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Abstract. A Bessel generator multiplier for a unitary system is a bounded linear operator
that sends Bessel generator vectors to Bessel generator vectors. We characterize some
special (but useful) Bessel generator multipliers for the unitary systems that are ordered
products of two unitary groups. These include the wavelet and the Gabor unitary systems.
We also provide a detailed exposition of some of the history leading up to this work.

1. Introduction

Orthonormal wavelets can be regarded as complete wandering vectors for a special system
of unitary operators acting on a separable infinite dimensional Hilbert space. In the standard
wavelet (and frame-wavelet) theory the system is an ordered product {DnT k : n ∈ Z, k ∈
Zd} of two unitary groups {Dn} and {T k} acting on the Hilbert space L2(R d) called the
dilation group and the translation group, respectively, which intertwine in their action on H
in a particular way. The standard Gabor frame theory has a similar operator model, with
the difference being in the way the groups intertwine. In the standard wavelet theory both
groups are abelian, with the dilation group being cyclic with generator D corresponding to
dilation of functions by a d× d invertible real matrix on L2(R d), and with the translation
group having d generators corresponding to translation of functions by the elements of a
basis of R d. In the standard Gabor theory the groups are the modulation group and the
translation group. In the Gabor theory the groups commute modulo scalars, but in the
wavelet theory they do not. There have been several generalizations of these theories by
introducing other natural candidates for the dilation, translation, and modulation groups,
and considering systems which are ordered products of more than two groups.

If we let UD,T denote the wavelet unitary system with D the dilation unitary group and
T the translation unitary group, then an orthonormal wavelet (resp. Riesz wavelet) can
be thought as an orthonormal (resp. Riesz) basis generator vector for UD,T and a frame
wavelet can be viewed as a frame generator vector for UD,T . These have been studied
in many previous papers in the literature. We will call a vector x a Bessel wavelet if the
action of UD,T on x generates a Bessel sequence; i.e. if x is a Bessel sequence generator for
UD,T . It turns out that one can gain much additional perspective on wavelets and frame
wavelets if one views them as special cases of Bessel wavelets. One reason for this is that
the set of Bessel wavelets is a linear space, unlike the sets of wavelets and frame wavelets.
When one puts a certain natural norm on the space of Bessel wavelets, the Bessel bound
norm, in addition to the usual norm as a vector in Hilbert space, it becomes isomorphic to
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an operator space in the usual sense of the term. Thus it admits some investigation using
techniques of modern operator algebra. Some new results for wavelets and frame wavelets,
and some new proofs of previously known results, can then be obtained because of their
role as very special elements of this Bessel wavelet operator space. There is nothing sacred
about wavelet theory in this approach. Gabor Bessel generators are defined in the same way
for the Gabor unitary systems, and they too are operator spaces in a natural way. More
general unitary systems (in its greatest generality a unitary system is simply defined as a
discrete collection of unitary operators that contains the identity operator I) can also be
associated with operator spaces in this way.

A Bessel generator multiplier for a unitary system is a bounded linear operator that sends
Bessel generator vectors to Bessel generator vectors. In this article we will characterize some
special (but useful) Bessel generator multipliers for the unitary systems that are ordered
products of two unitary groups. These include the wavelet and the Gabor unitary systems
discussed above. These results are new and have not been published elsewhere. We first
defined Bessel generator multipliers in the earlier paper [22] , where we used them to give
a new proof of a theorem of Bownik [2] showing that the set of wavelet frames for a fixed
wavelet unitary system UD,T are, indeed, dense in the underlying Hilbert space L2(R d). Here
D is the dilation group corresponding to dilation by an expansive matrix. This answered a
question of the second author (c.f. [31, 32]). More precisely, we first worked out the new
proof of Bownik’s result and then we realized that it could be made more crystal clear by
introducing the concept of a Bessel generator multiplier. In this article we first give an
exposition of our work in [22], and then we prove our new results.

We recall and introduce some notations and definitions that will be needed in this paper.
A frame for a Hilbert space H is a sequence of vectors {fj}j∈J in H such that there exist

positive constants A and B such that

A||f ||2 ≤
∑
j∈J
|〈 f , fj 〉|2 ≤ B||f ||2

holds for every f ∈ H, where J is a countable index set. We call A a lower frame bound
and B an upper frame bound. The optimal lower and upper bounds are called the frame
bounds. A tight frame refers to a frame when both upper and lower frame bounds are the
same, and a Parseval frame is a frame whose frame bounds are one. If we only require
the right hand inequality in the frame definition, then {fn} is called a Bessel sequence and
the optimal B is called the Bessel bound. The analysis operator Θ for a Bessel sequence is
defined by

Θ(f) =
∑
j∈J
〈 f , fj 〉ej , f ∈ H,

where {ej} is the standard orthonormal basis for the `2(J)-sequence space. It is easy to
verify that Θ∗χj = fj , j ∈ J, and that Θ∗Θ =

∑
j fj ⊗ fj , where f ⊗ g is the elementary

tensor rank-one operator defined by (f ⊗ g)(h) = 〈h , g 〉f . Moreover, a sequence {fj} is a
frame (resp. a Bessel sequence) if and only if

∑
j∈J fj⊗fj is weakly convergent to a bounded

invertible operator (resp. bounded operator) on H. Two Bessel sequences {fj} and {gg}
are called strongly disjoint or orthogonal if the range spaces of their analysis operators are
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orthogonal, i.e., ∑
j∈J
〈 f , fj 〉〈 gj , g 〉 = 0, ∀f, g ∈ H.

There is an interesting characterization of orthogonal Parseval frames in terms of the frame
property for orthogonal direct sum spaces:

Proposition 1.1. [20] Let {fj} and {gg} be two Parseval frames for H and K, respectively.
Then {fj} and {gg} are strongly disjoint if and only if {fj ⊕ gj} is a Parseval frame for the
orthgonal direct sum space H ⊕K.

The investigation of frames with special structures has been the main focus in the lit-
erature of frame theory. Included are the wavelet frames, the Gabor (or Weyl-Heisenberg)
frames, and the frames obtained by the action of discrete group representations. All of these
frames can be obtained by applying a collection of unitary operators, called a unitary sys-
tem, to a generating vector in the representing Hilbert space. Such a vector x ∈ H is called
a (complete) wandering vector (resp a frame generator vector, tight frame generator or a
Bessel generator vector for a unitary system U if Ux := {Ux}U∈U (as a sequence indexed
by U) is an orthonormal basis for H (resp. a frame, tight frame or a Bessel sequence). If a
bounded linear operator A on H maps every wandering vector of U to a wandering vector of
U , then it is called a wandering vector multiplier. Wandering vector multipliers play a sig-
nificant role in studying the topological properties of of the set of all wavelets. For example,
a complete characterization of the wavelet multipliers A of the form Â = Mh was obtained
in [39] and was used to show that the set of all MRA wavelets is path-connected. Here
Â denotes the Fourier transform of A and Mh denotes the multiplication unitary operator
associated with the unimodular function symbol h. It was shown in [21, 27] that when the
unitary system is a group, then the set of all wandering vector multipliers form a group.
A complete characterization of the wandering vector multipliers for abelian and for ICC
groups is also given in [21]. However, in general it is difficult to characterize the wandering
vector multipliers even when the unitary system U has a relatively simple structure.

If a bounded linear operator A on H maps every frame generator vector for U to a frame
generator vector of U , then it is called a frame generator multiplier. Similarly, if A maps
the set of Bessel generator vectors for U into itself it is called a Bessel generator multiplier.

As mentioned above, the set of wandering vector multipliers can have a complex structure
even when the unitary system is relatively simple. The set of frame generator multipliers
likewise has a complex structure. The wandering vector multipliers form a unitary semi-
group, and in some special cases this is a group. But proofs can be difficult [21, 27]. The
frame generator multipliers naturally form a multiplicative semigroup, but even in relatively
simple cases not much is known about the structure.

On the other hand, it is easily seen that the set of Bessel generator vectors for a unitary
system U , denoted by BU , is closed under the taking of linear combinations so is a linear
space. It follows that the set of Bessel generator multipliers for U is an algebra of operators in
B(H). It is not generally norm closed, and it will not generally be self-adjoint. We will show
that the Bessel bound is a complete norm on the space of Bessel generator vectors, making it
a Banach space. In fact it is an operator space, which can be seen in more than one natural
way. The operator space structure resulting from these different natural representations
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are equivalent even though the constructions in the representations are different. We will
show that a Bessel generator multiplier A (which is a bounded linear operator on H) is also
bounded as a linear map from (BU , the bessel bound norm) into itself. Thus the algebra
of Bessel generator multipliers carries two norms: the usual operator norm from B(H), and
the operator norm from the Banach space (BU , the Bessel bound norm) into itself. These
norms are frequently different.

A Bessel generator multiplier A does not usually commute with the action of the unitary
system, so while it induces a bounded endormorphism of the operator space BU , it is not
usually a simple endormorphism of the type induced by a multiplication operator on a
Banach algebra. If x is in BU and y = Ax then the Bessel sequence Uy generated by the
action of the unitary system U on y is generally not the sequence of vectors indexed by U
obtained by multiplying the sequence Ux on the left by A. The action of A on y is in a
sense the action of A on x twisted by the action of the unitary group on A. This twisting
is what makes it interesting, and makes the structure of the generator multiplier algebra
rather rich. There will be no twisting if and only if A actually commutes with the unitary
system U . We will give some examples to illustrate this. There are some interesting open
questions involving the operator space structures of the space of Bessel generator vectors
and algebra of Bessel generator multipliers. We will present some results in this direction,
and pose some open questions in this direction.

This article was written for inclusion in a special volume of proceedings of the conference
Twenty Years of Wavelets, Chicago, May 2009. The second author thanks the organizers
for inviting him to be a plenary speaker.

2. Density and Connectivity of Wavelet Frames

As we mentioned in the introduction, one of the motivations for studying Bessel vector
multipliers comes from its connection with the density and connectivity problems for wavelet
frames. In a recent paper [22] we showed that the algebra of all Bessel generator multipliers
for a wavelet system carries a rich algebraic and topological structure that can be used
to give a solution to the path-connectivity problem and the density problem for wavelet
frames. Bownik solved these problems in [2]. We gave an alternate solution which is
more transparent in some ways. Since the wavelet Bessel generator multipliers were proven
useful, and with seemingly math-e-magical properties, in the study of certain properties of
wavelets, we were led to consider a more complete investigation of their properties, not only
for wavelet systems but for other natural unitary systems.

The question of whether the set of all Riesz wavelets for the dyadic wavelet system on
L2(R ) is a norm-dense path-wise connected subset of L2(R ) was asked in [29] by the second
author. This question is related to the problem that was posed by Guido Weiss and his
group [25, 26] and independently by Dai and Larson ([8], problem 1) of whether the set
of all orthonormal dyadic wavelets is connected. Neither conjecture has been settled to
date, although it has been shown [39] that the set of MRA orthonormal dyadic wavelets is
connected. Shortly after this, the two authors of this paper developed an operator-theoretic
approach to frame theory in [20], and the same problems (density and connectivity) were
posed for wavelet frames (also called frame wavelets or framelets). While this density
problem was not posed formally in [20] it was alluded to in that memoir, and also in the
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semi-expository papers [30] and [32] , and it was finally posed formally (along with some
other related problems) in [31]. However, it was pointed out in [20] that for the Gabor-
frame case, and for the group-frame case (i.e. frame sequences generated by the action of a
unitary group on a single generator vector), both the density and the connectivity problems
have positive solutions. This follows from the parametrization theorem for frame vectors
in terms of the set of all invertible operators from the von Neumann algebra generated by
the unitary system. It was later proven that the parametrization result presented in [20]
is also valid and very useful for the more general projective unitary group representations
(cf. [10, 12, 13, 18]). These systems were also called group-like systems, and they include
the Gabor systems as special cases. The frame density and connectivity problems also
have positive solutions for these systems. The general connectivity and density problems
for the set of wavelet frames remained open until recently Bownik settled both problems
affirmatively.

Theorem 2.1. [2] The set all wavelet frames is dense and path-connected in L2(R d).

Bownik in fact proved the density of wavelet frames not only in the Hilbert space norm
but also in another natural logmodular norm associated with wavelet theory (see [36] and
[17] for the definition of this norm). While the general connectivity and density problems
are settled for the case of wavelet frames, they are still open for the case of wavelets. We
point out that before Bownik’s path connectivity result, there has been steady progress on
the connectivity problem for special classes of wavelets and wavelet frames, including the
MSF (s-elementary) and MRA (multiresolution analysis) wavelets and their analogues for
wavelet frames and especially Parseval wavelets. The interested reader should refer to (c.f.
[4, 6, 7, 14, 15, 16, 23, 33, 34, 37, 39]) for details and exposition of these results. Bowink’s
result does not overlap with the results for special classes of wavelet frames since it is usually
more difficult and challenging to construct or prove the existence of continuous paths in a
subset of wavelet frames.

In [22] we re-examined the density and connectedness results of Bownik and observed that
the essential ingredient that makes the proofs work is the frame-orthogonality (or strong-
disjointness), a concept that arose simultaneously and independently to Balan [1] and the
authors some time ago [20]. This is a natural geometric concept in frame theory which
was formally introduced and studied in [1, 20], and it has proven useful for developing the
theory of frames and its applications. While Bownik does not explicitly use term frame-
orthogonality in his argument, it is clear that the essential reason the argument works seems
to involve the orthogonality concept. This was made crystal-clear in the argument of [22]
where a key observation is that if a wavelet Bessel function f is strongly disjoint with a
wavelet frame ψ, then f + tψ is a wavelet frame for all t 6= 0 and hence f is the limit of
a sequence of wavelet frames. This allows us to obtain a new type of approximation result
for wavelet Bessel sequence generators.

Lemma 2.2. [22] Assume that ψ is wavelet frame and g is Bessel. If ψ and g are strongly
disjoint, then ϕ = ψ + g is also a wavelet frame. Moreover, if ψ has upper and lower frame
bounds A and B, respectively, and g has a Bessel bound C, then ϕ has a lower frame bound
A, and upper frame bound B + C.



6 DEGUANG HAN AND DAVID R. LARSON

With the help of Lemma 2.2, we obtained the following stronger version of Bownik’s
density theorem.

Theorem 2.3. [22] (i) Every function f ∈ L2(R ) is a limit of as asymptotically tight
sequence of wavelet frames, i.e., . there exists a sequence of wavelet frames {ψn} such that
limn→∞

Bn
An

= 1 and limn→∞ ψn = f , , where Bn and An are the upper and lower frame
bounds of ψn.

(ii) Assume that ψ is a wavelet frame and f ∈ L2(R ) ∩ L∞(R ). Then there exists a
continuous path ψt such that ψ0 = ψ, ψ1 = f and ψt is a wavelet frame for every 0 ≤ t < 1.
In particular, this also implies that the set of all wavelet frames is path-connected and is
dense in L2(R ).

All these results still hold for wavelet frames with expansive dilation matrices and integer
lattice Zd-translations in L2(R d).

Theorem 2.3 (i) seems indicate that the set of all tight wavelet frames might be dense in
L2(R ). This was proven to be false by Bownik in [3]. In fact he proved that if a function
ψ ∈ L2(R ) is in the closure of the set of all tight frames, then it satisfies one of the familiar
equations characterizing Parseval wavelet frames, i.e.,

∞∑
j=o

ψ̂(2j)ψ̂(2j(ξ + q))

holds for all a.e. ξ ∈ R and q ∈ 2Z + 1. Consequently the set of all tight wavelet frames
can not be dense in L2(R ). Similar results hold for tight frames induced by group repre-
sentations (c.f. Example 2 in [22]).

3. The Bessel Vector Spaces

Let U be a unitary system on H and BU be the set of all the Bessel vectors for U . It
is easy from the definition of Bessel sequences to prove that BU is a linear subspace of H.
Since the mapping from BU to B(H, `2(U)) defined by x → Θx is linear and injective, we
can identify BU with the space of all the analysis operators {Θx : x ∈ BU} which is also a
linear space. So we have two natural norms on BU : The Hilbert space norm ||x|| and the
operator norm ||Θx||. Let {χU : U ∈ U} be the standard orthonormal basis for `2(U). Then
Θ∗xχU = Ux for all U ∈ U . So we always have

||x|| = ||Θ∗xχI || ≤ ||Θ∗x|| = ||Θx||.

In general, BU is not necessarily closed with the Hilbert space norm. But the following
proposition shows that it is a Banach space with the operator norm.

Proposition 3.1. The linear space BU is a Banach space with the operator norm, and
{Θx : x ∈ BU} is a closed subspace of B(H, `2(U)).

Proof. Let {Θxn} be a Cauchy sequence. Then there exists a bounded linear operator
T ∈ B(H, `2(U)) such that ||Θxn − T || → 0. Thus we have ||Θ∗xn − T

∗|| → 0, in particular
we have

||xn − T ∗χI || = ||Θ∗xnχI − T
∗χI || → 0.
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So it suffices to check that x is Bessel and T = Θx with x = T ∗χI . In fact, for any y ∈ H
and any finite subset Λ of U , we have∑

U∈Λ

|〈y, Ux〉|2 = lim
n→∞

∑
U∈Λ

|〈y, Uxn〉|2

≤ lim sup
n→∞

∑
U∈U
|〈y, Uxn〉|2

= lim sup
n→∞

||Θxn(y)||2

≤ lim sup
n→∞

||Θxn ||2||y||2 ≤ K||y||2,

where K = sup{|Θxn ||2 : n ∈ N} < ∞. Thus x is Bessel. Finally we show that T = Θx.
In fact, for any U ∈ U we have limn→∞ ||Θ∗xnχU − T

∗χU || = 0. On the other hand, since
Θ∗xnχU = Uxn and ΘxχU = Ux, we also have

lim
n→∞

||Θ∗xnχU −Θ∗xχU || = lim
n→∞

||Uxn − Ux|| = lim
n→∞

||xn − x|| = 0.

Thus T ∗χU = Θ∗xχU for all U ∈ U . Therefore we get Θx = T , as claimed. �

Note that ||Θx||2 is the Bessel bound for x. So for the rest of the paper we will use
||x||o to denote ||Θx||, and sometimes we refer it as the Bessel bound norm of x. Thus
Proposition 3.1 states that the space (BU , || · ||o) is a Banach space. It is also an operator
space with the set of matrix norms induced from the set of matrix norms of the operator
space {Θx : x ∈ Bπ} considered as a closed subspace of B(H, `2(U)). We refer to [35] for
more basic information about operator spaces.

In the case that U has a complete wandering vector ψ (e.g. the wavelet unitary system
UD,T ), we use Cψ(U) to denote the local commutant at ψ, which is defined by

Cψ(U) = {T ∈ B(H) : TUψ = UTψ,∀U ∈ U}.
The we can also identify BU with Cψ(U) by the following lemma:

Lemma 3.2. Assume that ψ is a (complete) wandering vector for U . Then η is a Bessel
vector for U if and only if there exists B ∈ Cψ(U) such that η = Bψ. Moreover, this operator
B is unique, and ||η||o = ||B||.

For self containment we give a short proof.

Proof. For each η ∈ BU , we define Bη by BηUψ = Uη for every U ∈ U . Then we have
that Bη ∈ Cψ(U) and Bηψ = η. Since {Uη}U∈U is an orthonormal basis, we have that
||Bη|| = ||Θ∗η|| = ||Θη|| = ||η||o. For uniqueness, assume that B′ ∈ Cψ(U) such that
B′ψ = η. Then we have for every U ∈ U , B′Uψ = UB′ψ = UBηψ = BηUψ. Thus B′ = Bη,
as claimed. �

4. Bessel generator multipliers

4.1. Examples of Bessel generator multipliers. A bounded linear operator A on H is
a Bessel generator multiplier for U if it maps every Bessel vector of U to a Bessel vector of
U . In other words, a Bessel generator multiplier is a bounded linear operator A such that
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BU is invariant under A. Here are some easy examples of of Bessel generator multipliers for
a general unitary system.

Example 4.1. Let U be a unitary system on H.
(i) If A commutes with U , then A is Bessel generator multiplier.
(ii) Let A = ξ ⊗ y be such that ξ is a Bessel vector of U . Then Aη = 〈η, y〉ξ is also a

Bessel vector of U and hence A is a Bessel generator multiplier

For a general unitary system it is very hard to have a good characterization for its
Bessel generator multipliers. In this section we examine several interesting classes of Bessel
generator multipliers. We consider a special case of unitary systems when U = U1U0, where
U0 is a countable group (but not necessarily abelian) and U1 ∩ U0 = {I}. These include
the group systems, the wavelet systems and the Gabor systems (for the Gabor systems we
refer to any standard literature for the definitions). In many cases we also require U1 to
be a countable group. For a subset A of the algebra B(H) of all bounded linear operators
on H, we will use w∗(A) to denote the von Neumann algebra generated by A, and let
A′ = {S ∈ B(H) : AS = SA,∀S ∈ A} denote the commutant of A. Clearly, the set of all
Bessel generator multipliers for a unitary system U is a subalgebra of B(H) with respect to
the operator multiplication, and by Example 4.1 every operator in U ′ is a Bessel generator
multiplier.

Proposition 4.2. Let U = U1U0 be a unitary system such that U0 is a countable group
and U1 ∩ U0 = {I}. If A ∈ w∗(U0) ∩ U ′0, then A is a Bessel generator multiplier for U .

Proof. Let ψ be a Bessel vector for U , let Sψf =
∑

U0∈U0
〈 f , U0ψ 〉U0ψ. Then Sψ ∈ U ′0.

Moreover, since A ∈ U ′0, we get

SAψf =
∑
U0∈U0

〈 f , U0Aψ 〉U0Aψ

= A
∑
U0∈U0

〈A∗f , U0ψ 〉U0ψ

= ASψA
∗f.

Thus we have SAψ = ASψA
∗. Let K = ||A||2. Then AA∗ ≤ KI. By the assumption that

A ∈ w∗(U0) and the fact that Sψ ∈ U ′0, we obtain S
1/2
ψ A = AS

1/2
ψ . Thus we have

SAψ = ASψA
∗ = S

1/2
ψ AA∗S

1/2
ψ ≤ KSψ,
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and so USAψU∗ ≤ KUSψU∗ for any bounded operator U . This implies that∑
U∈U

(UAψ)⊗ (UAψ) =
∑

U1∈U1,U0∈U0

(U1U0Aψ)⊗ (U1U0Aψ)

=
∑
U1∈U1

U1SAψU
∗
1

≤ K
∑
U1∈U1

U1SψU
∗
1

= K
∑

U1∈U1,U0∈U0

(U1U0ψ)⊗ (U1U0ψ)

= K
∑
U∈U

(Uψ)⊗ (Uψ).

Since ψ is Bessel, we have that
∑

U∈U (Uψ) ⊗ (Uψ) is weakly convergent to a positive
bounded linear operator on H, and so

∑
U∈U (UAψ)⊗ (UAψ) is also weakly convergent to

a positive bounded linear operator. Therefore Aψ is a Bessel vector for U , which implies
that A is a Bessel vector multiplier, as claimed. �

Corollary 4.3. Let U = U1U0 be a unitary system such that U0 is a group and U1∩U0 = {I}.
Assume that U0 is abelian. Then every operator in w∗(U0) is a Bessel generator multiplier
for U .

Proposition 4.4. Let U = U1U0 be a unitary system such that U0 is a group and U1∩U0 =
{I}. Assume that A ∈ U ′0 is invertible and that U∗1A

−1U1A ∈ w∗(U0) for every U1 ∈ U1 ,
then A is a Bessel generator multiplier for U .

Proof. Let ψ be a Bessel vector for U . Fix U1 ∈ U1, let B = U∗1A
−1U1A and let Sψ be

defined as in the proof of Proposition 4.2. Since Sψ ∈ U ′0, we have BS
1
2 = S

1
2B. Thus we

get

BSψB
∗ = S

1
2 (BB∗)S

1
2 ≤ ||B||2 · Sψ ≤ K · Sψ,

where K = (||A−1|| · ||A||)2 On the other hand we also have

BSψB
∗ = (U∗1A

−1U1A)Sψ(A∗U∗1 (A−1)∗U1) = U∗1A
−1U1SAψU

∗
1 (A−1)∗U1

Therefore we get

U∗1A
−1U1SAψU

∗
1 (A−1)∗U1 ≤ K · Sψ,

which implies that

U1SAψU
∗
1 ≤ K(A−1)∗[U1SψU

∗
1 ]A−1,

holds for every U1 ∈ U1. Since
∑

U1∈U1
U1SψU

∗
1 is weakly convergent to a positive bounded

linear operator, we have that
∑

U1∈U1
U1SAψU

∗
1 is also weakly convergent to a positive

bounded linear operator. Hence Aψ is a Bessel vector for U . �
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4.2. The Bessel generator multiplier algebra. Let MU be the set of all Bessel gener-
ator multipliers for a unitary system U . Then clearly, MU is a subalgebra of B(H), and
we will call it the Bessel generator multiplier algebra for U . In general MU is not a closed
subalgebra of B(H), and in fact in many cases it is usually a very large dense subalgebra of
B(H) (see Proposition 4.6). Here we will introduce a natural quantity associated with the
Bessel bounds for each operator in MU . For any Bessel vector η of U , we will use Kη to
denote the optimal (minimal) Bessel bound of η. For A ∈ MU , we define the Bessel norm
of A by

||A||b = sup{
√
KAη : Kη ≤ 1, η ∈ BU}

We will show that the Bessel norm is indeed a norm for the Bessel multiplier algebra,
and we also compare the two norms for special classes of Bessel generator multipliers.

We already known that Kξ = ||Θξ||2 = ||x||2o. Therefore we have

||A||b = sup{||Aη||o : η ∈ BU , ||η||o = 1}.

Thus, the Bessel norm || · ||b will be indeed an norm if we could prove that A : (BU , || · ||o)→
(BU , || · ||o) is a bounded linear operator. Indeed this can be proven with the closed graph
theorem.

Theorem 4.5. The Bessel norm || · ||b is an norm on MU . Moreover, (MU , || · ||b) ∩ {A ∈
B(H) : ||A|| ≤ 1} is a closed subset of B(BU , || · ||o).

Proof. Let A be a Bessel generator multiplier. Then it is a linear operator on BU . Since
||A||b = sup{||Aη||o : η ∈ BU , ||η||o = 1}. We only need to show that A is bounded with the
norm || · ||o equipped on BU .

Now let xn, x, y ∈ BU be such that ||xn − x||o → 0 and ||Axn − y||o → 0. We need to
show that y = Ax. In fact, from the proof of Lemma 3.1, we must have ||xn − x|| → 0 and
||Axn−y|| → 0. Thus we have y = Ax since A is a bounded linear operator on H. Therefore
by the closed graph theorem we get that A is bounded with the norm || · ||o equipped on
BU .

For the moreover part, suppose that An ∈ MU and A ∈ B(BU , || · ||o) such that ||An −
A||b → 0 with ||An|| ≤ 1 . We will prove that A is a restriction of a bounded linear
operator on H, and hence A ∈MU . It suffices to show that A ∈ B(BU , || · ||). In fact, from
||An −A||b → 0, we get

||Anx−Ax|| ≤ ||An −A||b · ||x||0 → 0

for every x ∈ BU . This implies that

||Ax|| ≤ sup{||Anx|| : n ∈ N} ≤ sup{||An|| · ||x|| : n ∈ N} ≤ ||x||

for every x ∈ BU . So A can be extended to a bounded linear operator, say Ã, on H with
||Ã|| ≤ 1. Thus (MU , || · ||b)∩{A ∈ B(H) : ||A|| ≤ 1} is a closed subset of B(BU , || · ||o). �

In general (MU , || · ||b) is not complete (see Proposition 4.19). For operator norm closure
we have the following:
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Proposition 4.6. Assume that BU is dense in H . Then the closure of MU in the usual
operator norm contains all the compact operators, and hence MU is dense in B(H) in the
strong operator topology. Therefore, if BU 6= H, then MU is not closed in the operator
norm on B(H).

Proof. Given x, y ∈ H. Since BU is dense in H, there exists a sequence {ηn} from BU such
that ||ηn − x|| → 0. Let An = ηn ⊗ y and A = x⊗ y. Then ||An − A|| → 0 and An ∈ MU .
Thus the operator norm closure of MU contains all the compact operators. Hence, MU is
dense in B(H) in the strong operator topology. In the case that BU 6= H, let x /∈ BU and
y 6= 0. Then from the above argument A = x ⊗ y is in the operator norm closure of MU ,
but clearly A /∈MU . Thus MU is not closed in the operator norm on B(H). �

Proposition 4.7. (a) If A ∈ U ′, then ||A||b ≤ ||A||. Moreover, if in addition assume that
U admits a Parseval frame vector, then we have ||A||b = ||A||.

(b) If A ∈ w∗(U0) ∩ U ′0, we have ||A||b ≤ ||A||.
(c) If A is a multiplier satisfying the condition in Proposition 4.4, then ||A||b ≤ ||A|| ·

||A−1||2.

Proof. (a) Let x ∈ BU . Then

||Ax||o = ||ΘAx|| = ||ΘxA
∗|| ≤ ||A∗|| · ||Θx|| = ||A|| · ||x||o.

Thus ||A||b ≤ ||A||. For the in moreover part, let ]ξ be a Parseval frame vector. Then Θξ is
an isometry and ||ξ||0 = 1. Thus

||A||b ≥ ||Aξ||o = ||ΘAξ|| = ||ΘξA
∗|| = ||A∗|| = ||A||,

and so we have the equality.
(b) Follows from the proof of Proposition 4.2.
(c) Follows from the proof of Proposition 4.4. �

4.3. The Wavelet Unitary System. We show that for the wavelet unitary system, any
of the following three cases could happen: (i) ||A||b = ||A||; (ii) ||A||b > ||A||; and (iii)
||A||b < ||A||. Recall that the wavelet unitary system is the unitary system UD,T := {DnT ` :
n, ` ∈ Z}, where D is the dilation operator and T is the translation unitary operator defined
by

(Df)(x) =
√

2f(2x), (Tf)(x) = f(x− 1), f ∈ L2(R ).
The Fourier transform we will use here is the normalized one:

(Ff)(ξ) = f̂(ξ) =
1√
2π

∫
R
f(x)e−ixξdx

for all f ∈ L1(R ) and then extend it unitarily to L2(R ). With this definition we have
D̂ = FDF−1 = D−1 and T̂ = FTF−1 = Me−iξ , where Me−iξ is the multiplication operator
by e−iξ. It is known (cf. [8]) that the commutant of {D̂, T̂} is {Mh : h ∈ L∞(R ), h(2ξ) =
h(ξ), a. e., ξ ∈ R }. A Parseval frame set is a measurable subset F of R such that {2nF : n ∈
Z} is a partition of R (modulo measure zero sets) and {F +2nπ : n ∈ Z} is disjoint (modulo
measure zero sets). Equivalently, F is a Parseval frame set if and only if {D̂nT̂ `( 1√

2π
χF ) :

n, ` ∈ Z} is a Parseval frame for L2(R ) (c.f. [20]). By Proposition 4.7 (a) we have that
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||A||b = ||A|| if A ∈ {D,T}′. So we only need to show that the other two cases could happen
for the wavelet unitary system.

Example 4.8. There exists a Bessel generator multiplier for the wavelet unitary system
such that ||A||b > ||A||.

Proof. Let A = ψ ⊗ ϕ be such that ψ is a Bessel wavelet and ψ ∈ L2(R ). Then, for evry
f ∈ L2(R ), Af = 〈f, ϕ〉ψ is also a Bessel wavelet and hence A is a Bessel wavelet multiplier
with Bessel bound KAf = |〈f, ϕ〉|2Kψ.

Now let ψ̂(ξ) = 1√
2π
χ[−π,−π/2)∪[π/2,π) and ϕ̂(ξ) = 1√

2π
χ[−2π,−π)∪[π,2π)). Then ψ is a

Bessel vector such that ||ψ|| < ||ψ||o = 1 and ϕ is an orthonormal wavelet such that
||ϕ|| = ||ϕ||o = 1. Hence we get

||A||2b ≥ ||ΘAϕ||2 = |〈ϕ,ϕ〉|2Kψ = Kψ = ||ψ||2o > ||ψ||2 = ||A||2

since ||A|| = ||ϕ||||ψ|| = ||ψ||, and so we have ||A||b > ||A||. �

Example 4.9. There exists a Bessel generator multiplier for the wavelet unitary system
such that ||A||b < ||A||.

Proof. Let E = [π4 ,
π
2 ], and define A by (Âf)(ξ) = χ2E(ξ)f( ξ2). We prove that ||A|| =

√
2

and ||A||b = 1, and consequently we get ||A||b < ||A||.
Assume that f ∈ L2(R ) be such that supp(f̂) ⊆ E. Then

||Af ||2 =
∫

2E
|χ2E(ξ)f̂(

ξ

2
)|2dξ = 2

∫
E
|f̂(t)|2dt = 2||f̂ ||2 = 2|||f ||2.

Thus ||A|| =
√

2.
Next we show that ||A||b = 1. We will need two facts.
Fact 1: Let g be a Bessel wavelet for the wavelet system such that supp(ĝ) is contained

in a Parseval frame set F . Then we claim that ||g||o =
√

2π||ĝ||∞. In fact, since F is
Parseval frame set, we have that {2nF : n ∈ Z} is a disjoint partition of R . So we can
extend the restriction of ĝ on F to a 2-dilation function ĥ (i.e. ĥ(2ξ) = ĥ(ξ), a.e. ξ ∈ R ).
Then ||ĝ||∞ = ||ĥ||∞, and the multiplication operator Mĥ commutes with both operators
D̂ and T̂ . Let ψ̂ = 1√

2π
χF . Then {ψk,j : k, j ∈ Z} is a Parseval frame for L2(R ), and so∑

k,j∈Z D̂
kT̂ jψ̂ ⊗ D̂kT̂ jψ̂ = I. Note that ĝψ̂ = ĥψ̂. So we get

Sĝ =
∑
k,j∈Z

D̂kT̂ j ĝ ⊗ D̂kT̂ j ĝ

= 2π
∑
k,j∈Z

D̂kT̂ jMĝψ̂ ⊗ D̂kT̂ jMĝψ̂

= 2π
∑
k,j∈Z

D̂kT̂ jMĥψ̂ ⊗ D̂
kT̂ jMĥψ̂

= 2πMĥ(
∑
k,j∈Z

D̂kT̂ jψ̂ ⊗ D̂kT̂ jψ̂)M∗
ĥ

= 2πM|ĥ|2 .
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So we have ||g||0 =
√
||Sĝ|| =

√
2π||ĥ||∞ =

√
2π||ĝ||∞ since ||ĝ||∞ = ||ĥ||∞.

Fact 2: If g is a Bessel wavelet, then
√

2π||ĝ||∞ ≤ ||g||o. It is a well known fact [24] that
for any compactly supported function f̂ , we have∫

R
|f̂(ξ)|2

∑
k∈Z
|ĝ(2kξ)|2dξ ≤ 1

2π

∑
k,j∈Z

|〈f̂ , D̂kT̂ j ĝ〉|2

Therefore we get ∫
R
|f̂(ξ)|2

∑
k∈Z
|ĝ(2kξ)|2dξ ≤ 1

2π
||g||2o · ||f̂ ||2.

Thus
∑

k∈Z |ĝ(2kξ)|2 ≤ 1
2π ||g||

2
o for a.e. ξ ∈ R , which implies that

√
2π||ĝ||∞ ≤ ||g||o.

Now let g be any Bessel wavelet for the wavelet system. Then supp(Âĝ) ⊆ 2E. Since
2E is a subset of the Shannon wavelet set [−2π,−π) ∪ [π, 2π), we get from Fact 1 that
||Ag||o =

√
2π||Âĝ||∞ ≤

√
2π||ĝ||∞. However, by Fact 2, we also have

√
2π||ĝ||∞ ≤ ||g||o.

Therefore we obtain that ||Ag||o ≤ ||g||o and hence ||A||b ≤ 1. On the other hand, if g be
a Bessel wavelet for the wavelet system such that ĝ(ξ) = χE(ξ). Then we get ||Ag||o =√

2π||ĝ||∞ = ||g||o. Thus ||A||b = 1, as claimed. �

A Bessel wavelet multiplier is called a Fourier Bessel wavelet multiplier if is of the form
Â = Mh for some h ∈ L∞(R ). Note that none of the Bessel wavelet multipliers in the
last two example is a Fourier Bessel wavelet multiplier. For general Fourier Bessel wavelet
multipliers we have the following:

Example 4.10. Assume that h is a Fourier Bessel wavelet multiplier for the wavelet unitary
system. Then ||A|| ≤ ||A||b.

Proof. For any ε > 0, we can find measurable subset E with positive measure such that
|h(ξ)| ≥ ||h||∞ − ε on E, and E is both 2-dilation disjoint and 2π-translation disjoint. Let
ψ̂ = 1√

2π
χE . Then ψ is a Bessel vector with Bessel constant 1, i.e. ||ψ||o = 1. Let ϕ = Aψ

(i.e. ϕ̂ = hψ̂). We calculate the Bessel bound of ϕ. Note that 〈ϕ̂, (hψ̂)j,k〉 = 0 if j 6= 0. So
we have

∑
j,k∈Z

|〈ϕ, (hψ)j,k〉|2 =
∑
k∈Z
|〈ϕ, (hψ)0,k〉|2

= ||ϕ||2 =
1

2π

∫
E
|h(ξ)|2dξ

≥ (||h||∞ − ε)||ϕ||2.

This ϕ has Bessel bound no less that ||h||∞ − ε, which implies that ||A||b ≥ ||h||∞ − ε for
all small ε > 0. This implies that

||A||b ≥ ||h||∞ = ||A||,

as claimed. �
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We have the post the following open problem:

Problem A. Is it true that ||A||b = ||A|| for all Fourier Bessel multipliers A?

We conjecture that answer is affirmative, and point out the following partial result.

Corollary 4.11. Assume that h is a Fourier Bessel wavelet multiplier for the wavelet
unitary system such that ĥ is either 2π-translation or 2-dilation periodic, then for A = M̌h

we have ||A|| = ||A||b.

Proof. From the proof of Proposition 2.1 in [22] we get that ||A||b ≤ ||ĥ||∞ = ||A||. Thus
the conclusion follows from Example 4.10. �

4.4. The group unitary system case. In this subsection we discuss the case when the
unitary system is the image of a projective unitary representation of a countable group.
Recall (cf. [38]) that a projective unitary representation π for a countable group G is a
mapping g → π(g) from G into the group U(H) of all the unitary operators on a separable
Hilbert space H such that π(g)π(h) = µ(g, h)π(gh) for all g, h ∈ G, where µ(g, h) is a
scalar-valued function on G ×G taking values in the circle group T. This function µ(g, h)
is then called a multiplier of π. In this case we also say that π is a µ-projective unitary
representation. It is clear from the definition that we have

(i) µ(g1, g2g3)µ(g2, g3) = µ(g1g2, g3)µ(g1, g2) for all g1, g2, g3 ∈ G,
(ii) µ(g, e) = µ(e, g) = 1 for all g ∈ G, where e denotes the group unit of G.
Any function µ : G×G→ T satisfying (i) – (ii) above will be called a multiplier for G.

It follows from (i) and (ii) that we also have
(iii) µ(g, g−1) = µ(g−1, g) holds for all g ∈ G.
Examples of projective unitary representations include unitary group representations

and Gabor representations in time-frequency analysis. In what follows we will consider the
unitary system π(G), and use Bπ to denote the set of all Bessel vectors for π(G), where π
is a projective unitary representation of G.

Lemma 4.12. [9] Let π be a projective representation of a countable group G on a Hilbert
space H and x is a Bessel vector for π. Then there exists ξ ∈ M := span{π(g)x : g ∈ G}
such that {π(g)ξ}g∈G is a Parseval frame for M .

Lemma 4.13. [18] Assume that π is a projective representation of a countable group G on
a Hilbert space H and x is a complete Parseval frame vector for π. Let η ∈ H. Then we
have

(i) η is a Bessel vector for π if and only if there exists an operator T ∈ w∗(π(G)) such
that η = Tξ.

(ii) η is a complete frame vector for π if and only if there exists an invertible operator
T ∈ w∗(π(G)) such that η = Tξ.

(iii) η is a complete Parseval frame vector for π if and only if there exists an unitary
operator T ∈ w∗(π(G)) such that η = Tξ.

Proposition 4.14. Let π be a projective unitary representation of G. If A ∈ w∗(π(G)),
then A is a Bessel generator multiplier.



UNITARY SYSTEMS AND BESSEL GENERATOR MULTIPLIERS 15

Proof. Let ξ be a Bessel vector for π. Then, by Lemma 4.12, there exists η ∈ M :=
span{π(g)ξ : g ∈ G} such that {π(g)η : g ∈ G} is a Parseval frame for M . Thus, from
Lemma 4.13 that a vector x ∈M is a Bessel vector if and only if there existsB ∈ w∗(π(G))|M
such that x = Bη. Let ξ = Tη with T ∈ w∗(π(G))|M . Then Aξ = ATη with AT ∈
w∗(π(G))|M is also Bessel. Therefore A is a Bessel generator multiplier. �

Theorem 4.15. Let π be a projective unitary representation of G such that Bπ is dense in
H. Then

(i) ||A||b = ||A|| if A ∈ π(G)′

(ii) ||A||b ≤ ||A|| if A ∈ w∗(π(G)).

We remark that part (i) of this theorem is not the consequence of Proposition 4.7 since
here we do not assume π admits a Parseval frame vector for H.

In order to prove Theorem 4.15 we need the following lemma:

Lemma 4.16. Let π be a projective unitary representation of G such that its has a complete
wandering vector ψ. Then ||A||b = ||A|| when A ∈ w∗(π(G)).

Proof. Let σ : w∗(π(G)) → π(G)′ be the conjugate linear anti-automorphism such that
Tψ = σ(T )ψ for all T ∈ w∗(π(G)) (cf. [28]). Let A ∈ w∗(π(G)). Then

||A||b ≥ ||ΘAψ|| = ||Θσ(A)ψ|| = ||Θψσ(A)∗|| = ||σ(A)∗|| = ||A||,

where we use the isometry property of Θψ.
On the other hand, for any Bessel vector x ∈ Bπ, there exists B ∈ π(G)′ such that

x = Bψ. Thus we have

||Ax||b = ||ΘAx|| = ||ΘABψ|| = ||ΘBAψ|| = ||ΘBσ(A)ψ||
= ||Θψσ(A)∗B∗|| ≤ ||σ(A)∗|| · ||θψ|| · ||B∗||
= ||A|| · ||θψ|| · ||B|| = ||A|| · ||B||.

Note that ||x||o = ||Θx|| · ||ΘBψ|| = ||B∗|| = ||B||. Thus we get

||Ax||b ≤ ||A|| · ||x||o

for all x ∈ Bπ. This implies that ||A||b ≤ ||A||, as claimed. �

Lemma 4.17. Let π be a µ-projective unitary representation of G on a Hilbert space
H such that its has a complete frame vector ψ. Then there exists a µ-projective unitary
representation σ of G on a Hilbert space K such that the µ-projective unitary representation
of π ⊕ σ on H ⊕K has complete wandering vector.

Corollary 4.18. Let π be a projective unitary representation of G such that its has a
complete frame vector. Then ||A||b ≤ ||A|| when A ∈ w∗(π(G)).

Proof. By Lemma 4.17, we can dilate π to π ⊕ σ on H ⊕K for some Hilbert space K such
that π ⊕ σ has complete wandering vector. Let Ã ∈ w∗(π(g) ⊕ σ(g) : g ∈ G) such that
Ã|H = A and ||Ã|| = ||A||. By Lemma 4.16, we have ||Ã||b = ||Ã||. Thus ||A||b ≤ ||Ã||b =
||Ã|| = ||A||. �
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Proof of Theorem 4.15:
(i) For any ξ ∈ Bπ, we have∑

g∈G
| < x, π(g)Ag > |2 =

∑
g∈G
| < A∗x, π(g)g > |2 ≤ ||A∗||2Kg||x||, x ∈ H

where Kg is Bessel bound of g. Thus we have ||A||b ≤ ||A||. So we only need to show that
||A||b ≥ ||A||. Since Bπ is dense in H, for each ε > 0 we can find x ∈ Bπ with ||x|| = 1 and
||A∗x|| ≥ ||A|| − ε. Let A∗x, and Hx = [π(G)A∗x]. Then, by Lemma 4.12, there exists a
ξ ∈ Hx such that {π(g)ξ} is a Parseval frame for Hy. So ||ξ||o = 1, and

||A||b ≥ ||ΘAξ|| = ||ΘξA
∗|| ≥ ||ΘξA

∗x|| = ||A∗x|| ≥ ||A|| − ε,

where we use that Θξ is an isometry when restricted toHy and A∗x ∈ Hy. Thus ||A||b ≥ ||A||
by letting ε→ 0.

(ii) Let x ∈ Bπ such that ||x||0 ≤ 1. Let M = [π(G)x] and consider π|M . Then, by
Corollary 4.18, we get ||Ā||b ≤ ||Ā||. This implies that

||Ax||o = ||Āx||o ≤ ||Ā||b ≤ ||Ā|| ≤ ||A||.

Taking the sup over ||x||o ≤ 1, we get

||A||b ≤ ||A||

as claimed. �

Problem B. Let π be a projective unitary representation of G. Do we have ||A||b = ||A||
for A ∈ w∗(π(G))? What about other Bessel generator multiplier?

Let A be a Bessel generator multiplier for a general unitary system U . Then, by Theorem
4.5 we have that A is also a bounded linear mapping ΦA from the operator space ( BU , || · ||o)
into itself. One of the most important concept in the theory of operator spaces is the
completely bounded maps. Recall that a linear mapping Φ from an operator space S to
an operator space V is called completely bounded if sup{||Φn|| : n ≥ 1} < ∞, where Φn

defined by
Φn([aij ]) = [Φ(aij ]

on the operator space Mn ⊗ S. A natural question about the Bessel vector space is to
examine the completely boundedness of ΦA. We ask the following:

Problem C. Is ΦA always completely bounded?

We examine a special case of this question. Assume that U admits a complete wandering
vector, say ψ. Then, by Lemma 3.2, we can identify (BU , || · ||o) with the local commutant
operator space Cψ(U). Therefore, if A is a Bessel generator multiplier for U , then induced
mapping ΦA is defined by ΦA(S) = T where T is the unique operator in Cψ(U) such that
Tψ = ASψ. However, in general we don’t have T = AS since AS may not be in Cψ(U). In
the case that A ∈ U ′, then AS ∈ Cψ(U) for every S ∈ Cψ(U), and therefore ΦA(S) = AS,
and so Φ is completely bounded. However, it remains open whether all the induced mapping
ΦA is completely bounded even when U admits a complete wandering vector.
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The second natural question is to ask that if every bounded linear mapping from the
operator space ( BU , || · ||o) to itself is induced by a Bessel generator multiplier from B(H).
The following result answers this question negatively.

Proposition 4.19. Let U be the wavelet unitary system. Then there exists a bounded linear
mapping Φ from Bessel generator multiplier the operator space ( BU , || · ||o) to itself such
that is the limit of a Bessel generator multipliers in the Bessel norm. But Φ is unbounded
with respect to the Hilbert space norm on BU . In particular, the Bessel generator multiplier
algebra (MU , || · ||b) is not complete.

Proof. Let En = [π/2n+1, π/2n) for n ≥ 1. Define An by Ânf = χ2nEn(ξ)f( ξ
2n ). Then,

as in the proof of Example 4.9, we get that ||An|| = 2n/2, and ||An||b = 1 for all n ≥ 1.
Now let Bn = 2−n/4An. Then

∑∞
n=1Bn converges in the || · ||b norm on ( BU , || · ||o). Let

Φ =
∑∞

n=1 B̂n.
We claim that there is no Bessel generator multiplier A for U such that ΦA = Φ, i.e,

Φ 6= A on BU for all Bessel generator multiplier A for U . In order to prove this, it suffices
to show that Φ is an unbounded linear operator with respect to the Hilbert space norm on
(BU . In fact, let fn = χEn . Since B̂mfn = 0 if m 6= n, we have Φ(fn) = B̂nfn. So

||Φ(fn)||2 = ||B̂nfn||2 = 2−n/2µ(2nEn) = 2−n/2(
π

2
).

But ||fn||2 = µ(En) = π
2n+1 . Thus ||Φ(fn/||fn||)||2 = 2n/2 → ∞. Hence Φ is unbounded as

claimed. �
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