Lemma. If f is analytic in the annulus { z € C : r| < |z| <r, }, then the value of the integral

f(z)dz (counterclockwise orientation)

|z|=r

is not necessarily zero but is independent of the value of r between r, and r,.
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Theorem. If f is analytic in the annulus {z € C : r; < |z| < r,}, then there exist a
function f| analytic when |z| > r, and a function f, analytic when |z| < r, such that f =
f> — f, in the annulus.
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Corollary. If f is analytic in the annulus { z € C : r| < |z| < r, }, then f can be expanded

in a Laurent series
o]
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n=—co

that converges absolutely and uniformly on compact subsets of the annulus.
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