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0 A module frame concept for Hilbert
C*-modules

Michael Frank and David R. Larson

Abstract. The goal of the present paper is a short introduction
to a general module frame theory in C*-algebras and Hilbert C*-
modules. The reported investigations rely on the idea of geometric
dilation to standard Hilbert C*-modules over unital C*-algebras
that possess orthonormal Hilbert bases, and of reconstruction of
the frames by projections and other bounded module operators
with suitable ranges. We obtain frame representation and decom-
position theorems, as well as similarity and equivalence results.
The relative position of two and more frames in terms of being
complementary or disjoint is investigated in some detail. In the
last section some recent results of P. G. Casazza are generalized
to our setting. The Hilbert space situation appears as a special
case. For the details of most of the proofs we refer to our basic
publication [8].

Frames serve as a replacement for bases in Hilbert spaces that guar-
antee canonical reconstruction of every element of the Hilbert space by
the reconstruction formula, however, giving up linear independence of
the elements of the generating frame sequence. They appear naturally
as wavelet generated and Weyl-Heisenberg / Gabor frames since of-
ten sequences of this type do not become orthonormal or Riesz bases,
[11, 2, 12]. Similarly, the concept of module frames has become a
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2 M. FRANK AND D. R. LARSON

fruitful tool in C*-algebra theory, e. g. for the description of condi-
tional expectations of finite (Jones) index [22, 19, 1, 7] or for the
investigation of Cuntz-Krieger-Pimsner algebras [4, 13]. In this part
of the literature they are called ’quasi-bases’ or ’bases’. Inspired by
the results by Deguang Han and D. R. Larson in [11] and by investiga-
tions by M. A. Rieffel [21] the two authors investigated completions of
algebraic tensor products A ⊙ H of a C*-algebra A and a (separable)
Hilbert space H that arise from the extension of the scalar product
on H to an A-valued inner product on A ⊙ H as well as their direct
summands for the existence of module frames. Surprisingly, a general
concept of module frames for this class of Hilbert A-modules was ob-
tained and most of the theorems valid for the Hilbert space situation
are extendable to theorems for Hilbert C*-modules undergoing only
minor additional changes, [8]. The results are useful in wavelet theory,
in C*-theory and (in their commutative reinterpretation) in vector and
Hilbert bundle theory [10].

The goal of the present paper is to give an introduction to the more
general concept of module frames and to indicate further results ex-
tending those explained in [8]. We start with a brief description of
M. A. Rieffel’s link of C*-theory to wavelet theory via group represen-
tations giving the motivation for our investigations. In section two we
give an introduction to the basic notions of Hilbert C*-module theory
used in the sequel. Sections three and four are devoted to the crucial
results showing the wide field of analogies between frame theory in
Hilbert spaces and in Hilbert C*-modules and the few obstacles that
arise in the generalized situations. A detailed account to inner sums of
frames and their properties, including considerations about existence
and uniqueness, is the goal of section five and six. There we reproduce
Hilbert space results of [11] in our more general setting with slight
modifications. We close our explanations with investigations on mod-
ule frame representations and decompositions generalizing results by
P. G. Casazza [3] that describe the Hilbert space situation.

1. Module frames and multi-resolution analysis wavelets

Following M. A. Rieffel [21] assume the situation of a wavelet se-
quence generated by a multi-resolution analysis in a Hilbert space
L2(R

n). Denote the mother wavelet by φ ∈ L2(R
n), ‖φ‖2 = 1, and

consider Rn as an additive group. The second group appearing in the
picture is Γ = Zn acting on L2(R

n) by translations in the domains of
functions, i.e. mapping φ(x) to φ(x − p) for x ∈ Rn and p ∈ Zn. By
the origin of the mother wavelet φ all the different Zn-translates of φ
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are pairwise orthogonal,
∫

Rn

φ(x− q)φ(x− p) dx = δqp .

Introducing the group C*-algebras A = C∗(Zn) of the additive discrete
group Zn into the picture and interpreting the set of all Zn-translates
of φ as elements of the ∗-algebra Cc(R

n) we obtain a right action of A
on Cc(R

n) by convolution and an A-valued inner product there defined
by

〈φ, ψ〉A(p) :=

∫

Rn

φ(x)ψ(x− p) dx

for φ, ψ ∈ Cc(R
n) and p ∈ Zn, see section two for a detailed explanation

of the notion. The completion of Cc(R
n) with respect to the norm

‖φ‖ := ‖〈φ, φ〉A‖1/2
A is a right Hilbert C*-module H = Cc(Rn) over A.

Considering the dual Fourier transformed picture things become
mathematically easier. The C*-algebra A = C∗(Zn) is transformed to
the C*-algebra B = C(Tn) of continuous functions on the n-torus. The
right action of A on H by convolution becomes a right action of B on
H by pointwise multiplication. Moreover, H = Cc(Rn) coincides with
the set Bφ, i.e. it is a singly generated free B-module with B-valued
inner product

〈φ, ψ〉B(t) :=
∑

p∈Zn

(φψ)(t− p)

for t ∈ Rn. The set {φ} consisting of one element is a module frame,
even a module Riesz basis. However, for n ≥ 2 there exist non-free
B-modules that are direct orthogonal summands of H = B, cf. [21] for
their construction. For them module bases might not exist and module
frames consist of more than one element.

In a similar manner multi-wavelets give rise to Hilbert B-modules
Bk of all k-tuples with entries from B and coordinate-wise operations.
Since they are also free finitely generated B-modules the pairwise or-
thogonal generating elements of the multi-wavelet {φ1, ..., φk} form a
module frame for Bk. Considering infinite sets of pairwise orthogonal
generating elements in the context of a multi-resolution analysis we
have to find suitable closures of the algebraic tensor product A ⊙ l2
to form well-behaved Hilbert C*-modules. Since norm-convergence
and weak convergence are in general different concepts in an infinite-
dimensional C*-algebraB (whereas both they coincide in C) some more
investigations have to be carried out.
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2. A brief introduction to Hilbert C*-modules

Hilbert C*-modules arose as generalizations of the notion ’Hilbert
space’. The basic idea was to consider modules over C*-algebras in-
stead of linear spaces and to allow the inner product to take values in
the C*-algebra of coefficients being C*-(anti-)linear in its arguments.
The structure was first used by I. Kaplansky [15] in 1952 and more
carefully investigated by M. A. Rieffel [20] and W. L. Paschke [18]
later in 1972/73. For comprehensive accounts we refer to the lecture
notes of E. C. Lance [17] and to the book of N.-E. Wegge-Olsen [23,
ch. 15, 16]. We give only a brief introduction to the theory of Hilbert
C*-modules to make our explanations self-contained. Throughout the
present paper we assume the C*-algebra of coefficients of Hilbert C*-
modules to be unital.

Definition 2.1. Let A be a (unital) C*-algebra and H be a (left)
A-module. Suppose that the linear structures given on A and H are
compatible, i.e. λ(ax) = (λa)x = a(λx) for every λ ∈ C, a ∈ A and
x ∈ H. If there exists a mapping 〈., .〉 : H×H → A with the properties

(i) 〈x, x〉 ≥ 0 for every x ∈ H,
(ii) 〈x, x〉 = 0 if and only if x = 0,
(iii) 〈x, y〉 = 〈y, x〉∗ for every x, y ∈ H,
(iv) 〈ax, y〉 = a〈x, y〉 for every a ∈ A, every x, y ∈ H,
(v) 〈x+ y, z〉 = 〈x, z〉 + 〈y, z〉 for every x, y, z ∈ H.

Then the pair {H, 〈., .〉} is called a (left) pre-Hilbert A-module.
The map 〈., .〉 is said to be an A-valued inner product. If the pre-
Hilbert A-module {H, 〈., .〉} is complete with respect to the norm ‖x‖ =
‖〈x, x〉‖1/2 then it is called a Hilbert A-module.

In case A is unital the Hilbert A-module H is (algebraically) finitely
generated if there exists a finite set {xi}i∈N ⊂ H such that x =

∑

i aixi

for every x ∈ H and some coefficients {ai} ⊂ A. If A is unital the
Hilbert A-module H is countably generated if there exists a countable
set {xi}i∈N ⊂ H such that the set of all finite A-linear combinations
{∑j ajxj}, {ai} ⊂ A, is norm-dense in H.

Example 2.2. Denote by H = An the set of all n-tuples with en-
tries of A, where the addition is the position-wise addition derived from
A, the action of A on H is the multiplication of every entry by a fixed
element of A from the left and the A-valued inner product is defined
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by the formula

〈a, b〉 =
n
∑

i=1

aib
∗
i

for a = (a1, ..., an), b = (b1, ..., bn) ∈ H. This Hilbert A-module is a free
finitely generated one with a standard orthonormal basis.

This kind of examples plays a crucial rule in Hilbert C*-module
theory. It allows to characterize finitely generated Hilbert C*-modules
precisely as the projective finitely generated C*-modules.

Theorem 2.3. Let A be a unital C*-algebra. Every algebraically
finitely generated Hilbert A-module H is an orthogonal summand of
some free Hilbert A-module An for a finite number n.

Example 2.4. Let H be a Hilbert space, A ⊙ H be the algebraic
tensor product of H and the C*-algebra A of coefficients, and define
the A-valued inner product by

〈a⊗ h, b⊗ g〉 = a〈h, g〉Hb∗

for a, b ∈ A, h, g ∈ H . Then A⊙H becomes a pre-Hilbert A-module.
Naturally, An ∼= A ⊙ Cn for any n ∈ N. Moreover, set l2(A) to be
the norm-completed algebraic tensor product A⊙ l2 that possesses an
alternative description as

l2(A) = {a = {ai}i∈N : the sum
∑∞

j=1
aja

∗
j converges w.r.t. ‖.‖A}

with A-valued inner product 〈a, a〉 =
∑

j aja
∗
j .

The Hilbert A-module l2(A) serves as an universal environment for
countably generated Hilbert A-modules that can be described as (spe-
cial) orthogonal summands. This fact was first observed by G. G. Kas-
parov [16] in 1980.

Theorem 2.5. (Stabilization theorem) Let A be a unital C*-alge-
bra. Every countably generated Hilbert A-module H possesses an em-
bedding into l2(A) as an orthogonal summand in such a way that the
orthogonal complement of it is isometrically isomorphic to l2(A) again,
i.e. H⊕ l2(A) = l2(A).

The Hilbert A-modules An, n ∈ N, and l2(A) possess canonical
orthonormal bases. However, not every Hilbert C*-module has an
orthonormal basis (cf. Example 3.3), and some replacement for this
notion would be helpful to describe the inner structure of Hilbert C*-
modules.
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3. Frames in Hilbert C*-modules

The concept that replaces the notion of a bases and strengthens the
simple notion of a generating set is that one of a module frame. Of
course, the existence of module frames has to be shown separately.

Definition 3.1. Let A be a unital C*-algebra and J be a finite or
countable index set. A sequence {xj : j ∈ J} of elements in a Hilbert
A-module H is said to be a frame if there are real constants C,D > 0
such that

C · 〈x, x〉 ≤
∑

j

〈x, xj〉〈xj , x〉 ≤ D · 〈x, x〉(1)

for every x ∈ H. The optimal constants (i.e. maximal for C and
minimal for D) are called frame bounds. The frame {xj : j ∈ J} is said
to be a tight frame if C = D, and said to be normalized if C = D = 1.
We consider standard (normalized tight) frames in the main for which
the sum in the middle of the inequality (1) always converges in norm.
For non-standard frames the sum in the middle converges only weakly
for at least one element of H.

A sequence {xj}j is said to be a standard Riesz basis of H if it is
a standard frame and a generating set with the additional property
that A-linear combinations

∑

j∈S ajxj with coefficients {aj} ∈ A and
S ∈ J are equal to zero if and only if in particular every summand ajxj

equals zero for j ∈ S. A generating sequence {xj}j with the described
additional property alone is called a Hilbert basis of H.

An inner summand of a standard Riesz basis of a Hilbert A-module
L is a sequence {xj}j in a Hilbert A-module H for which there is a
second sequence {yj}j in a Hilbert A-module K such that L ∼= H⊕K
and the sequence consisting of the pairwise orthogonal sums {xj ⊕yj}j

in the Hilbert A-module H⊕K is the initial standard Riesz basis of L.

Two frames {xj}j, {yj}j of Hilbert A-modules H1, H2, respectively,
are unitarily equivalent (resp., similar) if there exists a unitary (resp.,
invertible adjointable) linear operator T : H1 → H2 such that T (xj) =
yj for every j ∈ J.

Recalling the standard identifications An ∼= A ⊙ Cn and l2(A) ∼=
A⊙ l2 we observe that for every (normalized tight) frame {xj}j of a
Hilbert space H the sequence {1A ⊗ xj}j is a standard (normalized
tight) module frame of the Hilbert A-module H = A⊙H with the
same frame bounds. So standard module frames exist in abundance in
the canonical Hilbert A-modules. To show the existence of standard
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module frames in arbitrary finitely or countably generated Hilbert A-
modules we have the following fact:

Theorem 3.2. For every A-linear partial isometry V on An (or
l2(A)) the image sequence {V (ej)}j of the standard orthonormal ba-
sis {ej}j is a standard normalized tight frame of the image V (An)
(or V (l2(A))). Consequently, every algebraically finitely generated (or
countably generated) Hilbert A-module H possesses a standard normal-
ized tight frame.

The verification of this statement is straightforward starting from a
standard decomposition of elements with respect to some orthonormal
basis and applying the partial isometry to both the sides of the equality.
A reference to the Theorems 2.3 and 2.5 gives the existence of frames
since projections are special partial isometries.

We point out that a standard Riesz basis {xj}j which is a normal-
ized tight frame is automatically an orthogonal Hilbert basis with the
property 〈xj , xj〉 = 〈xj , xj〉2 for any j ∈ J, cf. [8, Prop. 2.2]. Finally,
we show that certain countably generated Hilbert C*-modules do not
possess any standard (orthogonal) Riesz basis.

Example 3.3. Take the C*-algebra A = C([0, 1]) of all continuous
functions on the unit interval [0, 1] that is equipped with the usual
topology. Consider the Hilbert A-module H = C0((0, 1]) together with

the A-valued inner product 〈f, g〉(t) = f(t)g(t), t ∈ [0, 1]. The set
{f(t) = t} ∈ H is a topologically (but not algebraically) generating set
and naturally orthonormal. However, it is not a frame, since the lower
frame bound C equals zero. The latter is true for any set consisting
of exactly one generator. If we take generating sets consisting of two
(or more) generators then the requirement to them to be orthogonal
translates into the fact that there must exist points t0 ∈ (0, 1] where all
generators vanish. This is a contradiction to the first property of the set
to be generating. Conversely, if the set is generating and contains more
than one element, then at least two of the generators possess a support
subinterval in common. This allows a non-trivial representation of
the zero function, so these sets cannot be bases. At this point we
have exhausted all possibilities to build a Riesz basis for the Hilbert
A-module H. However, the Hilbert C*-module under considerations
possesses a standard normalized tight frame, see Example 4.2.
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4. Reconstruction formulae, frame transform and frame
operator

One of the main properties of normalized tight frames (standard
or non-standard) is the validity of a canonical reconstruction formula
for all elements of the spanned Hilbert C*-module. Conversely, every
generating sequence of a countably generated Hilbert C*-module sat-
isfying this type reconstruction formula is naturally a normalized tight
frame for it. For more general frames the situation is slightly more
complicated since a dual frame is needed to build up a reconstruction
formula. Its existence can only be guaranteed if the initial frame is sup-
posed to be standard. Since the methods of the proofs of the theorems
below involve a lot of technicalities and deeper knowledge of Hilbert
C*-module theory we refer to [8] for a detailed theoretical approach.
The Hilbert space situation is investigated in great detail by Deguang
Han and D. R. Larson in [11].

Theorem 4.1. ([8, Th. 4.1] ) Let A be a unital C*-algebra, H be
a finitely or countably generated Hilbert A-module and {xj}j be a nor-
malized tight frame of H. Then the reconstruction formula

x =
∑

j

〈x, xj〉xj(2)

holds for every x ∈ H in the sense of convergence w.r.t. the topology
that is induced by the set of semi-norms {|f(〈., .〉)|1/2 : f ∈ A∗}. The
sum converges always in norm if and only if the frame {xj}j is stan-
dard.
Conversely, a finite set or a sequence {xj}j satisfying the formula (2)
for every x ∈ H is a normalized tight frame of H.

Example 4.2. Consider the Hilbert C([0, 1])-moduleC0((0, 1]) and
the standard A-valued inner product derived from multiplication and
involution in A again, cf. Example 3.3. Take the functions

f1(t) =

{

0 : t ∈ [0, 1/2]
g(t− 1/2) : t ∈ [1/2, 1]

,

fn(t) =







0 : t ∈ [0, 1/2n]
g(2(n−1)t− 1/2) : t ∈ [1/2n, 1/2(n−1)]

g(2(n−2)t) : t ∈ [1/2(n−1), 1/2(n−2)]
,

where g(t) = 2t for t ∈ [0, 1/2] and g(t) = 2
√
t− t2 for t ∈ [1/2, 1].

The sequence {fi}i forms a standard normalized tight frame for the
Hilbert C([0, 1])-module C0((0, 1]). This can be shown best verifying
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the reconstruction formula and checking their convergence in norm for
any concrete element of the Hilbert C*-module.

With some experience in Hilbert C*-module theory the following
crucial fact is surprising because of the generality in which it holds.
The existence and the very good properties of the frame transform of
standard frames give the chance to get far reaching results analogous
to those in the Hilbert space situation. Again, the proof is more com-
plicated than the known one in the classical Hilbert space case, cf. [11].

Theorem 4.3. ([8, Th. 4.2] ) Let A be a unital C*-algebra, H be a
finitely or countably generated Hilbert A-module and {xj}j be a stan-
dard frame of H. The frame transform of the frame {xj}j is defined to
be the map

θ : H → l2(A) , θ(x) = {〈x, xj〉}j

that is bounded, A-linear, adjointable and fulfills θ∗(ej) = xj for a
standard orthonormal basis {ej}j of the Hilbert A-module l2(A) and all
j ∈ J.
Moreover, the image θ(H) is an orthogonal summand of l2(A). For
normalized tight frames we additionally get P (ej) = θ(xj) for any j ∈ J,
and θ is an isometry in that case.

The frame transform θ is the proper tool for the description of
standard frames.

Theorem 4.4. ([8, Th. 6.1] ) Let A be a unital C*-algebra, H be a
finitely or countably generated Hilbert A-module and {xj}j be a stan-
dard frame of H. Then the reconstruction formula

x =
∑

j

〈x, S(xj)〉xj

holds for every x ∈ H in the sense of norm convergence, where S :=
(θ∗θ)−1 is positive and invertible.

The sequence {S(xj)}j is a standard frame again, the canonical dual
frame of {xj}j. The operator S is called the frame operator of {xj}j

on H. The Theorems 4.1 and 4.4 bring to light some key properties of
frame sequences:

Corollary 4.5. ([8, Th. 5.4, 5.5]) Every standard frame of a
finitely or countably generated Hilbert A-module is a set of generators.
Every finite set of algebraic generators of a finitely generated Hilbert
A-module is a (standard) frame.
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Sometimes the reconstruction formula of standard frames is valid
with other (standard) frames {yi}i instead of {S(xi)}i. They are said
to be alternative dual frames of {xi}i. However, the canonical dual
frame is in some sense optimal:

Corollary 4.6. ([8, Prop. 6.7]) If x =
∑

j〈x, yj〉xj for every

x ∈ H and a different frame {yj}j ⊂ H, then we have the inequality
∑

j

〈x, S(xj)〉〈S(xj), x〉 <
∑

j

〈x, yj〉〈yj, x〉 <∞ .

that is valid for every x ∈ H in the positive cone of A.

We close our considerations on the frame transform arising from
standard frames with a statement on the relation between unitary
equivalence (or similarity) of frames and the characteristics of the im-
age of the frame transform θ.

Theorem 4.7. ([8, Th. 7.2]) Let A be a unital C*-algebra and
{xj}j and {yj}j be standard (normalized tight) frames of Hilbert A-
modules H1 and H2, respectively. The following conditions are equiva-
lent:

(i) The frames {xj}j and {yj}j are unitarily equivalent or similar.
(ii) Their frame transforms θ1 and θ2 have the same range in
l2(A).

(iii) The sums
∑

j ajxj and
∑

j ajyj equal zero for exactly the

same Banach A-submodule of sequences {aj}j of l2(A).

5. Complementary frames and inner sums of frames

The aim of the present section is a description of existing mod-
ule frame complements that allow to understand standard frames as
parts of orthonormal and Riesz bases of extended Hilbert C*-modules,
sometimes up to unitary equivalence. Throughout we use a special
composition of two frames of different Hilbert C*-modules that con-
sists of pairs of frame elements strictly with identical indices, the inner
sum of them. Thinking about two orthonormal bases of two different
Hilbert spaces, as a particular case, this procedure will not yield an
orthonormal basis of the direct sum of these Hilbert spaces at all. For
frames, however, this may happen to be a frame for the direct sum,
again. The usefulness of this concept was first observed in [11], where
the Hilbert space situation was worked out.

We start with standard normalized tight frames of Hilbert C*-
modules. For them some uniqueness results still hold, an important
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fact for further investigations. Of course, because of the great vari-
ety of non-isomorphic Hilbert C*-modules with the same cardinality
of their sets of generators we can state uniqueness only for appropri-
ately fixed resulting direct sum Hilbert C*-modules. (See [8, 5.1-5.7]
for details.)

Proposition 5.1. (Existence) Let A be a unital C*-algebra, H be
a finitely (resp., countably) generated Hilbert A-module and {xj : j ∈ J}
be a standard normalized tight frame of H. Then there exists another
countably generated Hilbert A-module M and a standard normalized
tight frame {yj : j ∈ J} in it such that

{xj ⊕ yj : j ∈ J}
is an orthogonal Hilbert basis for the countably generated Hilbert A-
module H ⊕ M with 〈xj ⊕ yj, xj ⊕ yj〉 = 〈xj ⊕ yj, xj ⊕ yj〉2. M
can be chosen in such a way that H ⊕ M = l2(A) and hence, 1A =
= 〈xj ⊕ yj, xj ⊕ yj〉 = 〈xj ⊕ yj, xj ⊕ yj〉2 for any j ∈ J.

If H is finitely generated and the index set J is finite then M can
be chosen to be finitely generated, too, and H⊕M = AN for N = |J|.

If {xj}j is already an orthonormal basis then M = {0}, i.e. no
addition to the frame is needed. If J is finite and M is not finitely
generated (i.e. we try to dilate to an infinitely generated Hilbert A-
module) then infinitely many times 0H has to be added to the frame
{xj}j.

Proposition 5.2. (Uniqueness) Let A be a unital C*-algebra, H be
a countably generated Hilbert A-module and {xj : j ∈ J} be a standard
normalized tight frame for H, where the index set J is countable or
finite. Suppose, there exist two countably generated Hilbert A-modules
M, N and two normalized tight frames {yj : j ∈ J}, {zj : j ∈ J} for
them, respectively, such that

{xj ⊕ yj : j ∈ J} , {xj ⊕ zj : j ∈ J}
are orthogonal Hilbert bases for the countably generated Hilbert A-
modules H⊕M, H⊕N , respectively, where we have the value properties

〈xj ⊕ yj, xj ⊕ yj〉 = 〈xj ⊕ yj, xj ⊕ yj〉2 and

〈xj ⊕ zj , xj ⊕ zj〉 = 〈xj ⊕ zj , xj ⊕ zj〉2 .

If 〈yj, yj〉M = 〈zj, zj〉N for every j ∈ J, then there exists a unitary
transformation U : H⊕M → H⊕N acting identically on H, mapping
M onto N and satisfying U(yj) = zj for every j ∈ J.

The additional remarks of Proposition 5.1 apply in the situation of
finitely generated Hilbert A-modules appropriately.
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Considering arbitrary standard frames we obtain similar results,
however, uniqueness cannot be established without further restrictions.

Proposition 5.3. Let {xj : j ∈ J} be a standard frame of a finitely
or countably generated Hilbert A-module H. There exists a Hilbert A-
module M and a normalized tight frame {yj : j ∈ J} in M such that
the sequence {xj ⊕ yj : j ∈ J} is a standard Riesz basis in H ⊕ M
with the same frame bounds for both {xj} and {xj ⊕ yj}. The Hilbert
A-module M can be chosen in such a way that H⊕M = l2(A). If H
is finitely generated and the index set J is finite, then M can be chosen
to be finitely generated, too, and H⊕M = AN for N = |J|.

In general, M cannot be selected as a submodule of H, and the
resulting standard Riesz basis may be non-orthogonal. A uniqueness
result like that one for standard normalized tight frames fails in general
to be true.

Adding the basis property to the frame property, i.e. taking stan-
dard Riesz bases, we reobtain a classical characterization of them that
is sometimes taken as an alternate definition of standard Riesz bases.

Proposition 5.4. Let {xj : j ∈ J} be a standard Riesz basis of a
finitely or countably generated Hilbert A-module H. Then it is the im-
age of a standard normalized tight frame and Hilbert basis
{yj : j ∈ J} of H under an invertible adjointable bounded A-linear
operator T on H, i.e. of an orthogonal Hilbert basis {yj : j ∈ J} for
which 〈yj, yj〉 = 〈yj, yj〉2 holds for every j ∈ J.

Conversely, the image of a standard normalized tight frame and
Hilbert basis {yj : j ∈ J} of H under an invertible adjointable bounded
A-linear operator T on H is a standard Riesz basis of H.

If a Hilbert A-module H contains a standard Riesz basis then it con-
tains an orthogonal Hilbert basis {xj}j with the property that
x =

∑

j〈x, xj〉xj for every element x ∈ H.

We can summarize the results in this section in a short statement.

Theorem 5.5. Standard frames are precisely the inner direct sum-
mands of standard Riesz bases of An, n ∈ N, or l2(A). Standard nor-
malized tight frames are precisely the inner direct summands of or-
thonormal Hilbert bases of An, n ∈ N, or l2(A).

6. Different types of disjointness of composite frames in
inner sums

The aim of this section is to consider sequences that arise as inner
sums of standard frames of two Hilbert C*-modules with respect to
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their properties in the context of the corresponding direct sum Hilbert
C*-module. The main achievement is a description of the various sit-
uations in terms of the relation of the two corresponding orthogonal
projections onto the ranges of the frame transforms in l2(A). Also,
we obtain some uniqueness result up to similarity for the choice of
certain complements in inner sums. Strong disjointness of standard
frames can be described in terms of properties of their dual frames.
Some comments and remarks complete the picture. The main source
of inspiration is chapter two of [11] where the Hilbert space situation
has been considered, however some changes appear in our more general
setting. We start with the definition of some notions that stand for the
principal situations.

Definition 6.1. The pairs of standard frames ({xj}j, {yj}j) and
({zj}j, {wj}j) of finitely or countably generated Hilbert A-modules
H and K, respectively, are similar if the inner sums {xj ⊕ yj}j and
{zj ⊕ wj}j are related by an invertible adjointable bounded operator
T1 ⊕ T2 : H ⊕ K → H ⊕ K by the rule T1(xj) ⊕ T2(yj) = zj ⊕ wj for
every j ∈ J, where T1 acts on H and T2 acts on K.

Let M be a finitely or countably generated Hilbert A-module that
possesses a Riesz basis. Let {xj}j and {yj}j be standard frames of
finitely or countably generated Hilbert C*-modules H and K, respec-
tively, with the property that H ⊕ K ∼= M. If both {xj}j and {yj}j

are normalized tight and their inner sum {xj ⊕ yj}j is a normalized
tight frame and orthogonal Hilbert basis then the frames {xj}j and
{yj}j are strongly complementary to each other. The two frames {xj}j

and {yj}j are strongly complementary to each other if they are similar
to a pair of strongly complementary normalized tight frames. If the
inner sum of the frames {xj ⊕ yj}j yields a Riesz basis of M then the
frame {yj}j is said to be a complementary frame to {xj}j, and {xj}j is
complementary to {yj}j.

Two standard normalized tight frames {xj}j and {yj}j of H and
K, respectively, are strongly disjoint in case the inner sum of them is
a standard normalized tight frame of M. Analogously, two standard
frames {xj}j and {yj}j of H and K, respectively, are strongly disjoint
if they are similar to a strongly disjoint pair of standard normalized
tight frames of H and K. If the inner sum of the frames {xj ⊕ yj}j is
a standard frame of M then the frames {xj}j and {yj}j are said to be
disjoint. If the set {xj ⊕ yj}j has a trivial orthogonal complement in
M then the frames {xj}j and {yj}j are called weakly disjoint.
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Examples for the different types of pairs of standard frames can be
found in [11] for the Hilbert space situation. All these properties are
invariant under unitary equivalence of pairs of frames. We recall that
the property of frames to be standard extends from the summands to
their inner sum. Moreover, by [8, Prop. 2.2] any Riesz basis with frame
bounds equal to one is automatically an orthogonal Hilbert basis with
projection-valued inner product values for equal entries taken from the
basis set. If two complementary standard frames {xj}j and {yj}j of
finitely or countably generated Hilbert A-modules H and K, respec-
tively, realize as their inner sum a Riesz basis of H ⊕ K with frame
bounds equal to one then both they are normalized tight since lower
frame bounds of inner summands can only increase and upper frame
bounds only decrease. Therefore, they have to be strongly comple-
mentary. At the contrary, the inner sum of complementary standard
normalized frames need not to yield a Riesz basis with frame bounds
equal to one, in general. To see this consider two complementary stan-
dard normalized tight frames {xj}j and {yj}j of countably generated
Hilbert A-modules H and K, respectively, and suppose H⊕K ∼= l2(A).
Then the frame transform θ : H⊕K → l2(A) equals (θx ⊕ 0)+ (0⊕ θy)
for the respective frame transforms θx and θy of the inner summands
by construction. Therefore, θθ∗ : l2(A) → l2(A) is the sum of the or-
thogonal projections PH : l2(A) → θx(H) and PK : l2(A) → θy(K).
By supposition the sequence {xj ⊕ yj}j is a standard Riesz basis of
l2(A). This forces θθ∗ to be invertible, and the ranges of PH and PK

intersect only in the zero element. However, for a fixed orthogonal
projection P : l2(A) → l2(A) there are plenty of orthogonal projections
Q : l2(A) → l2(A) such that P (l2(A)) ∩ Q(l2(A)) = {0} and P + Q is
invertible, not only Q = idl2(A) − P , in general. If the frame bounds of
the Riesz basis {xj ⊕ yj}j equal to one, then θθ∗ is the identity oper-
ator on l2(A) and PH = idl2(A) − PK. Summarizing and extending our
discussion we have the following facts:

Lemma 6.2. (cf. [11, Lemma 2.4, Prop. 2.5] ) Let {xj}j and {yj}j

be standard frames of finitely or countably generated Hilbert A-modules
H and K, respectively, over a unital C*-algebra A. If these frames are
similar, then the A-linear span of the sequence {xj ⊕ yj}j possesses a
non-trivial orthogonal complement in the Hilbert A-module H⊕K.
If {xj}j and {yj}j are normalized tight in addition and the sequence
{xj ⊕ yj}j becomes a standard normalized tight frame for the norm-

closure of the A-linear span of it, then span{xj ⊕ yj}j = H⊕K.
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Proof. For the first assertion, consider an invertible adjointable
bounded operator T : H → K, T (xj) = yj for j ∈ J. Note, that the
A-linear spans of the sequences {yj⊕yj}j and {−yj⊕yj} are non-trivial
orthogonal to each other subsets of K ⊕ K. Since (T ⊕ id)(xj ⊕ yj) =
yj ⊕ yj for all j the linear span of the set {xj ⊕ yj}j cannot be dense
in H⊕K.

To show the second assertion, fix an index l ∈ J. By supposition

xl ⊕ yl =
∑

j∈J

〈xl ⊕ yl, xj ⊕ yj〉(xj ⊕ yj)

=
∑

j∈J

(〈xl, xj〉 + 〈yl, yj〉)(xj ⊕ yj) .

Therefore, 0 =
∑

j〈xl, xj〉yj =
∑

j〈yl, yj〉xj by the property of the
frames to be normalized tight, and

xl ⊕ 0 =
∑

j

〈xl ⊕ 0, xj ⊕ yj〉(xj ⊕ yj) ,

0 ⊕ yl =
∑

j

〈0 ⊕ yl, xj ⊕ yj〉(xj ⊕ yj)

for every l ∈ J. This implies the identity span{xj ⊕ yj}j = H⊕K.

We have to point out that for the second statement the supposi-
tion to {xj ⊕ yj}j to form a normalized tight frame is essential. The
statement is in general false for arbitrary standard frames, a fact al-
ready emphasized by Deguang Han and D. R. Larson in [11] for the
Hilbert space situation. To give some criteria for the different types of
disjointness in terms of the ranges of the frame transforms we make use
of the various relations of the projections onto them. The considera-
tions use the non-trivial fact from Hilbert C*-module theory that the
equivalence of two norms induced by two C*-valued inner products on
a given Hilbert C*-module induces the equivalence of the correspond-
ing values of the C*-valued inner products with equal entries inside the
positive cone of the C*-algebra of coefficients, and thereby the bounds
are preserved, cf. [6, Prop. 6].

Theorem 6.3. (cf. [11, Th. 2.9]) Let {xj}j and {yj}j be standard
frames of finitely or countably generated Hilbert A-modules H1 and H2,
respectively, over a unital C*-algebra A. Suppose, H⊕K ∼= l2(A). Let
P and Q the respective projections from l2(A) onto the ranges θ1(H1)
and θ2(H2) of the corresponding frame transforms. Then:
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(i) The pair {xj}j and {yj}j is a strongly complementary pair if
and only if P = idl2(A) −Q.

(ii) The pair {xj}j and {yj}j is a complementary pair if and only
if P (l2(A)) ∩ Q(l2(A)) = {0} and P (l2(A)) + Q(l2(A)) = l2(A)
topologically, i.e. (P +Q) is invertible.

(iii) {xj}j and {yj}j are strongly disjoint if and only if PQ =
QP = 0.

(iv) {xj}j and {yj}j are disjoint if and only if P (l2(A))∩Q(l2(A))
= {0} and P (l2(A)) +Q(l2(A)) is norm-closed.

(v) {xj}j and {yj}j are weakly disjoint if and only if P (l2(A)) ∩
Q(l2(A)) = {0}.

Proof. By Theorem 4.7 the frame transforms of similar standard
frames of a fixed Hilbert C*-module have always the same range. So
we can restrict our proof to the consideration of standard normalized
tight frames. Note that the property to be standard transfers from the
summands of an inner sum to the inner sum itself.

We gave already the arguments for the first and the second state-
ments in this special situation. To demonstrate (iii) and (iv) let {ej}j

be the standard orthonormal basis of l2(A). If P (l2(A)) ∩ Q(l2(A)) =
{0} and the operator (P + Q) has a closed range, then 0 ≤ P +
Q ≤ 2 · idl2(A) by the positivity of (P + Q), and the canonical norm

‖〈., .〉H + 〈., .〉K‖1/2
A on θ(H⊕K) ⊆ l2(A) is equivalent to the standard

norm on l2(A). By [6, Prop. 6] this equivalence of norms forces the
equivalence

C1 · 〈θ(x⊕ y), θ(x⊕ y)〉l2(A) ≤ 〈x, x〉H + 〈y, y〉K(3)

≤ C2 · 〈θ(x⊕ y), θ(x⊕ y)〉l2(A)
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for some fixed constants 0 < C1, C2 < +∞ and any x ∈ H, y ∈ K. We
obtain the following equality:
∑

j

〈x⊕ y, xj ⊕ yj〉H⊕K〈xj ⊕ yj, x⊕ y〉H⊕K

=
∑

j

|〈x, xj〉H + 〈y, yj〉K|2

=
∑

j

|〈θx(x), P (ej)〉l2(A) + 〈θy(y), Q(ej)〉l2(A)|2

=
∑

j

|〈θx(x), ej〉l2(A) + 〈θy(y), ej〉l2(A)|2

=
∑

j

|〈θx(x) + θy(y), ej〉l2(A)|2

= 〈θx(x) + θy(y), θx(x) + θy(y)〉l2(A) = 〈θ(x⊕ y)θ(x⊕ y)〉l2(A)

Together with the equivalence (3) above we get the frame properties of
the inner sum {xj⊕yj}j for the Hilbert A-module H⊕K. In case PQ =
QP = 0 the optimal constants C1, C2 in (3) are equal to one and the
frame {xj ⊕ yj}j is normalized tight. We leave the easy demonstration
of the converse implications in (iii) and (iv) to the reader.

Suppose {xj}j and {yj}j are weakly disjoint. If there exists a non-
zero element z ∈ P (l2(A))∩Q(l2(A)) then z = θx(z1) = θy(z2) for some
non-zero z1 ∈ H, z2 ∈ K. The equality

〈z1 ⊕−z2, xj ⊕ yj〉H⊕K = 〈z1, xj〉H−〉z2, yj〉K
= 〈z, P (ej)〉l2(A) − 〈z,Q(ej)〉l2(A)

= 〈z, ej〉l2(A) − 〈z, ej〉l2(A) = 0

(j ∈ J) shows the existence of a non-trivial orthogonal complement to
the A-linear span of the sequence {xj ⊕ yj}j , a contradiction to the
assumptions on it.

Conversely, assume P (l2(A))∩Q(l2(A)) = {0} and the existence of
an element x⊕y that is orthogonal to the A-linear span of the sequence
{xj ⊕ yj}j. Then

0 = 〈x, xj〉H + 〈y, yj〉K = 〈θx(x), P (ej)〉l2(A) + 〈θy(y), Q(ej)〉l2(A)

= 〈θ(x⊕ y), ej〉l2(A) ,

and θ(x ⊕ y) = θx(x) + θy(y) = 0. Consequently, θx(x) = −θy(y) = 0,
and by the injectivity of frame transforms we obtain x = 0 and y = 0.
So the frames {xj}j and {yj}j are weakly disjoint.
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There is still the possibility that inner sums of weakly disjoint
frames may span either norm-dense subsets or only weakly dense sub-
sets. Also, in between strong complementarity and complementarity
we can consider the situation that not only (P + Q) is invertible, but
also (2 · idl2(A) − P − Q) = (idl2(A) − P ) + (idl2(A) − Q) at the same
time. This condition is equivalent to the invertibility of the difference
(P −Q) since (P −Q)2 = (P +Q)(2 · idl2(A)−P −Q) and the latter two
operators always commute, however it does not force P to be equal
to (idl2(A) − Q), in general. We will not discuss the details of these
situations here.

The next remarkable fact is some kind of uniqueness of complemen-
tary frames.

Proposition 6.4. (cf. [11, Prop. 2.1]) Let {xj}j be a standard
frame of a finitely or countably generated Hilbert A-module H over a
unital C*-algebra A. Let {yj}j and {zj}j be standard frames of Hilbert
A-modules K and L, respectively, that are complementary to {xj}j.
Suppose, 〈yj, yj〉M = 〈zj, zj〉N for every j ∈ J. Then there exists an
invertible operator T : K → L such that zj = T (yj) for every j ∈ J,
i.e. these frames are similar.

Proof. Let T1, T2, T3, T4 be invertible adjointable bounded opera-
tors such that the sequences {T1(xj)⊕ T2(yj)}j and {T3(xj)⊕ T4(zj)}j

are orthogonal bases of the Hilbert A-modules H ⊕K and H ⊕ L, re-
spectively. For the standard normalized tight frames {T1(xj)}j and
{T3(xj)}j we have the identity T1(xj) = T1T

−1
3 (T3(xj)) for j ∈ J. By

[8, Prop. 5.10(ii)] the operator T1T
−1
3 has to be unitary. Consequently,

the sequence {T1(xj) ⊕ T4(zj)}j is an orthogonal Hilbert basis that is
unitarily equivalent to the orthogonal Hilbert basis {T3(xj)⊕T4(zj)}j.
By [8, Prop. 5.2] there exists a unitary operator V : K → L such
that T4(zj) = V T2(yj) holds for every j ∈ J. Finally, we obtain
zj = T−1

4 V T2(yj) for j ∈ J, the desired result.

Proposition 6.5. Let {xj}j and {yj}j be standard frames of the
finitely or countably generated Hilbert A-modules H and K, resp., and
let Sx and Sy be their corresponding frame operators. The following
conditions are equivalent:

(i) The frames {xj}j and {yj}j are strongly disjoint.
(ii) The corresponding canonical dual frames {Sx(xj)}j, {Sy(yj)}j

are strongly disjoint.
(iii) The frame operator Sx+y of the frame {xj ⊕ yj}j equals the
sum of the frame operators Sx and Sy, i.e. the canonical dual
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frame of {xj ⊕yj}J is the inner sum of the canonical dual frames
of {xj}j and {yj}j.

(iv)
∑

j〈x, Sx(xj)〉yj = 0 for any x ∈ H.

(v)
∑

j〈y, Sy(yj)〉xj = 0 for any y ∈ K.

(vi)
∑

j〈x, xj〉Sy(yj) = 0 for any x ∈ H.

(vii)
∑

j〈y, yj〉Sx(xj) = 0 for any y ∈ K.

(viii)
∑

j〈x, xj〉yj = 0 for any x ∈ H.

(ix)
∑

j〈y, yj〉xj = 0 for any y ∈ K.

Proof. By Theorem 6.3 the ranges of the corresponding frame
transforms θx and θy are orthogonal to each other subsets if and only if
condition (i) holds. Since any standard frame is similar to its canonical
dual frame and strong disjointness is invariant under summand-wise
similarity we obtain the equivalence of (i) and (ii).

To show the implication (i)→(iii) observe that the frame transform
θx+y of the inner sum {xj ⊕ yj}j equals (θx ⊕ 0K) + (0H ⊕ θy) since the
ranges of both the frame transforms are orthogonal to each other by
Theorem 6.3,(iii). Consequently, θ∗x+yθx+y = θ∗xθx ⊕ θ∗yθy, and Sx+y =
Sx ⊕ Sy.

The frames {Sx(xj)}j and {Sy(yj)}j are always standard normalized
tight frames of H and K, respectively. If they are strongly disjoint then
the inner sum of them is a standard normalized tight frame of H⊕K
since S = (Sx⊕0)+(0⊕Sy). By Lemma 6.2 and its proof the equalities

∑

j

〈x, Sx(xj)〉Sy(yj) = 0 ,
∑

j

〈y, Sy(yj)〉Sx(xj) = 0

hold in K and H, respectively, for any x ∈ H, y ∈ K. Since the
operators Sx and Sy are invertible we arrive at (iv) and (v) omitting
them at the right end. We derive (vi) if we take into account that
〈Sx(x), xj〉 = 〈x, Sx(xj)〉 for every x ∈ H and j ∈ J, where Sx(x) runs
over the entire set H if x does so. Analogously we derive (vii), (viii)
and (ix).

Conversely, if one of the formulae (iv)-(ix) holds then the ranges
of the frame transforms of the participating two frames are orthogo-
nal in l2(A) and they are strongly disjoint by Theorem 6.3. Again,
summand-wise similarity and invariance of strong disjointness under
this equivalence relation gives (i) and (ii), and therewith the other
conditions.
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Starting with (iii) and x ∈ H, y ∈ K a short counting shows

x⊕ y =
∑

j

〈x⊕ y, Sx+y(xj ⊕ yj)〉(xj ⊕ yj)

=
∑

j

〈x⊕ y, Sx(xj) ⊕ Sy(yj)〉(xj ⊕ yj)

=
∑

j

(〈x, Sx(xj)〉 + 〈y, Sy(yj)〉)(xj ⊕ yj)

= x⊕ y + 0 ⊕
(

∑

j

〈x, Sx(xj)〉yj

)

+

(

∑

j

〈y, Sy(yj)〉xj

)

⊕ 0

= x⊕ y +

(

∑

j

〈y, Sy(yj)〉xj

)

⊕
(

∑

j

〈x, Sx(xj)〉yj

)

and, therefore, 0 =
(

∑

j〈y, Sy(yj)〉xj

)

⊕
(

∑

j〈x, Sx(xj)〉yj

)

. We get

conditions (iv) and (v) that were already shown to be equivalent to
(i).

We close this section with a proposition that opens a link between
special representations of the Cuntz algebras On on Hilbert C*-modules
l2(A) and n-tuples of pairwise strongly complementary standard nor-
malized tight frames of l2(A).

Proposition 6.6. (cf. [11, Prop. 2.21] ) Let {xj}j and {yj}j be
standard normalized tight frames of the Hilbert A-module l2(A) over a
unital C*-algebra A. Suppose, there are two adjointable bounded opera-
tors T1, T2 on l2(A) such that T1T

∗
1 +T2T

∗
2 = idl2(A). Then the sequence

{T1(xj) + T2(yj)}j is a standard normalized tight frame of l2(A). In
particular, the sequence {αxj + βyj}j is a standard normalized tight
frame whenever α, β ∈ C with |α|2 + |β|2 = 1, i.e. two strongly disjoint
standard normalized tight frames are arcwise connected within the set
of standard normalized tight frames.

More generally, if ({x1j}j , ..., {xnj}j) is an n-tuple of pairwise strong-
ly disjoint standard normalized tight frames of l2(A) and (T1, ..., Tn) is
an n-tuple of adjointable bounded operators on l2(A) with

∑

j TjT
∗
j =

idl2(A), then {∑n
k=1 Tk(xkj)}j is a normalized tight frame of l2(A).

Proof. Let {ej}j be a standard orthonormal basis of l2(A), let θ1,
θ2 be the frame transforms of the frames {xj}j and {yj}j, respectively.
The operators θ1, θ2 are isometries with orthogonal ranges in l2(A) by
assumption. Moreover, θ∗1θ2 = θ∗2θ1 = 0 and θ∗1(ej) = xj , θ

∗
2(ej) = yj
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for any j ∈ J. Consider the new operator T = T1θ
∗
1 +T2θ

∗
2 and observe

that

TT ∗ = T1θ
∗
1θ1T

∗
1 + T2θ

∗
2θ2T

∗
2 = T1T

∗
1 + T2T

∗
2 = idl2(A) .

So T ∗ is an isometry, and {T1(xj) + T2(yj) = T (ej)}j is a standard
normalized tight frame of l2(A).

Corollary 6.7. (cf. [11, Prop. 2.16] ) Let ({x1j}j, ..., {xnj}j) be
an n-tuple of standard normalized tight frames and {ej}j be an or-
thonormal basis of l2(A). If the operators {T1, ..., Tn} are partial isome-
tries on l2(A) defined by Tk(x) =

∑

j〈x, xkj〉ej with pairwise orthogonal

ranges and
∑

k TkT
∗
k = idl2(A), then the frame {∑n

k=1 Tk(xkj)}j is an or-
thonormal basis of l2(A), i.e. the frames ({x1j}j , ..., {xnj}j) are strongly
complementary. The converse also holds.

Proof. If Tk(l2(A))⊥Tl(l2(A)) for any k 6= l then define a new
operator W by

W (x1j ⊕ ...⊕ xnj) = T1(x1j) + ... + Tn(xnj)

for every j ∈ J. Obviously, the equality 〈W (
∑

k ⊕xkj),W (
∑

k ⊕xkj)〉 =
〈∑k ⊕xkj ,

∑

k ⊕xkj〉 holds for every j ∈ J and, hence, W is unitary.
Also,

W

(

∑

k

⊕xkj) =
∑

k

Tk(xkj

)

=
∑

k

TkT
∗
k (ej) = ej

for every j ∈ J. So the st.n.t. frames ({x1j}j , ..., {xnj}j) are strongly
complementary.

Conversely, if the st.n.t. frames ({x1j}j , ..., {xnj}j) are strongly com-
plementary then

∑

k

TkT
∗
k (en) =

∑

k

Tk(xkn) =
∑

j

(

∑

k

〈xkn, xkj〉
)

ej = en

for every n ∈ J and, consequently,
∑

k TkT
∗
k = idl2(A), where the

operators (T1, ..., Tn) possess orthogonal ranges by the choice of the
frames.

In fact, for every representation of the Cuntz algebra On by ad-
jointable bounded operators on the Hilbert C*-module l2(A) for some
unital C*-algebra A we find an n-tuple of strongly complementary stan-
dard normalized tight frames of l2(A) applying the adjoints of the n
partial isometries generating On to some fixed orthonormal basis of
l2(A). So these two situations are very closely related.
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7. Frame representations and decompositions

We establish some module frame representation and decomposition
theorems that are directly derived from operator decomposition prop-
erties of elements of arbitrary unital C*-algebras. The results of this
section are inspired by results by P. G. Casazza in [3] on the Hilbert
space situation, however resting on our observation that most of the
operator decomposition properties are not only valid in discrete type I
von Neumann algebras, but also in general unital C*-algebras. Obvious
changes of the statements on frames in the more general situation of
Hilbert C*-modules are caused by the possible absence of orthogonal
or orthonormal bases in the Hilbert C*-modules under consideration.
During the course of explanation we prove some lemmata that are of
general interest.

Lemma 7.1. (cf. [3, Prop. 2.1] ) Let A be a C*-algebra, {H, 〈., .〉}
be a Hilbert A-module. Every adjointable bounded A-linear operator
T ∈ End∗

A(H) can be decomposed into the real multiple of a sum of
three unitary operators U1, U2, U3 ∈ End∗

A(H), T = λ(U1 + U2 + U3),
with λ > ‖T‖. If T is surjective and possesses a polar decomposi-
tion then it is the arithmetic mean of two partial isometries W1,W2,
T = (W1 +W2)/2.

Proof. Fix ε > 0. The operator

T ′ =
idH

2
+

1

2(1 + ε)‖T‖T(4)

is adjointable and invertible since

‖idH − T ′‖ =

∥

∥

∥

∥

idH

2
− 1

2(1 + ε)‖T‖T
∥

∥

∥

∥

≤ 1

2
+

1

2(1 + ε)
< 1 .

Because of the invertibility of T ′ in the C*-algebra End∗
A(H) the oper-

ator possesses an polar decomposition T ′ = V |T ′| where V is a unitary
operator. Since ‖T ′‖ < 1 we obtain ‖ |T ′| ‖ < 1 and

|T ′| =
1

2

(

(|T ′| + i · |idH − |T ′|2|1/2) + (|T ′| − i · |idH − |T ′|2|1/2)
)

(5)

where U = (|T ′| + i · |idH − |T ′|2|1/2) is unitary. Consequently, T =
(1 + ε)‖T‖(V U + V U∗ − idH) is the sought decomposition by (4).
If T is a adjointable bounded A-linear map of H onto itself that has
a polar decomposition T = V |T | inside End∗

A(H), then V is a partial
isometry with range H and ker(V ) = ker(|T |). Replacing T ′ by T in
(5) we get T = 1/2 · (V U +V U∗) with partial isometries V U, V U∗.
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P. G. Casazza gave an example of a normalized tight frame of a
separable Hilbert space that cannot be written as any linear combina-
tion of two orthonormal sequences of that Hilbert space, [3, Ex. 2.3].
Since l2(A) ∼= A⊙ l2 for every C*-algebra A there exists a standard
normalized tight frame of H = l2(A) with the same property. The
more remarkable is the following decomposition property of standard
frames of finitely or countably generated Hilbert C*-modules:

Theorem 7.2. (cf. [3, Prop. 2.7]) Let A be a unital C*-algebra and
H be a finitely or countably generated Hilbert A-module. Every standard
frame of H is a multiple of the sum of two standard normalized tight
frames of H.

Proof. Consider the adjoint θ∗ : l2(A) → H of the frame operator
θ induced by the frame {fj} of H. It possesses a polar decomposition
and is surjective. Consequently, θ∗ is a linear combination of two par-
tial isometries by the previous lemma. Since θ∗ maps the elements of
the standard orthonormal basis precisely to the frame elements, and
since partial isometries applied to orthonormal bases yield standard
normalized tight frames of the image module by Theorem 3.2 we get
the desired result.

Lemma 7.3. (cf. [3, 14]) Let A be a C*-algebra and {H, 〈., .〉}
be a Hilbert A-module. The subset of all open (resp., surjective) [ad-
jointable] bounded A-linear operators on H forms an open subset of

End
[∗]
A (H) with respect to the operator norm topology. The subset of

all invertible [adjointable] bounded A-linear operators forms a clopen
(i.e. both open and closed) subset of the set of all surjective [adjointable]
bounded A-linear operators on H.

Proof. We can replace the open maps by the surjective ones in
[14, Prop. 7.8] without changes in the proof, a fact first observed by
P. G. Casazza in [3]. Hence, we know that the open (resp., surjective)
bounded linear mappings on H form an open subset of the set of all
bounded linear mappings on H. Intersecting the complement of this
open set with the closed subset of all [adjointable] bounded A-linear
operators on H and taking again the complement we obtain that the
open (resp., surjective) [adjointable] bounded A-linear operators on H
form an open subset in End

[∗]
A (H).



24 M. FRANK AND D. R. LARSON

Since the subset of all invertible [adjointable] bounded A-linear op-

erators is an open subset of End
[∗]
A (H) by the spectral theory of Ba-

nach algebras we conclude that the invertible [adjointable] bounded A-
linear operators form an open subset of the subset of all surjective [ad-
jointable] bounded A-linear mappings on H. Again, by [14, Prop. 7.9]
the set of all invertible bounded linear mappings on H becomes a closed
subset of the subset of all surjective bounded linear operators on H. In-

tersecting with the closed in EndC(H) subset End
[∗]
A (H) the analogous

statement for [adjointable] bounded A-linear maps yields.

Lemma 7.4. (cf. [3, Prop. 2.4] ) Let A be a C*-algebra, {H, 〈., .〉} be
a Hilbert A-module. A surjective bounded A-linear operator T : H → H
can be written as the linear combination of two unitary operators if and
only if T is invertible and adjointable.

Proof. If T is adjointable and invertible then T = 1/2 · (U1 +U2)
by the second part of Lemma 7.1, where U1, U2 ∈ End∗

A(H) are unitary
operators. Conversely, suppose T = λU1 + µU2 for complex numbers
λ, µ and unitary operators U1, U2 ∈ End∗

A(H). Then T is naturally
adjointable. If either µ or λ are zero, then T is invertible. So, without
loss of generality we start the investigation with T = U1 +νU2 for |ν| ≥
1 and unitary operators U1, U2 dividing our original decomposition by
that complex number of {λ, µ} with the smaller absolute value. Set
Tt := tU1 + (1 − t)νU2 for real 0 ≤ t < 1/2. Since

‖Tt(x)‖ ≥ (1 − t)|ν|‖U2(x)‖ − t‖U1(x)‖ = ((1 − t)|ν| − t)‖x‖

for every x ∈ H and since ((1 − t)|ν| − t) > 0 for 0 ≤ t < 1/2 we
obtain the injectivity of Tt for every t ∈ [0, 1/2). On the other hand,
2 · T1/2 = T and T was supposed to be surjective. Applying Lemma
7.3 we obtain for t close enough to 1/2 that the operator Tt has to be
surjective since the sequence {Tt} converges to T in norm for t→ 1/2.
Furthermore, T = 2 · T1/2 has to be invertible.

Now we are in the position to characterize all standard frames of
the Hilbert C*-module l2(A) that can be written as linear combinations
of two orthonormal bases. For a more general result see Theorem 7.9
below. Note that the proof given works equally well for frames of An,
n ∈ N, that contain exactly n elements. However, this is an even more
exceptional situation, and we prefer to give only the formulation for
the infinitely generated case.
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Theorem 7.5. (cf. [3, Prop. 2.5]) A standard frame {fj} of a
Hilbert A-module H = l2(A) can be written as a linear combination of
two orthonormal bases of H if and only if it is a standard Riesz basis.

Proof. Consider the frame transform θ : H → H of this frame.
Then by the previous result its adjoint θ∗ is invertible if and only if
it is a linear combination of two unitary operators. However, every
orthonormal basis of H is connected to the fixed standard orthonormal
basis of H by a unitary operator. What is more, θ∗(ej) = fj for every
j ∈ J and the standard orthonormal basis {ej} of H. So the claimed
decomposition property of the frame {fj} is equivalent to the invert-
ibility of θ∗, and θ has to be invertible, too. This in turn shows the
property of the frame {fj} to be a basis.

Since for countably generated Hilbert C*-modules the adjointabil-
ity of all bounded module operators between them is far from guar-
anteed, in general (cf. [5, Th. 4.3]), and Riesz bases may not exist by
Example 3.3 we can show the following result only under restrictive
circumstances.

Proposition 7.6. (cf. [3, Cor. 2.2]) Let A be a unital C*-algebra
and H = l2(A). If {xj : j ∈ J} is a standard frame for H with upper
frame bound D then for every ε > 0 there exist three orthonormal bases
{fj}, {gj}, {hj} of H such that xj = D(1 + ε)(fj + gj + hj) for every
j ∈ J.

Proof. Let {ej} be an orthonormal basis of H. The operator θ∗

defined by the formula θ∗(ej) = xj is the adjoint of the frame transform
θ, θ∗ is surjective and ‖θ∗‖ equals the upper frame boundD of the frame
{xj}. It can be represented as θ∗ = D(1 + ε)(U1 + U2 + U3) for three
unitary operators U1, U2, U3 on H that depend on the choice of ε > 0,
see Lemma 7.1. Setting fj = U1(ej), gj = U2(ej), hj = U3(ej) we are
done.

Better results can be obtained if we dilate the given Hilbert C*-
module into a bigger one and consider linear combinations of bases
and frames therein.

Proposition 7.7. (cf. [3, Prop. 2.8]) Let A be a unital C*-algebra
and H be a finitely or countably generated Hilbert A-module. For every
standard normalized tight frame {hj} of H the symbol θ denotes the
corresponding frame transform that realizes an isometric embedding of
H into l2(A). Then there exist two orthonormal bases {fj}, {gj} of
l2(A) such that θ(hj) = 1/2 · (fj + gj) for j ∈ N.
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Proof. Denote by P the (existing) projection of l2(A) onto the
range of θ. Note, that θ(hj) = ej for j ∈ N and for the fixed or-
thonormal basis {ej} of l2(A) used for the definition of the frame
transform. Then fj := P (ej) + (idl2(A) − P )(ej) = ej and gj :=
P (ej) − (idl2(A) − P )(ej) are both orthonormal bases of l2(A), and
θ(hj) = fj + gj for every j ∈ N.

Every standard frame is the image of a standard normalized tight
frame under an adjointable invertible operator T on the fixed Hilbert
A-module H by [8]. Dilating T to

(

θTθ−1P + (idl2(A) − P )
)

on l2(A)
we get another corollary.

Corollary 7.8. Let A be a unital C*-algebra and H be a finitely
or countably generated Hilbert A-module. For every standard frame
{hj} of H the symbol θ denotes the corresponding frame transform that
realizes an embedding of H into l2(A). Then there exist two Riesz bases
{fj}, {gj} of l2(A) such that θ(hj) = 1/2 · (fj + gj) for j ∈ N.

We finish our considerations with an extension of Theorem 7.5 that
has been motivated by the situation for Hilbert spaces described in [3].

Theorem 7.9. (cf. [3, Prop. 2.10] ) Let A be a unital C*-algebra.
Every standard frame of H = l2(A) is a multiple of the sum of an
orthonormal basis of H and a Riesz basis of H.

Proof. The proof is given in the same manner as for Lemma 7.1,
with slight modifications. If θ∗ : l2(A) → l2(A) is the adjoint operator
of the frame transform arising from the given standard frame {fj}
of l2(A) then define an operator T ′ by the formula 4T ′ = idl2(A) +
(1 − ε)T/‖T‖ for any fixed ε > 0. Again, ‖idl2(A) − T ′‖ < 1 and
‖T ′‖ ≤ 1 forces T ′ to be invertible and to possess a representation
T ′ = 1/2 · (W +W ∗) for a unitary operator W on l2(A) by (5). (Note
thatW replaces V U of the proof of Lemma 7.1.) Resolving the equation
for T ′ with respect to T we obtain

θ∗ =
2‖θ∗‖
(1 − ε)

(

W +W ∗ − 3

2
idl2(A)

)

.

Since W is unitary the sequence {W (ej)} forms an orthonormal basis of
l2(A), where {ej} denotes the standard orthonormal basis of l2(A) used
to build the frame transform θ. The second summand (W ∗−3/2·idl2(A))
is injective and adjointable. Since

∥

∥

∥

∥

idl2(A) −
(−1

2

(

W ∗ − 3

2
idl2(A)

))
∥

∥

∥

∥

=

∥

∥

∥

∥

1

4
idl2(A) +

1

2
W ∗

∥

∥

∥

∥

< 1
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the operator (W ∗ − 3/2 · idl2(A)) multiplied by −1/2 has to be invert-
ible, i.e. it is also surjective. Consequently, the sequence {(W ∗ − 3/2 ·
idl2(A))(ej)} forms a standard Riesz basis of l2(A). In total we obtain

fj = θ∗(ej) =
2‖θ∗‖
(1 − ε)

(

W (ej) + (W ∗ − 3/2 · idl2(A))(ej)
)

, j ∈ N ,

as desired.

Again, the proof works equally well for frames of Hilbert A-modules
An, n ∈ N, consisting exactly of n elements, a rather exceptional situ-
ation.

References

[1] M. Baillet, Y. Denizeau, J.-F. Havet, Indice d’une esperance condi-
tionelle, Compos. Math. 66(1988), 199-236.

[2] P. G. Casazza, O. Christensen, Weyl-Heisenberg frames for subspaces of
L2(R), preprint math.FA/9811146 at xxx.lanl.gov, 1998.

[3] P. G. Casazza, Every frame is a sum of three (but not two) orthonormal bases
- and other frame representations, J. Fourier Anal. Appl. 4(1999), 727-732.

[4] S. Doplicher, C. Pinzari, R. Zuccante, The C*-algebra of a Hilbert
bimodule, Bollettino Unione Mat. Ital., Sez. B Artic. Ric. Mat. (8) 1(1998),
no. 2, 263-282.

[5] M. Frank, Self-duality and C*-reflexivity of Hilbert C*-modules,
Zeitschr. Anal. Anwendungen 9(1990), 165-176.

[6] M. Frank, A multiplier approach to the Lance-Blecher theorem,
Zeitschr. Anal. Anwendungen 16(1997), 565-573.

[7] M. Frank, E. Kirchberg, On conditional expectations of finite index,
J. Oper. Theory 40(1998), 87-111 / preprint math.OA/9804074.

[8] M. Frank, D. R. Larson, Frames in Hilbert C*-modules and C*-algebras,
preprint, University of Houston, Houston, and Texas A&M University, College
Station, Texas, U.S.A., 1998.

[9] M. Frank, V. I. Paulsen, T. R. Tiballi, Symmetric approximation of
frames and bases in Hilbert spaces, preprint math.FA/9812052 at xxx.lanl.gov,
University of Houston, Houston, Texas, and SUNY at Oswego, Oswego, New
York, U.S.A., 1998.

[10] M. Frank, The commutative case: spinors, Dirac operator and de Rham al-
gebra, in: Proceedings of the Workshop ’The Standard Model of Elementary
Particle Physics from a mathematical-geometrical viewpoint’, Ev.-Luth. Volk-
shochschule Hesselberg, March 14-19, 1999.

[11] Deguang Han, D. R. Larson, Frames, bases and group representations,
Memoirs Amer. Math. Soc., 1998, to appear.

[12] C. E. Heil and D. F. Walnut, Continuous and discrete wavelet transforms,
SIAM Review 31(1989), 628-666.

[13] T. Kajiwara, C. Pinzari, Y. Watatani, Ideal structure and simplicity of
the C*-algebras generated by Hilbert bimodules, J. Funct. Anal. 159(1998),
295-322.

http://arxiv.org/abs/math/9811146
http://arxiv.org/abs/math/9804074
http://arxiv.org/abs/math/9812052


28 M. FRANK AND D. R. LARSON

[14] N. J. Kalton, N. T. Peck, J. W. Roberts, An F-space sampler, London
Math. Soc. Lect. Notes 89, Cambridge University Press, Cambridge, 1984.

[15] I. Kaplansky, Algebras of type I, Ann. Math. 56(1952), 460-472.
[16] G. G. Kasparov, Hilbert C*-modules: The theorems of Stinespring and

Voiculescu, J. Operator Theory 4(1980), 133-150.
[17] E. C. Lance, ”Hilbert C*-modules – a Toolkit for Operator Algebraists”, Lon-

don Mathematical Society Lecture Note Series v. 210, Cambridge University
Press, Cambridge, England, 1995.

[18] W. L. Paschke, Inner product modules over B*-algebras, Trans. Amer.
Math. Soc. 182(1973), 443-468.

[19] M. Pimsner, S. Popa, Entropy and index for subfactors, Ann. Scient. Ec.
Norm. Sup. 19(1986), 57-106.

[20] M. A. Rieffel, Morita equivalence for C*-algebras and W*-algebras, J. Pure
Applied Algebra 5(1974), 51-96.

[21] M. A. Rieffel, Multiwavelets and operator algebras, talk at a special session,
Joint Mathematics Meeting, San Diego, January 8-11, 1997, private commu-
nication / cf. Abstracts Amer. Math. Soc. 18(1997), p. 107, 918-46-722.

[22] Y. Watatani, Index for C*-subalgebras, Memoirs Amer. Math. Soc.
424(1990), 83 pp.

[23] N. E. Wegge-Olsen, ”K-theory and C*-algebras – a friendly approach”,
Oxford University Press, Oxford, England, 1993.

Universität Leipzig, Mathematisches Institut, D-04109 Leipzig, F.R.

Germany

E-mail address : frank@mathematik.uni-leipzig.de

Dept. Mathematics, Texas A&M Univ., College Station, TX 77843,

U.S.A.

E-mail address : larson@math.tamu.edu


