithmic singularity at gy with coefficient /a near the logarithm. In this case
after the appropriate change of independent variable z in a neighborhood of ¢y (i.e., conformal
change of coordinates in a neighborhood of ¢g) one can get F(z) = \/alogz, gqo = 0. But if a is
not real, then y/a is neither real nor pure imaginary. In this case all level sets of both ReF and
ImF are spirals having qg, as an accumulation point. As above, it implies that functions 81 and

(B2 are equal to the same constant, which is impossible. The proof of the theorem is completed.
O

According to the previous theorem only the following two situation are possible at an isolated
point of proportionality of two metrics:

1) (F')? has a simple pole at gy < F(z) = 1/G(z) for some analytic function G(z), having
at qo zero of order 1 (i.e., F' has the "square root” singularity at qp). In this case after the
appropriate change of independent variable z in a neighborhood of ¢y one can get F(z) = /z,
q0 = 0;

2) F’ has a simple pole at gy with real or pure imaginary residue at gy < F(z) has the
logarithmic singularity at ¢o with real or pure imaginary coefficient b near logarithm. In this
case after the appropriate change of independent variable z in a neighborhood of ¢y one can get
F(z) = blogz, qo = 0, where b is real or pure imaginary constant. If b is real then the level
sets of Im F'(z) are the rays, starting at 0. Hence by the same argument as in the proof of the
previous theorem we can conclude that the function (35 is constant. Besides, the function (3; in
this case depends only on |z| (here (3; as in Theorem [Il). In the same way, if b is pure imaginary,
then (3 is constant and (2 depends only on |z|.

Using 1), 2) and Theorem [[I we obtain without difficulties the following analog of Dini’s
Theorem:

Theorem 6 (Generalization of Dini’s Theorem to the case of an isolated non-regular point)
Two Riemannian metrics G1 and Go on a surface M, which are proportional in an isolated point
qo, are geodesic equivalent in a neighborhood of this point if and only if one of the following two
conditions holds:

1. In a neighborhood of qq, there exist coordinates (x,y), qo = (0,0) and two one-variable
smooth functions U and V', satisfying 0 < U(u) < V(0) = U(0) < V(v) for all positive u
and v, U'(0) = =V'(0), and V'(0) > 0, such that in the punctured neighborhood of qo the
metrics G1 and Go satisfy

1 1 1
-1 = - —(dr? +r2d6?), (5.7)
U(r cos? g) V(r sin? g) 4r
)3 = Ll A — Scosf)dr? — 2Srsin Odrdf + (A + S cos 0)r?dh?), 5.8
8r

where

A= U<r0082 g) + V(rsin2 g), S = V(rsin2 g) - U(TCOS2 2)7

and (r,0) are the corresponding polar coordinates;
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2. In a neighborhood of qo, there exist coordinates (x,y), qo = (0,0), positive constants a, C,
and an one-variable smooth functions R(r), satisfying R(r) # R(0) for r > 0, R(0) = C,
R'(0) = 0, and R"(0) # 0, such that in the punctured neighborhood of qo the metrics Gy
and Go satisfy

1 1 a
118 = | = | ot + 206, 5.9)
'2_aC’R(r)l_ 1 2 2 192
I2=—5— |5 R (R(r)dr* + Cr*d?), (5.10)

where (r,0) are the corresponding polar coordinates.

Remark 4 The conditions on the functions U and V in the case 1 and on R in the case 2
follows easily from the fact that the metrics are positive definite and nonsingular at qq.

Remark 5 Using the standard arguments of Complexr Analysis, one can show that for the
pair of geodesically equivalent metrics the set of non-reqular points cannot be a rectifiable curve
I': in this case one can construct an one-valued Dini transition conformal function out of I’
which goes to infinity, when one tends to I'. Then by Morera Theorem the function 1/F is
analytic and equal to zero on I' and so everywhere, which is impossible.

Acknowledgments. 1 would like to thank professor A. Agrachev for proposing me to work on
this problem and for his constant attention to this work.
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