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Abstract. We investigate frame theory over the binary field Z2, following work of Bodmann, Le, Reza,
Tobi and Tomforde. We consider general finite dimensional vector spaces V over Z2 equipped with an
(indefinite) inner product (·, ·)V which can be an arbitrary bilinear functional. We characterize precisely
when two such spaces (V, (·, ·)V ) and (W, (·, ·)W ) are unitarily equivalent in the sense that there is a
linear isomorphism between them that preserves inner products. We do this in terms of a computable
invariant we term the matricial spectrum of such a space. We show that an (indefinite) inner product
space (V, (·, ·)V ) is always unitarily equivalent to a subspace of (Zn

2 ), 〈·, ·〉) for sufficiently large n, where
〈·, ·〉 denotes the standard dot product bilinear functional on Zn

2 . This embedding theorem reduces the
general theory to the theory of subspaces of (Zn

2 , 〈·, ·〉. We investigate the existence of dual frames and
Parseval frames for vector spaces over Z2. We characterize precisely when a general (indefinite) inner
product space (V, (·, ·)V ) satisfies a version of the Riesz Representation Theorem. We also consider
the subspaces On consisting of all vectors x in (Zn

2 , 〈·, ·〉) with 〈x, x〉 = 0, and we show that On has
a Parseval frame for odd n, and for even n it has a subspace of codimension one that has a Parseval
frame.

Introduction

Frames on inner product spaces (Hilbert spaces) over the fields of real or complex numbers have
been well studied and are a useful tool in both theoretical and applied mathematics. Formally, a
frame F for an inner product space H over R or C is a sequence of vectors {xn} in H indexed by a
countable index set J for which there exist constants 0 < A ≤ B < ∞ such that, for every x ∈ H,
A‖x‖2 ≤

∑
n∈J | 〈 x, xn 〉 |2 ≤ B‖x‖2. A frame over R or C is called tight if A = B and is called a

Parseval frame if A = B = 1. If H is finite dimensional then finite frames over R or C are easily
characterized as finite indexed sets whose linear span is H. Every frame {xn} in H over R or C has a
dual frame {yn} (generally non-unique) which has the reconstruction property that for all x in H we
have x =

∑
n∈J 〈 x, yn 〉xn. Parseval frames are self-dual and are characterized by the property that

x =
∑

n∈J 〈 x, xn 〉xn , x ∈ H. We refer to [2], [4], [5] for background and exposition of the R and C
frame theory.

The purpose of this article is to build onto the previous work by Bodmann, Le, Reza, Tobi and
Tomforde [1] in which they introduce frame theory over the finite field of characteristic 2. They
considered Zn2 equipped with the standard dot product, which we will denote by 〈·, ·〉, as an indefinite
inner product and proved that (Zn2 , 〈·, ·〉) has a number of properties such as the Riesz Representation
Theorem. Some aspects of the theory remain nearly the same as in the inner product space theory
over R, but others are strikingly different. The formal definition of the dot product on Zn2 for x =
(x1, x2, . . . , xn) and y = (y1, y2, . . . , yn) is 〈x, y〉 :=

∑
xiyi. This is an indefinite inner product since

many vectors x, such as (1, 1), have the property that 〈x, x〉 = 0, which is a major reason for the
difference with the R theory. There are many characterizations of frames on Rn, and any of them
could in principle be taken as a starting definition for developing the theory. But for Zn2 the only
definition that makes sense is that a frame is simply a spanning set for the space, and this is the
approach taken in [1]. This leads to special types of frames, such as bases, Parseval frames and duals
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of frames, which reflect the geometry of this space. Duals of frames over Z2 are defined in [1] the same
way as they are defined over R or C, and Parseval frames over Z2 are defined in [1] to be frames which
are self-dual. They showed that Parseval frames exist in the Z2 theory. But unlike the situation in
the R or C theory, they showed that in the Z2 theory not every frame has a dual.

In this article we consider general finite dimensional vector spaces V over Z2 equipped with an
indefinite inner product (·, ·)V which can be an arbitrary symmetric bilinear form. By a bilinear
form we will simply mean a bilinear functional. We will say that a linear isomorphism (1-1 linear
surjective map) U from an indefinite inner product space (V, (·, ·)V ) over Z2 onto an inner product
space (W, (·, ·)W ) is a unitary operator if (Ux,Uy)W = (x, y)V for all x, y ∈ Z2. The spaces (V, (·, ·)V )
and (W, (·, ·)W ) are then said to be unitarily equivalent. Vector spaces over the binary field share
certain properties with the familiar vector spaces over R such as the existence of bases. Spaces V,
W of the same dimension are always isomorphic. In the case of (Rn, 〈·, ·〉) or of (Cn, 〈·, ·〉), subspaces
of the same dimension are unitarily equivalent due to the existance of orthonormal bases for each
one. For (Zn2 , 〈·, ·〉), subspaces of the same dimension are isomorphic but are not necessarily unitarily
equivalent, even if they have dimension one. For instance, the restriction of the dot product to one
subspace might be trivial (identically zero) but for the other subspace it might be nontrivial. This
situation is analogous in some respects to the theory of modules over a ring; e.g. Hilbert C*-modules,
which are modules over a C*-algebra. In that setting there is a fairly well-developed modular frame
theory (c.f.[FL]), and there are some parallels between aspects of the two theories. So some surprises
are to be expected.

A basic example is that if V is any linear subspace of Zn2 , then the restriction of the dot product to
V induces a bilinear form making V an (indefinite) inner product space.

Unless otherwise specified we will write (V, (·, ·)V ) to denote an abstract bilinear form on V , dropping
the subscript V on the inner product if it is clear from context, and we will reserve the angle bracket
notation 〈·, ·〉 for the special case of the dot product on Zn2 or its restriction to a subspace of Zn2 . It
is easy to see that all inner products will be indefinite on a vector space V over Z2 of dimension ≥ 2;
Indeed, if x, y are linearly independent vectors in V with (x, x) 6= 0 and (y, y) 6= 0, then (x, x) = 1
and (y, y) = 1, so (x+y, x+y) = (x, x) + 2(x, y) + (y, y) = 1 + 0 + 1 = 0. Thus the general (indefinite)
inner product space geometry over Z2 will be quite different from the theory over R.

We show that an arbitrary indefinite inner product space (V, (·, ·)V ) over Z2 is always unitarily
equivalent to a subspace of (Zn2 , 〈·, ·〉) for sufficiently large n. We call this the embedding theorem.
(This can be compared with the analogous theorem for finitely generated Hilbert C*-modules. The
extended countably-generated version is the famous Kasparov’s Stabilization Theorem.) This reduces
the general theory of binary (indefinite) inner product spaces to the theory of linear subspaces of
(Zn2 , 〈·, ·〉). This justifies calling an arbitrary bilinear form on V an (indefinite) inner product on V .

We investigate the existence of dual frames, Parseval frames and dual basis pairs for vector spaces
over Z2 and their relation to the Grammian matrix. Dual basis pairs are important here because we
use them to characterize when such a space satisfies a version of the Riesz Representation Theorem.
We connect this idea to the unitary equivalence of subspaces.

We also consider the subspaces On consisting of all vectors x in (Zn2 , 〈·, ·〉) with 〈x, x〉 = 0. There
is a uniqueness property of the binary field among all other fields: namely, the set On is closed under
addition so is a linear subspace of Zn2 . (In fact, it has co-dimension one in Zn2 , so it is a very large
subspace.) However, if Z2 is replaced with any other field in developing this theory, then the analogous
set of self-inner-product vectors would fail to be a linear space (c.f.[Ha]). So the binary case is special,
which makes it interesting. We show that On has a Parseval frame for odd n. For even n, we show that
On does not have a Parseval frame but it has a subspace of co-dimension one which has a Parseval
frame.

For the proof of the embedding theorem, we first define the matricial spectrum of an indefinite
inner product space to be the set of all Grammian matrices of arbitrary bases for the space. This is
usually easy to compute because the field has characteristic 2. We then prove that two such spaces are
unitarily equivalent if and only if they have the same matricial spectrum. Then we prove that every



BINARY FRAMES 3

possible matricial spectrum is attainable by some subspace of (Zn2 , 〈·, ·〉) for large enough n. The proof
is constructive.

1. Preliminaries

As stated above, we equip Zn2 with the dot product, so that for x = (x1, x2, . . . , xn), y = (y1, y2, . . . , yn)
we have 〈x, y〉 =

∑
xiyi where the arithmetic is performed modulo 2 (so, for example, 〈(1, 0), (1, 1)〉 =

1 · 1 + 0 · 1 = 1 mod 2 in (Z2
2, 〈·, ·〉)). The dot product is a bilinear functional on Zn2 which yields an

indefinite inner product. It is indefinite because for some (in fact many) nonzero vectors the self-inner-
product 〈x, x〉 can be 0. We remark that if a, α ∈ Zn2 and b, β ∈ Zm2 , then 〈a⊕b, α⊕β〉 = 〈a, b〉+〈α, β〉.

We state formally some of the definitions we sketched in the introduction. We will use the standard
notation L(V ) for the space of all linear transformations on a vector space V , and L(V,W ) for the
space of all linear transformations from V into a vector space W .

Definition 1. Let (V, (·, ·)V ) and (W, (·, ·)W ) be indefinite inner product spaces over Z2 then:
(1) We say that a 1-1 surjective map U ∈ L(V,W ) is a unitary operator for all x, y ∈ V we have

(Ux,Uy)W = (x, y)V . If such a map U exists we say V and W are unitarily equivalent. If U
satisfies this property except for surjectivity we say it is an isometry.

(2) A frame for V is a finite indexed subset of V whose linear span is V .
(3) A frame {xi}ki=1 ⊆ V is called a Parseval frame if the identity

x =
k∑
i=1

(x, xi)xi

holds for all x ∈ V .
(4) Let F = {xi}ki=1 be any finite sequence of vectors in V . The Grammian matrix GF of F is

defined as [GF ]i,j := (xj , xi)V .
(5) An operator T ∈ L(V,W ) is adjointable if there is a unique operator S ∈ L(W,V ) with the

property that for all x ∈ V and y ∈ W we have (Tx, y)W = (x, Sy)V . In this case we call S
the adjoint of T and we write T ∗ = S.

(6) We say V has the Riesz representation property if for every linear functional F : V 7→ Z2, there
is a unique zF ∈ V so that Fx = (x, zF )V for all x ∈ V .

Some remarks on the previous definitions are in order: First, we do not use the usual definition of
unitary operators based on adjoints because in the absence of the Riesz representation property the
concept of adjoint of an operator may not be well defined (hence the definition of adjointable). In the
standard theory over R our definition coincides with the property that the adjoint of U is its inverse.

If a space V has the Riesz Representation property (Zn2 is an example of such a space), every linear
operator from the space into itself is adjointable. Simply define the adjoint in the usual way using
the Riesz property. We note, however, that there are spaces where not every operator is adjointable.
The uniqueness condition of the definition of adjointable can be violated. For instance, if (·, ·)V is the
trivial indefinite inner product on V (i.e. (x, y)V = 0 for all x, y ∈ V ) then given T in L(V ) every
operator S in L(V ) satisfies the property that (Tx, y)V = (x, Sy)V , x, y ∈ V , and so this relation
would reflect nothing on the geometry of the space or of T . While this example may seem trivial at
first glance, we will show there are subspaces of Zn2 where the dot product is in fact degenerate on the
whole space. It will, however, still be convenient to define the term selfadjoint to denote an operator
T with the property that (Tx, y) = (x, Ty), x, y ∈ V , even if T fails to be adjointable because it does
not satisfy the uniqueness part of the definition. In particular, as we will see, a projection operator P
that is induced by a Parseval frame on a subspace is always selfadjoint in this sense, and this is the
main reason we adopt this convention.

If V is a vector space over a field we use the usual notation V ∗ to denote the vector space of all
linear functionals on V . If V is finite dimensional dim(V ∗) = dim(V ). If B = {bi}ki=1 is a basis, the
standard dual basis for V ∗ is B∗ = {b∗i }ki=1 where b∗i (bj) = δi(bj), where δi(·) is the Kronecker delta.
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2. Unitary Equivalence of Spaces

We prove some unitary equivalence results for indefinite inner product spaces over Z2. We obtain a
matricial characterization for when two spaces are unitarily equivalent, and we prove that every such
space can be unitarily embedded into some Zn2 .

Hilbert spaces over R or C are unitarily equivalent: (i) if and only if they have the same dimension;
More is true: (ii) if each has a designated orthonormal basis then the unitary operator can be con-
structed to map one orthonormal basis onto the other; And further: (iii) if each space has the same
dimension and has a designated Parseval frame both of the same cardinality, and if the Grammians
of the Parseval frames are the same, then the unitary operator between the spaces can be constructed
to map one Parseval frame onto the other. For indefinite inner product spaces over Z2 two spaces of
the same dimension are not necessarily unitarily equivalent, and most spaces do not have orthonormal
bases (the exception being the spaces unitarily equivalent to some (Zn2 , 〈 ·, · 〉)). Many, but not all,
such spaces have Parseval frames. We show that property (iii) above remains true for indefinite inner
product spaces over Z2.

Proposition 1. Let (V, (·, ·)V ) and (W, (·, ·)W ) be indefinite inner product spaces over Z2 which admit
Parseval frames F = {xi}ki=1 and G = {yi}ki=1, respectively. If the Grammian matrices for F and G
are the same, then V and W are unitarily equivalent. Moreover, the unitary operator can be chosen
to map xi onto yi for all i.

Proof. Define T : V 7→W by

T (x) =
k∑
i=1

(x, xi)V yi

for x ∈ V . Then T is linear by construction. Since GF = GG , we have (xi, xj)V = (yi, yj)W for all i, j.
This implies that

Txj =
k∑
i=1

(xj , xi)V yi =
k∑
i=1

(yj , yi)W yi = yj

Then for arbitrary vectors u and v in V we have

(Tu, Tv)W = (
k∑
i=1

(u, xi)V yi,
k∑
j=1

(v, xj)V yj)W =
k∑
i=1

k∑
j=1

(u, xi)V (v, xj)V (yi, yj)W

=
k∑
i=1

k∑
j=1

(u, xi)V (v, xj)V (xi, xj)V = (
k∑
i=1

(u, xi)V xi,
k∑
j=1

(v, xj)V xj)V = (u, v)V

So T preserves indefinite inner products. It remains to show T is invertible. By the same argument
we used for T the map S : W 7→ L defined by

S(y) =
k∑
i=1

(y, yi)Wxi

satisfies Syi = xi, hence STxi = Syi = xi. Since F spans V , this implies that for all x ∈ V ,

STx =
k∑
i=1

(x, xi)V STxi =
k∑
i=1

(x, xi)V xi = x

Similarly for all y ∈W , TSy = y. Hence T is invertible. �

Proposition 1 can be useful if two spaces have Parseval frames. However, unlike the subspaces of
Rn, not all spaces (V, (·, ·)V ) have Parseval frames. In the degenerate case (V, (·, ·)V ) can be trivial
(identically zero), so we cannot reconstruct any non-zero vector in that space from its indefinite inner
products. We need another way of characterizing when two indefinite inner product spaces over Z2 are



BINARY FRAMES 5

unitarily equivalent. All vector spaces have bases. We will show that the notion of equal Grammian
matrices for bases is useful.

Definition 2. Let B = {bi}ni=1 be a basis for V . We will call the Grammian matrix GB for B the
operator symbol for B, and we will say that an n x n matrix A is an operator symbol for V if it is the
operator symbol of some basis for V .

Proposition 2. Spaces (V, (·, ·)V ) and (W, (·, ·)W ) are unitarily equivalent if and only if there is a
matrix A which is an operator symbol for both spaces.

Proof. Let B = {bi}ni=1 and C = {ci}ni=1 be bases of (V, (·, ·)V ) and (W, (·, ·)W ), respectively, with the
same operator symbol. Define U : V 7→W by

U

(
n∑
i=1

αibi

)
=

n∑
i=1

αici.

Then U is linear and U(bi) = ci, so U maps a basis to a basis and hence is a linear isomorphism. To
show U preserves the indefinite bilinear form, we use the hypothesis that GB = GC , and observe that
for all x, y ∈ V with x =

∑
i

αibi and y =
∑
i

βibi we have

(Ux,Uy)W =

(
U

(
n∑
i=1

αibi

)
, U

(
n∑
i=1

β1b1 + · · ·+ βnbn

))
W

=

(
n∑
i=1

αici,
n∑
i=1

βici

)
W

=
n∑
i=1

n∑
j=1

αiβj(ci, cj)W .

Since GB = GC , we have (ci, cj)W = (bi, bj)V , i, j, and so reversing the calculation yields (Ux,Uy)W =
(x, y)V .

For the converse, if U is a unitary operator between V and W and {bi}ni=1 is any basis for V , then
{Ubi}ni=1 is a basis for W , and we have (Ubi, Ubj)W = (bi, bj)V for all i,j, so the Grammians are the
same.

�

Definition 3. We define the matricial spectrum S(V ) of V to be

S(V ) = {GB : B is a basis for V }

Thus S(V ) is the set of all operator symbols of V . Note that since V is a vector space over a finite
field there are only finitely many possible bases for V , and so the matricial spectrum of V is very
computable.

Proposition 3. Let V be a finite dimensional vector space over Z2 equipped with a bilinear functional
(·, ·)V . Let B = {bi}ni=1 be a basis for V and let GB denote the Grammian of B. Let L ∈ L(V ) be
invertible and let LB = {Lbi}ni=1. Then GLB = [L]TBGB[L]B, where [L]B denotes the coordinate matrix
for L with respect to the basis B.

Remark 1. This proposition states that if we have an operator symbol for V with respect to some
basis, we can obtain all operator symbols for V by multiplication by invertible matrices.

To prove the above proposition we will prove that (V, (·, ·)V ) is unitarily equivalent to Zn2 equipped
with a new bilinear form we will define. Then we will use a property of this bilinear form to establish
the desired result.
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The authors of [1] proved that, although certain subspaces of it fail to admit a Riesz Representa-
tion Theorem, the space Zn2 itself equipped with the dot product inner product does admit a Riesz
representation theorem. It follows that every linear operator L ∈ L(Zn2 ) is adjointable and its adjoint
L∗ behaves like the familiar Hilbert space adjoint of an operator.

Lemma 1. Suppose (·, ·) is a bilinear form on Zn2 . Then there exists a linear map T so that (x, y) =
〈Tx, y〉.

Proof. Fix x ∈ Zn2 and define φx : Zn2 7→ Z2 by φx(y) = (x, y). Now since (., .) is bilinear, clearly φx is
linear, so φx is a linear functional on Zn2 . The Riesz Representation Theorem ensures the existence of
a vector T (x) ∈ Zn2 so that (x, y) = 〈Tx, y〉. It remains to show T is linear. To see this, we first claim
that if 〈x, y〉 = 〈x, z〉 for all x ∈ Zn2 , then we must have y = z. To see this, note that this condition
implies 〈x, y − z〉 = 0 for all x ∈ Zn2 . Now we claim that w = y − z = 0. To see this, note that if
w = (w1, . . . , wn), then 〈ei, w〉 = wi = 0 for each i. But this implies each wi = 0, giving w = y−z = 0.
Now for each z ∈ Zn2 , we have

〈T (x+ cy), z〉 = (x+ cy, z) = (x, z) + c(y, z) = 〈Tx, z〉+ 〈cTy, z〉 = 〈Tx+ cTy, z〉
so from the above claim we must have T (x+ cy) = Tx+ cTy, i.e. T is indeed linear. �

Proof of Proposition 3. Let {ei}ni=1 be the standard basis for Zn2 . Define a bilinear functional (·, ·)1 on
Zn2 by  n∑

i=1

αiei,
n∑
j=1

βjej


1

=
n∑
i=1

n∑
j=1

αiβj(xi, xj)V

Since (·, ·)V is bilinear, it is clear that (·, ·)1 is also bilinear. Define a map J : (V, (·, ·)V ) 7→ (Zn2 , (·, ·)1)
by J(α1x1 + · · ·+ αnxn) = α1e1 + · · ·+ αnen. Now for all x, y ∈ V we have

(x, y)V =

 n∑
i=1

αixi,

n∑
j=1

βixi


V

=
n∑
i=1

n∑
j=1

αiβj(xi, xj)V =

 n∑
i=1

αiei,

n∑
j=1

βiei


1

= (Jx, Jy)1

So J is a unitary mapping between V and Zn2 equipped with (·, ·)1. Let S be the linear map given
by lemma 1 such that (u, v)1 = 〈Su, v〉 for all u, v ∈ Zn2 , and let [x]B and [L]B denote the coordinate
vectors and matrices with respect to the basis B so that, by definition, we have [Lx]B = [L]B[x]B. It
is clear that [xi]B = ei, and thus for all x, y ∈ V we have

(x, y)V = (Jx, Jy)1 =

 n∑
i=1

αiei,

n∑
j=1

βjej


1

= ([x]B, [y]B)1 = 〈S[x], [y]〉

and so in particular (xi, xj)V = 〈Sei, ej〉, from which it follows that S = GB. But then

(Lxi, Lxj)V = ([Lxi], [Lxj ])1 = ([L][xi], [L][xj ])1 = ([L]ei, [L]ej) = 〈G[L]ei, [L]ej〉
But now, working in Zn2 with the dot product, we may use the ’dot product adjoint’ mentioned above
to see

(Lxi, Lxj)V = 〈[L]TG[L]ei, ej〉 = [[L]TG[L]]j,i
which completes the proof. �

Lemma 2. If B is a basis for V , then S(V ) = {LTGBL : L is invertible}.

Proof. If B′ is another basis, by lemma 1 there is an invertible linear transformation S mapping
between the two. Apply proposition 3 with L = S. �

This leads to the following theorem which characterizes unitary equivalence:

Theorem 1. Two vector spaces (V, (·, ·)V ) and (W, (·, ·)W ) are unitarily equivalent if and only if
S(V ) = S(W ).
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Proof. If S(V ) = S(W ), then V and W have an operator symbol in common and so are unitarily
equivalent by proposition 2. Conversely, if V and W are unitarily equivalent, then let U be a unitary
between the two spaces and let B = {bi}ni=1 be a basis for V . Then UB = {Ubi}ni=1 is a basis for
W and clearly GB = GUB. By proposition 3 and corollary 2 we need only apply the same invertible
operators to this matrix to see S(V ) = S(W ). �

Corollary 1 motivates the following definition:

Definition 4. Let V = (V, (·, ·)V ) be a finite dimensional vector space over Z2. Then we define the
rank of V to be the rank of some element of S(V ). (This is well defined, since invertible operators
preserve rank of matrices and by corollary 1 we can obtain all of S(V ) by applying invertible operators
to one element.)

We close the section with two examples that make use of the above theorems.

Example 1. The space Z3
2 has B = {e1, e2, e3} as a basis, and it is easy to see that GB = I3

(the 3 × 3 identity matrix), so S(Z3
2) = {ATA : A ∈ M3(Z2), A is invertible}. Moreover, a space

V is unitarily equivalent to Z3
2 if and only if there is a basis for V so that the operator sym-

bol can be written as ATA for some invertible 3 × 3 matrix A ∈ M3(Z2). The set of vectors
{(1, 0, 1, 1, 0, 1)T , (1, 1, 0, 1, 0, 1)T , (0, 0, 1, 0, 0, 0)T } has Grammian matrix 0 1 1

1 0 0
1 0 1

 =

 1 1 0
0 1 1
1 0 1

 ·
 1 0 1

1 1 0
0 1 0


and because one can easily check that the matrix on the right is invertible, it follows that the subspace
of Z5

2 spanned by these three vectors is unitarily equivalent to Z3
2.

Example 2. We will show later that the space O3 ⊂ Z3
2 consisting of all the vectors in Z3

2 with
self inner product zero is a 2-dimensional subspace that has a Parseval frame. O3 is spanned by the

vectors (1, 1, 0)T and (0, 1, 1)T , which has operator symbol S =
(

0 1
1 0

)
. However S(Z2

2) can easily

be computed. The set of invertible matrices in M2(Z2) is

GL2(Z2) =
{(

1 0
0 1

)
,

(
1 1
0 1

)
,

(
1 0
1 1

)
,

(
0 1
1 0

)
,

(
1 1
1 0

)(
0 1
1 1

)}
and, performing the computations, we see

S(Z2
2) =

{(
1 0
0 1

)
,

(
1 1
1 0

)
,

(
0 1
1 1

)}
, S(O3) =

{(
0 1
1 0

)}
so indeed the two space are not unitarily equivalent.

We show that every vector space (V, (·, ·)V ) can be embedded into Zn2 for some sufficiently large n
and we give an algorithm for constructing the desired subspace. To prove this we require a result for
symmetric binary matrices.

Lemma 3. Let A be a n × n symmetric binary matrix. Then there is an integer k ≥ n and a set of
n linearly independent vectors {v1, ..., vn} j Zk2 with Gram({v1, ..., vk}) = A. Moreover we can chose
k ≤ n2 + n. (This estimate is not sharp: see Lemma 4 and Remark 1.)

Proof. If n = 1, let k = 2. Then A = (a11). If a11 = 0 let v1 = (1, 1)T and if a11 = 1 let v1 = (1, 0)T .
Then v1 is nonzero and Gram({v1}) = A as required. We use induction on n.

Assume the assertion is true for n. Let A = (aij)n+1
i,j=1 be a symmetric binary matrix. Let Ã =

(aij)ni,j=1. By hypothesis there exists k̃ with n ≤ k̃ ≤ n2 + n and linearly independent vectors

{ṽ1, ..., ṽn} j Z/tildek2 with Gram({ṽ1, ..., ṽn}) = Ã). Extend these to n vectors {v1, ..., vn} in the
larger space Zk̃+2n+1

2 by appending 2n + 2 additional coordinate elements to each as follows: To
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construct v1 from ṽ1 append (1, 1, 0, 0, ...) (i.e. take the direct sum of the vector ṽ1 ∈ Zk̃2 and the
vector (1, 1, 0, 0, ...)T ∈ Z2n+2

2 ) to form v1 ∈ Zk̃+2n+2
2 . Construct v2 by appending (0, 0, 1, 1, 0, 0, ...) to

ṽ2. For 1 ≤ i ≤ n let vi be the vector obtained from ṽi by appending the ordered 2n+ 2-tuple which
has 1 in the 2i− 1 and 2i positions and 0 elsewhere. Note that all of these tuples have 0 in both the
2n+ 1 and the 2n+ 2 positions. We have:

v1 =



ṽ1
1
1
0
0
0
0
.
.
.


, v2 =



ṽ2
0
0
1
1
0
0
.
.
.


, v3 =



ṽ3
0
0
0
0
1
1
0
.
.
.


· ··

By this construction< vi, vj >=< ṽi, ṽj > for all 1 ≤ i, j ≤ n. So Gram({v1, ..., vn}) = Gram({ṽ1, ..., ṽn})
= Ã.

Now let
vn+1 be the direct sum of the zero vector in Zk̃2 with the vector in Z2n+2

2 given by

a1,n+1

0
a2,n+1

0
a3,n+1

0
.
.
.
0

an,n+1

0
1
α


where the 2n + 1 component is 1 (this is just to insure that the vector constructed is nonzero), and
α, the 2n + 2 - component of this vector, is chosen so that that < vn+1, vn+1 >= an+1,n+1. That is,
if
∑n

i=1(ai,i+1)2 = 0, then if an+1,n+1 = 0 choose α to be 1 and if an+1,n+1 = 1 chose α = 0. And if∑n
i=1(ai,i+1)2 = 1, then if an+1,n+1 = 0 choose α to be 0 and if an+1,n+1 = 1 chose α = 1. By this

construction we have < vi, vj >= ai,j for all 1 ≤ i, j ≤ n+ 1. So Gram({v1, ..., vn+1} = A) as required.
Moreover the vectors {v1, ..., vn} are linearly independent.

Let k = k̃ + 2n + 2. By the induction hypothesis we have k̃ ≤ n2 + n. So k = k̃ + 2n + 2 ≤
n2 + n+ 2n+ 2 = (n+ 1)2 + (n+ 1) as required.

�

The following is another proof of the statement of Lemma 3 with a better estimate. The proof of
Lemma 4 is more geometric while the proof of Lemma 3 is matricially simpler, so we’ve included both
proofs.

Lemma 4. With the hypotheses of Lemma 3, for n ≥ 2 we can choose k ≤ n2.
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Proof. Let 1 ≤ i < j ≤ n. We begin by defining n vectors ωki,j ∈ Z2
2 as follows. If k /∈ {i, j}, let

ωki,j = (0, 0)T . Let ωii,j = (1, ai,j)T and ωji,j = (0, 1). We note that if k 6= l, then 〈ωki,j , ωli,j〉 = ai,j

if k = i and l = j, otherwise 〈ωki,j , ωli,j〉 = 0. Repeat this construction for each pair (i, j) such that
1 ≤ i < j ≤ n, and define

yk =
⊕

1≤i<j≤n
ωki,j

Since there are n(n − 1)/2 such pairs (i, j), and each ωki,j ∈ Z2
2, it follows that yk sit in an n2 − n

dimensional space. Moreover, by the remark in the preliminaries, for k 6= l, we have

〈yk, yl〉 =
∑

1≤i<j≤n
〈ωki,j , ωli,j〉 = ai,j

Now define zk ∈ Zn2 as follows. If 〈yk, yk〉 = ak,k, then let zk = 0, otherwise let zk = (0, . . . , 0, 1, 0, . . . , 0),
where the 1 occurs in the k’th coordinate. As above, we observe that for k 6= l, 〈zk, zl〉 = 0. Define
vk = yk ⊕ zk. It is clear that vk sit in an n2 dimensional space unitarily equivalent to Zn2

2 . Moreover,
〈vk, vk〉 = ak,k by construction of the zk, and for k 6= l, 〈vk, vl〉 = 〈yk, yl〉+ 〈zk, zl〉 = ai,j + 0 = ai.j , so
indeed Gram{v1, . . . , vn} = A.

We now show {v1, . . . , vn} are linearly independent. Suppose we have
∑n

1 civi = 0. Then it follows
that, for each pair (i, j) as above, we have

∑n
k=1 ckω

k
i,j = 0. For a fixed pair (i, j), using the fact that

ωki,j = 0 for k /∈ {i, j}, we have ciωii,j + cjω
j
i,j = 0. By definition of ωii,j , ω

j
i,j , it is clear that ci = cj = 0,

which completes the proof. �

Remark 2. In the above proof, the estimate may be improved further as follows: let ωk1,j be con-
structed as above, but for i > 1, let ωki,j ∈ Z2 be defined by ωii,j = ai,j , ω

j
i,j = 1, and ωki,j = 0

for k /∈ {i, j}. Construct yk as above, and note that each yk now has 2(n − 1) + (n − 1)(n − 2)/2
coordinates. Finally, let zk be as above, and vk = yk ⊕ zk. Then it is clear Gram(v1, . . . , vn) = A, and
the vi are still linearly independent, just use ωk1,j in the argument above. This gives an estimate of
k = 2(n− 1) + (n− 1)(n− 2)/2 + n = (n2 + 3n− 2)/2 ≤ n2 for n ≥ 2.

Example 3. Let

A =

 0 1 0
1 1 0
0 0 0


Then w1

1,2 = (1, 1)T , w2
1,2 = (0, 1)T and w3

1,2 = (0, 0)T . Continuing, w1
1,3 = (1, 0)T , w2

1,3 = (0, 0)T , and
w3

1,3 = (0, 1)T , and finally w1
2,3 = (0, 0)T , w2

2,3 = (1, 0)T , and w3
2,3 = (0, 1)T . Thus the vectors yk as

defined above are

y1 =


1
1
1
0
0
0

 y2 =


0
1
0
0
1
0

 y3 =


0
0
0
1
0
1


Finally, we adjust the self inner products: since 〈y1, y1〉 = 1 6= a1,1, we let z1 = (1, 0, 0)T . Since
〈y2, y2〉 = 0 6= a2,2, we let z2 = (0, 1, 0)T , and since 〈y3, y3〉 = 0 = a3,3, we let z3 = (0, 0, 0)T . Thus the
final vectors are

v1 = (1, 1, 1, 0, 0, 0, 1, 0, 0)T

v2 = (0, 1, 0, 0, 1, 0, 0, 1, 0)T

v3 = (0, 0, 0, 1, 0, 1, 0, 0, 0)T

and it is easily verified that these vectors are linearly independent and give the correct Grammian
matrix.
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Theorem 2. Let V = (V, (·, ·)V ) be an n-dimensional vector space over Z2. Then V is unitarily
equivalent to a subspace of (Zk2, 〈·, ·〉) for some k. Morever for n ≥ 2 we can choose k ≤ (n2+3n−2)/2.

Proof. Choose a basis B for V and let A = GB. Let n = dim(V ). Then A is an n × n symmetric
binary matrix so by Lemma 3 there is a linearly independent set of n vectors {v1, v2, ..., vn} contained
in (Zk2, 〈·, ·〉) for some k such that A = Gram({v1, v2, ..., vn}). By Remark 2, for n ≥ 2 we can chose
k ≤ (n2 +3n−2)/2. Let W = span({v1, v2, ..., vn}). Then {v1, v2, ..., vn} is a basis for W with operator
symbol A. So by Proposition 2, W is unitarily equivalent to V as required. �

3. Frame Theory

3.1. Parseval Frames and Projections. In Hilbert space frame theory there is a well-known rela-
tionship between Parseval frames and selfadjoint projections [5]. The next proposition shows that a
similar relationship holds for binary frames. The first statement shows that existance of a Parseval
frame for a space (M, ·, ·)M contained in a larger space (V, ·, ·)V implies the existance of a selfadjoint
projection in L(V ) with range M . This is true even if (V, ·, ·)V itself fails to have a Parseval frame. The
second statement shows that a (selfadjoint) projective image of a Parseval frame is itself a Parseval
frame.

Proposition 4. Let (V, (·, ·)V ) be an indefinite inner product space over Z2, and let M be a subspace
of V . Suppose that M equipped with the induced indefinite inner product from V has a Parseval frame.
Then there is a selfadjoint projection (idempotent linear map) in L(V ) with range M . In the reverse
direction, if (V, (·, ·)V ) has a Parseval frame and if there is a selfadjoint projection in L(V ) with range
M , then M equipped with the induced indefinite inner product from V also has a Parseval frame.

Proof. Suppose M has a Parseval frame {xi}ki=1. We define the projection P : H →M by

Px =
k∑
i=1

(x, xi)xi.

We first verify that P is selfadjoint:

(Px, y)V =

(
k∑
i=1

(x, xi)xi, y

)
=

k∑
i=1

(x, xi)(xi, y)

=

(
x,

k∑
i=1

(y, xi)xi

)
= (x, Py).

as required. Now we show that P 2 = P .

P 2x = P

(
k∑
i=1

(Px, xi)xi

)
=

k∑
j=1

(
k∑
i=1

(x, xi)xi, xj

)
xj =

k∑
i=1

(x, xi)xi = Px

Where the second-to-last equality holds since
∑

i (x, xi)xi ∈ M . Finally, to show that P is onto just
note that every vector x ∈M is mapped to by

∑k
i=1 (x, xi)xi.

Now assume (V, (·, ·)V ) has a Parseval frame {yi}ki=1 and suppose P is a selfadjoint projection in
L(V ) with range M . Let xi = Pyi for each i. Since {yi}ki=1 spans V we have that {xi}ki=1 spans M so
is a frame for M . For each x ∈ M we have x =

∑k
i=1 (x, yi) yi since x ∈ V and {yi}ki=1 is a Parseval

frame for V . Since x = Px and P is selfadjoint we have (x, yi) = (Px, yi) = (x, Pyi) = (x, xi). So
x =

∑k
i=1 (x, xi) yi . Hence

x = Px =
k∑
i=1

(x, xi)Pyi =
k∑
i=1

(x, xi)Pyi =
∑

i = 1k (x, xi)xi

So {xi}ki=1 is a Parseval frame for M . �
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3.2. Dual Frames and Basis Pairs. If {xi}ki=1 is a finite sequence in a Hilbert space H which is
not necessarily a frame, the terms frame operator and Bessel operator have both been used in the
literature to denote the linear transformation S(x) :=

∑k
i=1 (x, xi)xi, x ∈ V . In this article, for the

setting (V, (·, ·)V ), we will use the term frame operator if the sequence is a frame (i.e. a spanning set)
and the term Bessel operator if it is not necessarily a frame. If F = {xi}ki=1 is a frame then a dual for
{xi}ki=1 is a frame G = {yi}ki=1 for which the equation x =

∑k
i=1 (x, yi)V xi holds for all x in V . If F

is a dual for G and G is a dual for F then (F ,G) is called a dual frame pair.
The above definitions are familiar notions from Hilbert space frame theory. A Hilbert space frame

is Parseval if and only if S = I, and it is easy to show that this characterization carries over to binary
frames. Every Parseval frame is a dual frame for itself. In Hilbert space, the frame operator for a
frame is always invertible and the inverse can be used to construct a dual frame. In the binary case
this is no longer true, and we will investigate when the frame operator is invertible and when certain
sets of vectors have dual frames. We begin with a stronger notion than that of dual frame pairs.
Instead we first look at dual basis pairs.

Definition 5. Let {xi}ni=1 and {yi}ni=1 be two bases for V , an n-dimensional vector space over Z2. If
(xi, yi) is a dual frame pair, then we call it a dual basis pair.

This stronger notion of a dual pair ensures that the coefficients in the dual frame expansion of a
vector x are unique. This will help us to prove some results.

Proposition 5. If (F ,G) is a dual basis pair, then the frame operators for F and G are both invertible
in L(V ) .

Proof. The proof is the same for both sets of vectors, so we will prove it for the xi. Since V is finite
dimensional and S ∈ L(V ), it suffices to show S is injective. Suppose then that Sx = 0. Then by
definition

∑
i(x, xi)xi = 0. By definition of a basis, the xi are linearly independent, so this happens if

and only if (x, xi) = 0 for each i. But then we also have x =
∑

i(x, xi)yi =
∑

i 0 = 0, so x is indeed
an injection, and hence is invertible. �

It is not always true, however, that if a set of vectors is a dual frame pair for a space, then the
frame operator for those vectors will be invertible. For example, let {xi}ni=1 and {yi}ni=1 be any dual
frame pair for a space and consider the dual frame pair of length 3n obtained by taking xi = yi for
i = 1, 2, . . . , n, xi = 0 for i = n+ 1, n+ 2, . . . , 2n, yi = yi−n for i = n+ 1, n+ 2, . . . , 2n, xi = xi−2n for
i = 2n+ 1, 2n+ 2, . . . , 3n and yi = 0 for i = 2n+ 1, 2n+ 2, . . . , 3n. Then this is clearly a dual frame
pair (because for i ≥ n + 1, we have (xi, yi) = 0), but the frame operator for both sets is the same.
For the {xi} we have for all x ∈ V , Sx =

∑3n
i=1(x, xi)xi = 2

∑n
i=1(x, xi)xi = 2x = 0, so S is the zero

operator.
Moreover, it is clear that there are bases for which S is not invertible. For example, let V =

span{(1, 1)} ⊂ Z2
2. Then V contains two vectors, namely 0 and (1, 1). Trivially we have S0 = 0, but

also S(1, 1) = 〈(1, 1), (1, 1)〉(1, 1) = 0(1, 1) = 0, so again S is the zero map.

Lemma 5. For any set of vectors {xi}ki=1, the Bessel operator S is selfadjoint. Moreover, if S is
invertible, then S−1 is also selfadjoint.

Proof. We perform the simple calculation:

(Sx, y) =

(
k∑
i=1

(x, xi)xi, y

)
=

k∑
i=1

(x, xi)(xi, y) =
k∑
i=1

(y, xi)(x, xi) =
k∑
i=1

(x, (y, xi)xi) = (x, Sy)

and if S is invertible, then

(x, S−1y) = (SS−1x, S−1y) = (S−1x, SS−1y) = (Sx, y)

and so the proof is complete. �
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If F is a binary frame and if the frame operator for F is invertible, then there is a formula for a
dual frame exactly like the well-known formula for Hilbert space frames.

Proposition 6. Let {xi}ki=1 be a subset of V , an n-dimensional vector space over Z2. If the frame
operator S is invertible for the xi, then the set {S−1xi}ki=1 and the xi form a dual frame pair for V .

Proof. By definition of S, we have Sx =
∑

i(x, xi)xi. Applying S−1 to both sides and using linearity
gives x =

∑
i(x, xi)S

−1xi. To show the other direction, note that S−1x ∈ V , so we may write

S−1x =
k∑
i=1

(S−1x, xi)S−1xi

But then by using the previous proposition, we have

S−1x =
k∑
i=1

(x, S−1xi)S−1xi

and so applying S to both sides gives the desired expression. �

It was proven in [1] that the spaces Zn2 satisfy the Riesz representation property, so for these spaces
every linear operator is adjointable. However there are subspaces of Zn2 which do not satisfy this
property. For instance the inner product (the dot product) inherited from Zn2 may be degenerate on
the subspace so there is no way to represent the functional δxj where xj is a basis vector. We now
establish a connection between the property that a subspace admits a Riesz Representation Theorem
and the property that it has a dual basis pair.

Proposition 7. Let V be an indefinite inner product space over Z2 with a dual basis pair, (F ,G) =
(xi, yi). Given a linear functional φ : V → Z2, there is a unique vector zφ ∈ V so that φz(x) = (x, zφ)
for all x ∈ V .

Proof. First define zφ =
∑n

i=1 φ(xi)yi. Now,

(x, zφ) =

(
x,

n∑
i=1

φ(xi)yi

)
=

n∑
i=1

(x, φ(xi)yi) =
n∑
i=1

φ(xi) 〈x, yi〉 = φ

(
n∑
i=1

〈x, xi〉 yi

)
= φ(x).

Now to prove uniqueness, assume that z1 is another representing vector. Then, for all x ∈ V ,

0 = φ(x)− φ(x) = (x, zφ)− (x, z1) = (x, zφ − z1)

But since this occurs for all x ∈ V , in particular we have (xi, z − z1) = 0 for each i, so

zφ − z1 =
n∑
i=1

(z − zi, xi)yi =
n∑
i=1

0 · yi = 0

and it follows that zφ = z1. �

Remark 3. It is easy to see that this theorem can actually be proved for the weaker property of a
space simply having a dual frame pair. We stated the theorem using dual basis pairs due to their use
in showing invertibility of the frame operator. Moreover, we can prove the following converse of the
preceding proposition:

Proposition 8. If V is a finite dimensional vector space over Z2 such V has the Riesz representation
property, then V has a dual basis pair.

Proof. Let {bi}ni=1 be a basis for V and consider the standard dual basis {φi(x)}ni=1 = {δbi(x)}ni=1.
Let {zi}ni=1 be the unique vectors, guaranteed by Riesz, in V such that (zi, x) = φi(x). We claim
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that (Z,B) = (zi, bi) is a dual basis pair. First we must show that zi form a basis. Suppose that∑
i cizi = 0. Then we have for all x ∈ V

0 =

(
x,

n∑
i=1

cizi

)
=

n∑
i=1

ci(x, zi) =
n∑
i=1

ciφi(x)

Since this happens for all x ∈ V , we must have that the functional on the right is the zero functional,
written in terms of the standard dual basis. But this occurs if and only if each ci = 0, which implies
the zi are linearly independent. Since zi are a list of n linearly independent vectors in an n dimensional
space, they must be a basis. Now, given x ∈ V we may write (uniquely) x =

∑
i cibi, and moreover

we have φi(x) = ci, so we may write

x =
n∑
i=1

φi(x)bi =
n∑
i=1

〈x, zi〉bi

It remains to show that x =
∑

i(x, bi)zi. To do this, consider the dual basis {ψi}ni=1 = {δzi}ni=1
associated with the zi, and the associated Riesz vectors {si}ni=1 so that δzi(x) = (si, x). We claim that
si = bi for each i. To prove the claim, observe that for all j we have

(si − bi, zj) = (si, zj)− (bi, zj) = ψi(zj)− φj(bi) = 0

Since if i = j both functionals are 1 and if i 6= j both functionals are zero. But then we also have
from above that

bi − si =
n∑
j=1

(bi − si, zj)bj =
n∑
j=1

0 · bj = 0

From this it follows that

x =
n∑
i=1

ψi(x)zi =
n∑
i=1

(x, si)zi =
n∑
i=1

(x, bi)zi

which completes the proof. �

So we have shown that a space can have a dual basis pair if and only if it possesses the Riesz rep-
resentation property. Now, to this point, we have developed several ideas characterizing the structure
of vector spaces over Z2 and how they behave when they have dual basis pairs. While we proved
converses of those propositions, we still have not developed an easy test for when a space has a dual
basis pair. The next two propositions will establish one more useful equivalence for dual basis pairs
and connect up to the operator symbols introduced in the previous sections.

Proposition 9. Let V be an n dimensional vector space over Z2. Then the following are equivalent:

(1) The frame operator is invertible for some basis {bi}ni=1 of V .
(2) There exists a matrix T ∈ S(V ) such that T is invertible.

Proof. Suppose first that that there is no basis for V that makes S invertible. Let T ∈ S(V ) and let
{bi}ni=1 be a basis of V that has T as its symbol. Since S is not invertible on bi, there is a vector
x ∈ V , x 6= 0 so that S(x) = 0, i.e. we have

n∑
i=1

(x, bi)bi = 0

Since the bi are a basis, this happens if and only if (x, bi) = 0 for each i. Writing x =
∑

i cibi, let
J = {i : ci 6= 0} and note that J is not empty since x 6= 0. Thus we may equivalently write x =

∑
j∈J bj

(since our choices for cj are either 0 or 1). Since (x, bi) = 0 for each i, we must have further that
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j∈J(bj , bi) = 0. Let [eJ ] be the vector that is 1 in the j’th coordinate if j ∈ J and 0 if j /∈ J . Then

we have

T [eJ ] =


(b1, b1) (b2, b1) . . . (bk, b1)
(b1, b2) (b2, b2) . . . (bk, b2)

...
...

. . .
...

(b1, bk) (b2, bk) . . . (bk, bk)

 [eJ ] =


∑

j∈J(bj , b1)∑
j∈J(bj , b2)

...∑
j∈J(bj , bn)

 = 0

Thus T has non-trivial kernel and hence is not invertible. Since the choice of T was arbitrary, we have
shown there is no invertible matrix T ∈ S(V ).

Conversely, suppose that the frame operator is invertible on some basis {bi}ni=1. Then we claim that
T = Gbi is invertible, i.e. the operator symbol for the bi is invertible. Since T is a finite dimensional
matrix, it suffices to show T is injective. let [x] = [x1, . . . , xn] be an arbitrary vector and suppose
T [x] = 0. Then we have 

∑n
i=1(b1, bi)xi∑n
i=1(b2, bi)xi

...∑n
i=1(bn, bi)xi

 = 0

Now, if each xi = 0, then x = 0 and we are done so suppose at least one xi 6= 0 and let J = {j : xj 6= 0}.
Then for each 1 ≤ i ≤ n we must have

∑
j∈J(bi, bj) = 0. But, now since the bi are a basis, the vector

b =
∑

j∈J bj is not the zero vector, but we have

S(b) =
n∑
i=1

∑
j∈J

bj , bi

 bi =
n∑
i=1

∑
j∈J

(bj , bi)

 bi =
n∑
i=1

0 · bi = 0

which is a contradiction, since we supposed S was invertible. Thus we must have J = ∅, which means
[x] = 0 and hence T is also invertible. �

Corollary 1. Let V be a finite dimensional vector space over Z2. Then V has a dual basis pair if and
only if dim(V )=rank(V ).

The value in this last proposition is that we now have an easy test to see if a space has the
reconstructive property of a dual basis pair, something that, until now we had been lacking. For
example, we can immediately say that V =span(1, 1, 0) does not have a dual basis pair since its
operator symbol is 0 but V ′ =span(1, 0, 0) does have a dual basis pair (even if it is quite trivial). We
conclude this section with a recap of all the equivalences shown above.

Theorem 3. Let V be an n-dimensional vector space over Z2. Then the following are equivalent:
(1) rank(V)=n
(2) There is a basis {bi}ni=1 so that the frame operator for the bi is invertible
(3) V has a dual basis pair
(4) For every linear functional φ : V 7→ Z2 there is a unique vector z ∈ V such that φ(x) = 〈x, z〉

for all x ∈ V .

4. Zero Self-Inner-Product Subspaces

Let On denote the space of all vectors in Zn2 that have zero “length”, i.e. the space of vectors x
such that 〈x, x〉 = 0. For vector spaces over the binary field this is a linear space. For other finite
fields this is perhaps an interesting set but it is not a linear space. Hence this is a special feature
of binary frame theory. At first glance, one might expect these spaces to be trivial. They have no
analogue in traditional Hilbert space theory, as the only vector with self inner product zero is the zero
vector. As it turns out, these spaces have co-dimension 1 in Zn2 so the vectors in these spaces make
up exactly half of the vectors in Zn2 . For odd n these spaces have Parseval frames as well as the Riesz
representation property, and for even n these spaces can be decomposed into the direct sum of the
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smaller On−1 -space and a one-dimensional space with trivial inner product . These spaces serve well
to illustrate the many differences between Hilbert space theory and binary vector spaces.

Lemma 6. The set On = {x ∈ Zn2 : 〈x, x〉 = 0} is a linear subspace of Zn2 .

Proof. If x, y ∈ On, then 〈x+ y, x+ y〉 = 〈x, x〉+ 〈y, y〉+ 2〈x, y〉. Since 2 is congruent to 0 modulo 2,
the cross term is 0, and since x, y ∈ On, 〈x, x〉 = 〈y, y〉 = 0. So 〈x+ y, x+ y〉 = 0. �

Lemma 7. On has dimension n− 1.

Proof. Let bi = (0, 0, . . . , 1, 1, . . . , 0, 0) where the ones occur in the i’th and i + 1’st places and let
B = {bi : i = 1, . . . , n − 1}. We claim B is a basis for On. We will first show linear independence.
Suppose that c1b1 + · · ·+ cn−1bn−1 = 0. Then since b1 is the only vector with a non-zero entry in its
first coordinate, it follows that c1 = 0. But now b2 is the only remaining vector with a non-zero entry
in its second coordinate, so we must have c2 = 0. Repeating this argument n−1 times gives that each
ci = 0. Now, Zn2 has dimension n, and so On, being a proper subspace of Zn2 (we always have, for
example, (1, 0, . . . , 0) /∈ On), must have dimension at most n− 1, and the above computation shows it
must have dimension at least n− 1, which completes the proof. �

When n is odd On has a Parseval frame and also has a dual basis pair. While these facts follow
immediately from the theorems above by computing the operator symbol for the basis B above, we
also give alternative, constructive proofs.

Proposition 10. If n is odd, On has a Parseval frame consisting of k = n(n−1)
2 vectors.

Proof. Let P = {p ∈ On : p has two ones in its coordinate vector}. Observe that P spans On because
the basis B from above is contained in P. To show P is Parseval, we’ll show that the bi from above
can be reconstructed from P. Then we will show this is sufficient to reconstruct any vector in On.
We will show how to reconstruct b1, the remaining basis vectors are similar. The dot product 〈b1, pi〉
is nonzero if and only if pi has a one in the first or second coordinate and not in both. There are
n − 2 vectors where pi has a one in the first component but not the second component and n − 2
vectors where pi has a one in the second component and not the first component. Since n is odd,

n − 2 is odd, so the number of ones in the first component of
k∑
i=1

〈b1, pi〉pi is odd, thus the entry is

one. Similarly, the second entry will be one. Now, given any pi with a one in its first component and
a zero in its second, there is a corresponding vector p′i with a zero in its first component and a one in
its second component and the second one in pi is in the same position as the second one in p′i. Thus
since this happens for each pi with 〈b1, pi〉 6= 0, all coordinates except the first and second are zero,

and so
k∑
i=1

〈b1, pi〉pi = b1.

Given that we can reconstruct the basis vectors bi, observe that
k∑
j=1

〈x, pj〉pj =
k∑
j=1

〈
n∑
i=1

cibi, pj〉pj =
k∑
j=1

n∑
i=1

ci〈bi, pj〉pj

=
n∑
i=1

k∑
j=1

ci〈bi, pj〉pj =
n∑
i=1

ci

k∑
j=1

〈bi, pj〉pj =
n∑
i=1

cibi = x

so P is a Parseval frame. �

Proposition 11. If n is odd, then On has a dual basis pair.

Proof. By an earlier proposition it suffices to show S is invertible on some basis for this space. Let
B be the basis for On given above. We’ll show that S has trivial kernel with respect to this basis.
Observe that Sb1 = b2, Sbn−1 = bn−2, and for i /∈ {1, n − 1}, Sbi = bi−1 + bi+1. Suppose then that
Sx = 0. Write x = c1b1 + ...+ cn−1bn−1. Then
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Sx = c1b2 + c2b1 + c2b3 + c3b2 + c3b4 + ...+ cn−2bn−3 + cn−2bn−1 + cn−1bn−2

= b1(c2) + b2(c1 + c3) + b3(c2 + c4) + ...+ bn−2(cn−3 + cn−1) + bn−1(cn−2).

Now as the bi are a basis, this occurs if and only if the coefficients are zero. Specifically, c2 must
be zero, which in turn forces c4 = c6 = ... = 0 for the even numbered coefficients. Since n is odd,
n − 2 is also odd, and cn−2 = 0 so similarly all the odd coefficients must also be zero. But then

x =
n∑
i=1

cibi = 0, so S is invertible. Finally we must show that S is a surjective mapping. To do this,

it suffices to show that we can find elements xi ∈ On such that S(xi) = bi. Then, by the linearity of
S and the fact that the bi form a basis, it is easy to see that S is surjective. Now we have

S(b2 + b4 + · · ·+ bn−3 + bn−1) = b1 + b3 + b3 + b5 + · · ·+ bn−2 + bn−2 = b1

and this process can clearly be used to construct all of the odd indexed vectors, just delete the leading
bi, so for example

S(b4 + · · ·+ bn−3 + bn−1) = b3 + · · ·+ bn−2 + bn−2 = b3

and so on. To reconstruct the even indexed bi, we have

S(b1 + b3 + · · ·+ bn−4 + bn−2) = b2 + b2 + b4 + · · ·+ bn−3 + bn−3 + bn−1 = bn−1

and proceed by deleting the ending bi, so for example

S(b1 + b3 + · · ·+ bn−6 + bn−4) = b2 + b2 + b4 + · · ·+ bn−5 + bn−5 + bn−3

So we can reconstruct all the bi, and so indeed S is invertible and we must have that {S−1bi} and {bi}
are a dual basis pair for On. �

If n is even On cannot have a Parseval frame or dual frame pair, for it is impossible to re-construct
the vector z in On which has every coordinate element 1 using coefficients which are inner products of
z with vectors in On. Since every vector in On has an even number of ones z has zero inner product
with any other vector in On.

Proposition 12. The space On for even n can be decomposed as a direct sum On = P ⊕Z, where P
has a Parseval frame and is unitarily equivalent to On−1, and Z is a one dimensional space.

Proof. Let z′ ∈ On be the vector whose entries are all 1 and let Z = span{z}. Let P = span{pi : 1 ≤
i ≤ n− 2}, where pi has 1 in the i and i+ 1’th slots and zero otherwise.

Then P∩Z = {0} because all the pi have 0 in the n’th slot and z′ has a 1 in that slot. As in the proof
of Proposition 10, the vectors {p1, ...pn−2} are linearly independent and span P. Thus {z, p1, ...pn−2}
is a basis for On. This yields On = P ⊕ Z. By the construction P is clearly unitarily equivalent to
On−1.

�
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