Some theorems about the range of entire  functions

Theorem (Picard’s “little theorem™). The range of a nonconstant entire function is either C or
C \ {one point}.
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A weaker theorem that we can prove now:

Theorem (Liouville). The range of a nonconstant entire function is unbounded.
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Mean-value property of analytic functions in disks
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Simplest version of the "maximum principle"

The absolute value of an analytic function cannot have a strict local maximum.
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January 2015 qualifying examination

8. Suppose f has a simple pole at the origin, and g denotes 1/ f (the reciprocal function).

How is the residue at the origin of the composite function fog related to the residue at the
origin of f7?

January 2014 qualifying examination

6. Consider a rational function f(z) = q(z)/p(2), where p is a polynomial of degree n and g
is a polynomial of degree n — 2 or less. If z;, 29, ..., z,, are distinct roots of p, prove that the
residues of f satisfy

August 2013 qualifying examination

2. Suppose that f is holomorphicin { z € C : 0 < |z| < 1 }, the punctured unit disk. Prove
that the point O is a removable singularity for the function f if and only if the point 0 is a

removable singularity for the function f” f”” (the product of the first derivative of f and the
second derivative of f).
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