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Abstract. We construct and study a family of 3-generated groups Dw para-
metrized by infinite binary sequences w. We show that two groups of the
family are isomorphic if and only if the sequences are cofinal and that two
groups can not be distinguished by finite sets of relations. We show a relation
of the family with 2-dimensional holomorphic dynamics.

1. Introduction

1.1. Space of finitely-generated groups. Let Gn be the set of all marked n-
generated groups, i.e., the set of ordered tuples (G, s1, s2, . . . , sn), where G is a
group and {s1, s2, . . . , sn} ⊂ G is its generating set. The set Gn is a metrizable
compact topological space with a natural topology (introduced in [7]). In this
topology two marked groups are close if their (marked) Cayley graphs have large
isomorphic balls.

One can also define the space Gn in the following way. Let Fn = 〈s1, s2, . . . , sn〉
be a free non-abelian group of rank n. The set 2Fn of subsets of Fn has a natural
direct product (Tykhonov) topology. It is the topology defined by the basis of open
cylindrical sets of the form

UA,B = {N ⊂ Fn : A ⊂ N,B ∩N = ∅},

where A and B are arbitrary finite subsets of Fn.
Then Gn is homeomorphic to a closed subspace of 2Fn where the homeomorphism

maps a group G to the kernel of the natural epimorphism Fn → G.
Some results on the structure of the space Gn (and its natural direct limit G∞)

are collected in [6]. In particular, one of the questions posed in [6] is construction
of interesting closed subsets of Gn.

The space Gn comes together with a natural Borel equivalence relation ∼= of
group isomorphism. It is known (see [3]) that this relation is not smooth, i.e., does
not have a Borel transversal. One of the aims of our paper is to show very explicit
examples of minimal Cantor sets in G3. We construct a closed ∼=-invariant subset
of G3 homeomorphic to the Cantor set, such that the isomorphism classes are dense
in it.

Namely, we construct a family {Gw = 〈αw, βw, γw〉}w∈Xω , where

X
ω = {x1x2 . . . : xi ∈ X = {0, 1}}

is the space of infinite sequences over a binary alphabet (it is homeomorphic to the
Cantor set) such that

(1) the map w 7→ (Gw , αw, βw, γw) is a homeomorphism from X
ω to a subset

of G3,
1
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(2) two groups Gw1 and Gw2 are isomorphic if and only if the sequences w1 and
w2 are cofinal, i.e., are of the form w1 = v1w,w2 = v2w for some infinite
sequence w ∈ X

ω and finite sequences v1, v2 ∈ X
∗ of equal length.

The groups Gw act on binary rooted trees. We denote by Dw the corresponding
automorphism group of the rooted tree (i.e., the quotients of Gw by the kernels of
the actions). The groups Gw and Dw coincide (i.e., Gw acts faithfully on the tree),
when w has infinitely many zeros. If w has only a finite number of zeros, then Gw

is an extension of an infinite direct cyclic groups of order 4 by the group D111....
The set {Gw}w∈Xω is equal to the closure of the set

{Dw : w has infinitely many zeros}

in the space G3.
Actually, the central topic of our paper is the family Dw. We will also construct

another family Rw of groups acting faithfully on the rooted tree (see the last section
of the paper), which is closed in G3 and there is no need of passing to the closure.
But we do not know a complete answer to the isomorphism problem in the family
{Rw} and many proofs are a bit longer for it (though follow the same pattern).

We have the following additional properties of the groups Dw.

(1) The group D111... is isomorphic to one of the Grigorchuk groups Gω .
(2) The group D000... is isomorphic to the iterated monodromy group of z2 + i.
(3) The groups Dw are branch and just-infinite.
(4) The closures of Dw in the automorphism group Aut(X∗) of the rooted tree

are conjugate.

1.2. Self-similar families of groups. The families {Dw}w∈Xω and {Rw}w∈Xω

resemble the family {Gw} of Grigorchuk groups, studied in [7]. It also becomes
homeomorphic to a Cantor set after replacing a countable subset. However, the iso-
morphism classes of Grigorchuk groups Gw are finite (see Subsection 2.10.5 in [9]).

It is interesting that the intersection of the family {Dw} with the family of
Grigorchuk groups is the set of the exceptional groups of {Dw} for which w has a
finite number of zeros.

The following tentative definition generalizes some of the properties of these
families.

For a definition of self-similar groups see [9] and the second section of our paper.
If G acts on a rooted tree T then the graph G\T of the orbits of the action is

again a rooted tree. The preimages in T of the infinite rooted paths in G\T are
precisely the minimal G-invariant rooted subtrees of T , which we call G-irreducible
components of T . The boundaries of the G-irreducible components are the irre-
ducible (i.e. minimal) components of the action of G on the boundary of the tree
T .

Definition 1. A family of groups acting faithfully on rooted trees is said to be
self-similar if there exists a self-similar group G such that the groups of the family
coincide with the restrictions of the action of G onto the G-irreducible components
of X

∗. The group G is called universal group of the family.

The universal group will be our main tool of investigation of the families {Dw}
and {Rw}.
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Many properties of the universal group remain to be mysterious even for the well
studied family of Grigorchuk groups. One of the main questions is amenability of
the universal groups of the Grigorchuk family and the families {Dw} and {Rw}.

1.3. Structure of the paper. The second section contains all technical definitions
and notions of the theory of self-similar groups, which will be used in the paper.
The proofs and more details can be found in [9].

In the third section defines the family. We start from three automorphisms
g0, g1, g2 of the binary rooted tree X

∗ = {0, 1}∗. We consider next any triple
of automorphisms h0, h1, h2 such that hi belongs to the conjugacy class of gi in
Aut(X∗) (called t-triples in the paper). Examples of t-triples are (αw, βw, γw),
which are inductively defined for every infinite sequence w ∈ X

ω in Definition 8.
We prove then in Proposition 3.1 that any t-triple is simultaneously conjugate in

Aut(X∗) with a unique triple (αw, βw, γw). We define Dw to be the group generated
by αw, βw and γw.

A direct corollary of Proposition 3.1 is Proposition 3.2 claiming that every group
Dw is conjugate to at most a countable set of groups of the family {Dw}.

Section 4 studies the universal groupD of the family, i.e., the group F/
⋂

w∈Xω Kw ,
where F = 〈α, β, γ〉 is the free group and Kw is the kernel of the natural epimor-
phism α 7→ αw, β 7→ βw, γ 7→ γw of F onto Dw. In other words, D is the group
generated by the diagonals (αw)w∈Xω , (βw)w∈Xω and (γw)w∈Xω in the Cartesian
product

∏
w∈Xω Dw.

The group D acts faithfully on the rooted tree (X × X)∗ and is the universal
group of the family {Dw} in the sense of Definition 1. The action is defined by the
recursions

α = σ

β = (α, γ, α, γ)

γ = (β, 1, 1, β) ,

where σ = (12)(34).
We show that the group D is contracting (with a nucleus consisting of 35 ele-

ments) and find some relations in D.

After that we embed D as a normal subgroup into a larger group D̃, whose action

is level-transitive on (X × X)
∗
. The group D̃ is obtained from D by adjoining three

new generators

a = π,

b = (aα, aα, c, c) ,

c = (bβ, bβ, b, b) ,

where π = (13)(23).
If we identify the alphabet {1, 2, 3, 4} with X × X setting 1 � (0, 0), 2 �

(0, 1), 3 � (1, 0), 4 � (1, 1), then the subgroup D of D̃ coincides with the group
of elements acting trivially on the second coordinates of the letters (see Proposi-

tion 4.8). Hence, if we look only at the action of D̃ on the second coordinates of

the letters, then we get an action of D̃ on the binary tree X
∗ with the kernel of the

action equal to D.
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The quotient H = D̃/D is the subgroup of Aut(X∗) generated by

a = σ, b = (a, c), c = (b, b).

It follows that if w1, w2 ∈ X
ω belong to one H-orbit, then the groups Dw1 and

Dw2 are conjugate in Aut(X∗) (see Proposition 4.6). This already implies that the
sets of parameters w ∈ X

ω corresponding to the conjugacy classes (and hence to
the isomorphism classes) of Dw are dense in X

ω, since the action of H on X
ω is

minimal.
We study then the group H and its action on X

ω in more detail. We prove
that H is isomorphic to the group of all symmetries of the square lattice, that it is
contracting, and that its orbits on X

ω coincide with the cofinality classes.

The last result of Section 4 is Proposition 4.12 implying that the group D̃ is
contracting.

The isomorphism classes of the family {Dw} are completely described in Sec-
tion 4.12. At first we prove in Theorem 5.1 that two groups Dw1 and Dw2 are
conjugate if and only if the sequences w1 and w2 are cofinal.

Then we construct (in Subsection 5.2) a collection of normal subgroups {Ev}v∈X∗

of D (the kernels of the |v|th level wreath recursion for the groups Dvw) and an

action of H on D by automorphisms (coming from the action of D̃ on D by conju-
gation) such that

(1) Ex1x2...xnxn+1 > Ex1x2...xn
;

(2) if g(x1x2 . . . xn) = y1y2 . . . yn, then (Ex1x2...xn
)
g−1

= Ey1y2...yn
;

(3) if the sequence x1x2 . . . ∈ X
ω has infinitely many zeros, then

D/
⋃

n≥0

Ex1x2...xn

is isomorphic to Dx1x2....

We define Gx1x2... = D/
⋃

n≥0 Ex1x2...xn
and prove in Theorem 5.10 that the map

w 7→ Gw is a continuous map from X
ω to G3.

Finally, we prove, using theory of branch groups, that two groups Dw1 and Dw2

are isomorphic if and only if they are conjugate in Aut(X∗). This gives us a complete
description of the isomorphism classes in the families {Dw} and {Gw}. Two groups
in one family are isomorphic if and only if the corresponding sequences are cofinal
(Theorem 6.1 and Proposition 6.2).

Section 7 gives a dynamical interpretation of the groups Dw. We give only the
main ideas and almost no proofs, since this will be a topic of a separate publication.

We show that the groups Dw can be interpreted as the iterated monodromy
groups of non-autonomous (a.k.a. random) backward iterations of branched cov-
erings of planes with the post-critical dynamics coinciding with the post-critical
dynamics of z2 + i.

Looking at the action of such branched coverings on the moduli space of the
three-punctured plane, we get an interpretation of the index 2 subgroup 〈ab, ac,D〉

of D̃ as the iterated monodromy group of the mapping

F :

(
z
p

)
7→




(
1 − 2z

p

)2

(
1 − 2

p

)2




on CP
2.
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Using this interpretation one can show that the connected components of the
limit space of D are homeomorphic to the Julia sets of the forward non-autonomous
iterations of quadratic polynomials (which are the first coordinates of the iteration
of F as functions of z). We give some examples of these Julia sets on Figure 6.

Last section of the paper describes a similar family of groups {Rw}, which can
be also constructed from non-autonomous iterations, but starting from another
post-critical dynamics.

2. Preliminaries

2.1. Rooted trees, automata and self-similar groups. Let X be a finite set
(called the alphabet) and denote by X

∗ the free monoid generated by X, i.e., the set
of finite words over the alphabet X.

The set X
∗ is considered to be a rooted tree with the root the empty word ∅

and two words connected by an edge if and only if they are of the form v, vx for
v ∈ X

∗ and x ∈ X.
The set X

n of words of length n is called the nth level of the rooted tree X
∗.

We denote by Aut(X∗) the group of all automorphisms of the rooted tree X
∗. If

G is a group acting by automorphisms on X
∗, then the nth level stabilizer is the

subgroup of elements of G acting trivially on the nth level X
n of X

∗.
The sequence of the nth level stabilizers of Aut(X∗) is a fundamental system of

neighborhoods of identity defining a natural profinite topology on Aut(X∗), coin-
ciding with the topology of pointwise convergency on X

∗.
A bijection g : X

∗ → X
∗ is an automorphism if and only if it preserves the levels

and for all v, u ∈ X
∗ there exists w ∈ X

∗ such that g(vu) = g(v)w. It is easy to see
then that then for every v ∈ X

∗ the map u 7→ w is also an automorphism of X
∗.

We will denote it g|v and call restriction of g in v.

Definition 2. A subgroup G ≤ Aut(X∗) is self-similar (or state-closed) if for every
g ∈ G and x ∈ X the restriction g|x also belongs to G.

Every automorphism g ∈ Aut(X∗) is uniquely determined by the permutation
α ∈ S (X) it performs on the first level of the tree and the function x 7→ g|x. The
described bijection between Aut(X∗) and the set Aut(X∗)X × S (X) is an isomor-
phism between Aut(X∗) and the permutational wreath product S (X) o Aut(X∗).
We identify Aut(X∗) with S (X) o Aut(X∗) by this bijection and write

g = π(g1, g2, . . . , gd),

where π ∈ S (X) is the action of g on the first level and gi = g|xi
for a fixed

enumeration {x1, x2, . . . , xd} = X of the alphabet.
In this identification the group S (X) < S (X) o Aut(X∗) acts on the tree by the

rigid action

π(y1y2 . . . yn) = π(y1)y2 . . . yn,

and the base Aut(X∗)X < S (X) oAut(X∗) is identified with the pointwise stabilizer
of the first level of X

∗ and acts on the tree by the rule

(g1, . . . , gd)(xi1xi2 . . . xin
) = xi1gi1(xi2 . . . xin

).

The multiplication rule in S (X) o Aut(X∗) is

π1(g1, . . . , gd) · π2(h1, . . . , hd) = π1π2(gπ2(1)h1, . . . , gπ2(d)hd),
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where π2(i) is such that π2(xi) = xπ2(i). Note that all groups in our paper act from
the left on words.

Definition 3. The isomorphism Aut(X∗) → S (X) o Aut(X∗) is called the wreath
recursion.

If G = 〈g1, . . . , gm〉 is a finitely generated self-similar group, then its action on X
∗

is uniquely determined by the images of its generators under the wreath recursion,
i.e., by the relations

g1 = π1(g11, . . . , g1d),

g2 = π2(g21, . . . , g2d),

...

gm = πm(gm1, . . . , gmd),

where gij are group words in g1, g2, . . . , gm.
If we have gij ∈ {g1, . . . , gm} then the set {g1, . . . , gm} can be considered as a

set of states of an automaton, which being in a state gi and reading on the input a
letter xj gives on the output the letter πi(xj) and going to the state gij = gi|xj

.
We draw such automata as graphs with the vertices identified with its states and

an arrow from g to h labeled by a pair (x, y) ∈ X × X if g(x) = y and g|x = h.

2.2. Wreath recursion and permutational bimodules. A self-similar group
G ≤ Aut(X∗) is uniquely determined by the associated wreath recursion

ψ : G→ S (X) oG,

which is the restriction of the isomorphism Aut(X∗) → S (X) o Aut(X∗).
We can interpret a homomorphism ψ : G→ S (X) oG as a structure of a permu-

tational bimodule on the set X×G. Namely, we consider the set X×G to be a free
|X|-dimensional right G-set with the action

(x · h) · g = x · (gh).

Then the group S (X) o G coincides with the group of automorphisms of the left
G-set X ×G. Its elements π(gx)x∈X act on X ×G by

π(gx)x∈X · (x · g) = π(x) · gxg.

The homomorphism ψ defines then a left G-action on X × G, which commutes
with the right one. This action is given by

g · (x · h) = y · g|xh,

where y = π(g) for ψ(g) = π (g|x)x∈X
.

If ψ is the wreath recursion of a self-similar group, then the bimodule Φ = X×G is
called self-similarity bimodule. We can identify an element x ·g of the self-similarity
bimodule with the map X

∗ → X
∗ given by

(x · g)(v) = xg(v).

Then the left and the right actions of G on Φ become usual compositions of trans-
formations.

The wreath recursion (and hence the self-similar action) can be reconstructed
from the self-similarity bimodule in the following way.
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Definition 4. Let Φ be a permutational G-bimodule, i.e., a set with commuting
left and right actions of G. Suppose that the right action is free, i.e., equality
m · g = m implies g = 1. Then a basis of Φ is any transversal of the right G-orbits
on Φ.

For example, the set {x · 1 : x ∈ X} is a basis of the self-similarity bimodule
X ×G.

If X is a basis of Φ, then every element m ∈ Φ can be uniquely written in the
form x · g for x ∈ X and g ∈ G. In particular, for every x ∈ X and g ∈ G there exist
y ∈ X and h ∈ G such that

g · x = y · h.

The map x 7→ y is a permutation and we denote y = g(x). The element h is called
restriction of g in x and is denoted g|x.

Then the map g 7→ π(g|x)x∈X is a homomorphism fromG to S (X)oG. It coincides
with the natural homomorphism mapping g to the automorphism m 7→ g ·m of the
right G-space Φ. This homomorphism is called the wreath recursion associated with
the bimodule Φ (and the basis X).

Hence every basis X of a bimodule Φ defines a wreath recursion G → S (X) oG
and the associated self-similar action of G on X

∗.
If we change the basis, then we will change the wreath recursion, but the self-

similar action will be conjugate in Aut(X∗) to the original one (see Proposition 2.3.4
in [9]).

We need also the following operations over G-bimodules.

Definition 5. Let Φ1 and Φ2 be permutational G-bimodules. Their tensor product
Φ1 ⊗ Φ2 is the quotient of the direct product Φ1 × Φ2 by the equivalence relation

(m1 · g) ×m2 = m1 · (g ·m2).

The element m1 ×m2 of Φ1 ⊗Φ2 is written m1 ⊗m2. The action of G on Φ1 ⊗Φ2

is given by

g · (m1 ⊗m2) = (g ·m1) ⊗m2, (m1 ⊗m2) · g = m1 ⊗ (m2 · g).

The direct sum Φ1 ⊕Φ2 is the disjoint union of the sets Φ1,Φ2 with the original
actions of G on each of the sets Φi.

If Xi are bases of Φi for i = 1, 2, then X1 ⊗ X2 is a basis of Φ1 ⊗ Φ2.
In particular, for every n the set X

⊗n is a basis of the tensor power Φ⊗n of the
self-similarity bimodule Φ = X ×G. We have an equality

g · x1 ⊗ x2 ⊗ · · · ⊗ xn = y1 ⊗ y2 ⊗ · · · ⊗ yn · h

if and only if

g(x1x2 . . . xn) = y1y2 . . . yn, and g|x1x2...xn
= h.

We will use a common notation for permutational bimodules and write

g · x1x2 . . . xn = y1y2 . . . yn · h,

g(x1x2 . . . xn) = y1y2 . . . yn, g|x1x2...xn
= h,

if, in the case of a self-similar action, g(x1x2 . . . xnw) = y1y2 . . . ynh(w) for all
w ∈ X

∗, and, in the case of permutational bimodules, if g · x1 ⊗ x2 ⊗ · · · ⊗ xn =
y1 ⊗ y2 ⊗ · · · ⊗ yn · h.
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2.3. Contracting actions and limit spaces.

Definition 6. A self-similar action of a group G on a tree X
∗ (a permutational G

bimodule Φ with free right action and a fixed basis X) is said to be contracting if
there exists a finite subset N ⊂ G such that for every g ∈ G there exists n such
that g|v ∈ N for all words v of length more than n.

The nucleus of a contracting action (of a contracting bimodule) is the minimal
set N satisfying the conditions of the previous definition. It is not hard to see that
the nucleus is unique.

If G is generated by a finite set S = S−1, then a finite set A ⊂ G contains the
nucleus if and only if for every g ∈ A and s in S ∪ {1} there exists n such that
gs|v ∈ A for all words of length more than n.

If a bimodule is contracting with respect to some basis, then it is contracting
with respect to any basis. However, the nucleus depends on the basis.

If we have a contracting groupG, then its limit space JG is defined as the quotient
of the topological space X

−ω of the left-infinite sequences . . . x2x1 with respect to
the asymptotic equivalence relation. Two sequences . . . x2x1, . . . y2y1 ∈ X

−ω are
asymptotically equivalent if there exists a sequence gn ∈ G assuming a finite set of
values such that gn(xnxn−1 . . . x1) = ynyn−1 . . . y1 for all n.

The limit space of a contracting self-similar group is a metrizable compact space
of finite topological dimension.

More on contracting groups and their limit spaces see [9].

Notations. In most cases X is the binary alphabet {0, 1}, S (X) = {1, σ = (0, 1)}
is symmetric group. The actions of groups on words, infinite sequences and trees
is left and the image of v under action of g ∈ G is denoted g(v). The action of
group automorphisms φ is right and is denoted gφ. We also write gh = h−1gh, and
[g, h] = g−1h−1gh.

3. Definition of the family

Consider three automorphisms g0, g1, g2 of the rooted binary tree, which are
defined by the recursions

g0 = σ, g1 = (g0, g2), g2 = (1, g1),

where σ = (0, 1) is the transposition. In other terms, these automorphisms are the
states of the four-state automaton shown on Figure 1.

The action of the automorphisms g0, g1, g2 are shown schematically on Figure 2.
Note that the group generated by these automorphisms is one of the Grigorchuk

groups Gω , see [7]. This group (in particular its growth) was later studied by
A. Erschler in [4].

Two automorphisms of a rooted tree are conjugate in Aut(X∗) if and only if their
tree of orbits are isomorphic (see [5]). Here the tree of orbits of an automorphism g
is the tree of orbits of the cyclic group generated by g, where each vertex is labelled
by the cardinality of the respective orbit. Figure 3 shows the trees of orbits of the
automorphisms g0, g1, g2 (without vertex labels).

Definition 7. A t-triple is a triple (h0, h1, h2) of automorphisms of the tree X
∗,

conjugate in Aut(X∗) (not necessary by the same conjugators) with the automor-
phisms g0, g1, g2, respectively.
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Figure 1. Automaton

Figure 2. Portraits of g0, g1 and g2

Definition 8. Let w ∈ X
ω be an infinite binary sequence. Define the following

elements αw, βw, γw of Aut(X∗) recurrently

αw = σ,

βw =
(
αs(w), γs(w)

)

γw =

{ (
βs(w), 1

)
if the first letter of w is 0,(

1, βs(w)

)
if the first letter of w is 1.

Here s(w) is the shift of the sequence w, i.e., the sequence obtained by deletion of
its first letter.

For example, the elements g0, g1, g2 are equal to αw, βw, γw, respectively, when
w = 111 . . ..

It is easy to see that (αw, βw, γw) is an t-triple.

Proposition 3.1. Let (h0, h1, h2) be an arbitrary t-triple. Then there exists a
unique sequence W (h0, h1, h2) = w ∈ X

ω such that the triple (h0, h1, h2) is simulta-
neously conjugate with the triple (αw, βw, γw), i.e., αw = hh

0 , βw = hh
1 and γw = hh

2

for some h ∈ Aut(X∗).
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Figure 3. Orbit trees of g0, g1 and g2

Proof. We will use the following notation, introduced by S. Sidki. For g ∈ Aut(X∗)
denote by g(1) the automorphism (g, g). Inductively, g(k) is defined then by the con-

dition g(k+1) =
(
g(k)

)(1)
. Then g(k) belongs to the kth level stabilizer and therefore

the product a0a
(1)
1 a

(2)
2 · · · converges in Aut(X∗) for any sequence a0, a1, . . ..

If (h0, h1, h2) is a t-triple, then h0 is of the form σ(g, g−1), since it is conjugate
to σ. The element h1 is either of the form (h′0, h

′
2) or of the form (h′2, h

′
0), where

h′0 and h′2 are conjugate to g0 and g2, respectively. Conjugating the triple by σ,
if necessary, we may assume that h1 = (h′0, h

′
2). Then the element h2 is either of

the form (h′2, 1), or of the form (1, h′2). The only possibility for the first letter of
W (h0, h1, h2) is 0 in the first case and 1 in the second. We see that if the sequence
W (h0, h1, h2) exists, then its first letter is uniquely defined.

If the first letter of W (h0, h1, h2) is 0, then we conjugate the triple by the auto-
morphism a0 = (1, g) and get

(1) ha0
0 = σ, ha0

1 = (h′0, h
′
2
g
), ha0

2 = (h′1, 1).

If the first letter of W (h0, h1, h2) is 1, then we may conjugate by a0 = (g−1, 1) and
get

(2) ha0
0 = σ, ha0

1 = (h′g
−1

0 , h′2), ha0
2 = (1, h′1).

We see that in any case there exists a0 such that

ha0
0 = σ, ha0

1 = (h̃0, h̃1), ha0
2 = (h̃1, 1), or (1, h̃1),

where (h̃1, h̃2, h̃3) is a t-triple.

We repeat now the same procedure for h̃0, h̃1 and h̃2 and find the second pos-
sible letter of the sequence W (h0, h1, h2) and a conjugator a1, transforming the
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automorphisms h̃0, h̃1 and h̃2 into the nice form. Note that then

h
a0a

(1)
1

0 = σ, h
a0a

(1)
1

1 = (h̃a1
0 , h̃

a1
1 ), h

a0a
(1)
1

2 = (h̃a1
1 , 1), or (1, h̃a1

1 ).

We continue the procedure further (now with the states of h̃a1

i ), and at the end we
will get all letters of the word w = W (h0, h1, h2) and a sequence a0, a1, a2, . . . ∈
Aut(X∗) such that

h
a0a

(1)
1 a

(2)
2 a

(3)
3 ···

0 = αw, h
a0a

(1)
1 a

(2)
2 a

(3)
3 ···

1 = βw, h
a0a

(1)
1 a

(2)
2 a

(3)
3 ···

2 = γw.

�

Definition 9. Let us denote by Dw the group, generated by αw, βw and γw.

Proposition 3.2. For every word w ∈ X
ω there exists at most a countable set of

words w′ ∈ X
ω such that Dw is conjugate to Dw′ in Aut(X∗).

Proof. If Dw and Dw′ are conjugate, then there exists a generating set h0, h1, h2 of
Dw such that the triple (h0, h1, h2) is conjugate to the triple (αw′ , βw′ , γw′). The
word w′ is determined by the triple h0, h1, h2 uniquely, by Proposition 3.1. But the
number of possible generating sets {h0, h1, h2} of Dw is at most countable. �

4. Universal group of the family

4.1. The construction. Consider the following group D = 〈α, β, γ〉 acting on the
4-regular tree T = {1, 2, 3, 4}∗:

α = σ

β = (α, γ, α, γ)

γ = (β, 1, 1, β) ,

where σ = (12)(34).
Let us identify the letters 1, 2, 3 and 4 with the pairs (0, 0), (1, 0), (0, 1) and (1, 1),

respectively. Then σ is the permutation (0, y) ↔ (1, y). Hence, the elements of the
group D leave in every word

(x1, y1)(x2, y2) . . . (xn, yn)

the second coordinates y1, y2, . . . , yn unchanged.
Let us fix some infinite word w = y1y2 . . . ∈ X

ω. Then the set Tw of all vertices
of the rooted tree (X × X)

∗
= T of the form

(x1, y1)(x2, y2) . . . (xn, yn)

is a sub-tree isomorphic to the binary tree X
∗. The isomorphism is the map

Lw : (x1, y1)(x2, y2) . . . (xn, yn) 7→ x1x2 . . . xn.

The tree Tw is D-invariant. It follows directly from the recursions, that when
we conjugate the action of α, β, γ on Tw by the isomorphism Lw, then we get the
automorphisms αw, βw, γw of X

∗.
We get thus the following description of D.

Proposition 4.1. The restriction of the action of D onto the subtree Tw is conju-
gate with the action of Dw on the binary tree.

The group D is isomorphic to the quotient F
/⋂

w∈Xω Kw , where F is the free
group generated by letters α, β, γ and Kw is the kernel of the canonical epimorphism
F → Dw mapping α, β and γ to αw, βw and γw, respectively.
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In other words, D is isomorphic to the group, generated by the diagonal elements

α = (αw)w∈Xω , β = (βw)w∈Xω , γ = (γw)w∈Xω

of the Cartesian product
∏

w∈Xω Dw.

It is easy to prove by induction that every group Dw is level-transitive. Conse-
quently, the quotient of the tree (X × X)

∗
by the action of the group D is binary and

is naturally identified with X
∗. Two words (x1, y1) . . . (xn, yn) and (x′1, y

′
1) . . . (x

′
n, y

′
n)

belong to one D-orbit if and only if yi = y′i. If w is an infinite path in the quotient-
tree, then its preimage in (X × X)∗ is the binary tree Tw.

Let us introduce the following notation. If g is an element of D, then we denote
by gw its image in Dw, i.e, the element of Dw obtained by restricting the action of
g onto Tw and then conjugating by the natural isomorphism Tw → X

∗.
The homomorphism g 7→ gw is the extension of the map α 7→ αw, β 7→ βw and

γ 7→ γw.

4.2. Nucleus of D. It is easy to see that α, β, γ ∈ D are elements of order 2.
Consequently, αγ is of order 4, since

(αγ)2 = σ(β, 1, 1, β)σ(β, 1, 1, β) = (β, β, β, β).

We get

(αβ)2 = σ(α, γ, α, γ)σ(α, γ, α, γ) = (γα, αγ, γα, αγ),

hence αβ is of order 8.
Then βγ = (αβ, γ, α, γβ), which implies that βγ also is of order 8. Consequently,

〈β, γ〉 is isomorphic to the dihedral group D8 of order 16.
We get thus the following subgroups of D:

〈α, β〉 ∼= D8, 〈α, γ〉 ∼= D4, 〈β, γ〉 ∼= D8.

Proposition 4.2. The group D is contracting with the nucleus

N = 〈β, γ〉 ∪ 〈γ, α〉 ∪ 〈α, β〉.

The nucleus contains 35 elements.

Proof. We have the following decompositions of the elements of the set N .
If g is an element of 〈β, γ〉, then its image under the wreath recursion belongs

to the direct product 〈α, β〉 × 〈γ〉 × 〈α〉 × 〈β, γ〉. Where the projection on the first
coordinate is the isomorphism β 7→ α, γ 7→ β, the projection on the second coordi-
nate is the homomorphism β 7→ γ, γ 7→ 1, the projection on the third coordinate is
the homomorphism β 7→ α, γ 7→ 1 and the projection on the fourth coordinate is
the isomorphism β 7→ γ, γ 7→ β.

The wreath decomposition of 〈α, γ〉 is embedding D4 ↪→ C2 o C2 given by

α 7→ σ = (12)(34), γ 7→ (β, 1, 1, β).

The wreath decomposition of 〈α, β〉 is embedding D8 ↪→ C2 oD4 given by

α 7→ σ, β 7→ (α, γ, α, γ).

We see that the set N is state-closed.
It is sufficient now to prove that for any g ∈ N there exists n such that the

restrictions (gβ)|v, (gγ)|v belong to N for all v ∈ X
n. Moreover, it is sufficient to

consider the case g ∈ 〈α, γ〉 when considering the restriction (gβ)|v and g ∈ 〈α, β〉
for the restriction (gγ)|v.
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But the first level decomposition of gβ for g ∈ 〈α, γ〉 belongs to

(〈α, β〉 × 〈γ, β〉 × 〈α, β〉 × 〈γ, β〉) · 〈σ〉,

hence we may take n = 1.
The first level restrictions of the elements gγ for g ∈ 〈α, β〉 are of the form hβ

or h, where h ∈ 〈α, γ〉. Hence, by the above, we can take n = 2 in this case. �

Let us see which of the relations between α, β, γ hold in separate groups Dw.

Proposition 4.3. For every w ∈ X
ω the elements αw, βw, γw are of order 2, αwγw

is of order 4 and αwβw is of order 8. If w = 111 . . ., then βwγw is of order 2,
otherwise it is of order 8.

Proof. The statements about the order of αw, βw, γw, αwγw and αwβw are easy to
check.

Let us consider the element βwγw. If the first letter of w is 0, then βwγw =
(βs(w)αs(w), γs(w)) is of order 8. If the first letter ofw is 1, then βwγw = (αs(w), γs(w)βs(w))
is of order equal to the order of γs(w)βs(w). Consequently, if w has at least one zero,
then βwγw is of order 8. On the other hand, if w = 111 . . ., then

β111...γ111... = (α111..., γ111...β111...),

γ111...β111... = (α111..., β111...γ111...),

which implies that β111... and γ111... commute and their product is of order 2. �

4.3. Overgroup D̃ and conjugacy of the groups Dw. Consider now the group

D̃ generated by the automorphisms

α = σ, a = π,
β = (α, γ, α, γ) , b = (aα, aα, c, c) ,
γ = (β, 1, 1, β) , c = (bβ, bβ, b, b) ,

where σ = (12)(34) is the permutation (0, x) ↔ (1, x) and π = (13)(23) is the
permutation (x, 0) ↔ (x, 1).

Proposition 4.4. The following relations hold.

αa = α, αb = α, αc = α,
βa = β, βb = β, βc = βγ ,
γa = γα, γb = γβ, γc = γ.

Proof. The following is obtained directly from the recursions.

αa = α, αb = α, αc = α
βa = β, βb = (αaα, γaα, αc, γc), βc = (αbβ , γbβ, αb, γb)
γa = (1, β, β, 1) = γα, γb = (βaα, 1, 1, βc), γc = (βbβ , 1, 1, βb).

We conclude that

βb = (α, γ, α, γc),

βbβ = (α, γ, α, γcγ),

γcγ = (βb, 1, 1, βbβ),

which implies that βb = βbβ = β and γc = γcγ = γ.
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We have then,

βc = (αβ , γbβ , α, γb)

γb = (βα, 1, 1, βc)

γbβ = (β, 1, 1, βcγ)

βcγ = (α, γbβ , α, γbβ).

The last two equalities imply that βcγ = β and γbβ = γ, which implies that βc = βγ

and γb = γβ. This agrees with the first two equalities. �

Proposition 4.5. The group D̃ is level-transitive. The subgroup D < D̃ is normal.

Proof. The first statement follows from the fact that D̃ is transitive on the first
level of the tree and that it is recurrent (i.e., restriction of the stabilizer of a vertex
onto the corresponding sub-tree is an epimorphism), which is checked directly.

Normality follows from the relations that we have proved above. �

We say that two sequences w1, w2 ∈ X
ω are cofinal if they are of the form

w1 = v1w,w2 = v2w for some infinite word w ∈ X
ω and two finite words v1, v2 ∈ X

∗

of equal length.
Let us call two sequences w1, w2 ∈ X

ω conjugate if the groups Dw1 and Dw2 are
conjugate in Aut(X∗).

Proposition 4.6. Let H be the group generated by the following automorphisms
of the binary tree X

∗

a = σ, b = (a, c), c = (b, b).

If w1, w2 ∈ X
ω belong to one H-orbit, then the groups Dw1 and Dw2 are conjugate

in Aut(X∗) (and, in particular, are isomorphic).

Proof. Consider the map (X × X)
∗ → X

∗, acting by

(x1, y1)(x2, y2) . . . (xn, yn) 7→ y1y2 . . . yn.

Then the action of D̃ on (X × X)∗ agrees with this map (i.e., this map defines an

imprimitivity system) so that the map induces an epimorphism of D̃ onto the group

of automorphisms of X
∗ equal to the action of D̃ on the second coordinates of the

letters. The group D belongs to the kernel of this epimorphism, since its elements
do not change the second coordinates of the elements of (X× X)∗. It is easy to see
that the generators a, b, c are mapped to the generators a, b, c of H , respectively.

If w2 = g(w1) for some g ∈ H , then for any preimage g′ of g in D̃ we have
g′(Tw1) = Tg(w1), where Tw, as before, denotes the subtree of T = (X × X)∗ equal
to union of the paths on whose second coordinates the word w is read.

Then the element g′ conjugates the action of D on Tw1 with the action of D on
Tw2 , which implies by Proposition 4.1 that Dw1 and Dw2 are conjugate in Aut(X∗).

�

4.4. Properties of the group H. Recall that H is the quotient of the group D̃
by the kernel of its action on the second coordinates of the letters of X × X (see
Proposition 4.6) and is generated by the automorphisms

a = σ, b = (a, c), c = (b, b).

We will show later that the kernel coincides with D, so that H is the quotient D̃/D.
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Proposition 4.7. The group H is given by the presentation
〈
a, b, c | a2 = b2 = c2 = (ac)2 = (ba)4 = (bc)4 = 1

〉

and is isomorphic to the group of the symmetries of a square lattice, where a, b, c are
the reflections (x, y) 7→ (x,−y), (x, y) 7→ (y, x) and (x, y) 7→ (1 − x, y) with respect
to sides of the fundamental triangle with the vertices (0, 0), (1/2, 1/2), (1/2, 0).

Proof. We have the following relations in H :

a2 = 1,

b2 = (a2, c2),

c2 = (b2, b2),

hence a2 = b2 = c2 = 1. Consequently, (ac)2 = (b2, b2) = 1, (ba)4 = ((ac)2, (ca)2) =
1 and (bc)4 = ((ab)4, (cb)4) = 1. Consequently, the generators of H satisfy all the
relations of the presentation, hence H is a quotient of the group of symmetries of
a square lattice.

Consider the subgroup of H generated by ca, cb. It is the image of the subgroup
of orientation preserving automorphism of the lattice. The element ca = ac is the
transformation (1 − x,−y), i.e., rotation around (1/2, 0) by π. The element cb is
the transformation (1 − y, x), i.e., rotation around (1/2, 1/2) by π/2.

We have

ca = σ(b, b)

cb = (ba, bc).

Passing to the basis 0, 1 · b of the bimodule X ·H , we get recursion

ca = σ

cb = (ba, cb) = (bc · ca, cb).

Let us prove that the group given by this recursion is isomorphic to the group of
orientation preserving automorphisms of the square lattice (compare with [2]) with
the same interpretation of the transformations ba and cb. This will imply that H
is the group of symmetries of the square lattice.

Denote ca = A and cb = B. Then the above recursion is written

A = σ

B = (B−1A,B).

We see that A is of order 2 and (AB)2 = (A,B−1AB), hence AB and B are of
order 4. Consider now the subgroup generated by B2A and BAB.

We have

B2A = σ
(
B2, B−1AB−1A

)
,

BAB = σ
(
A,B−1AB

)
.

The commutator of these elements is

AB2 · B−1AB−1 ·B2A · BAB = ABABABAB = 1,

hence the group
〈
B2A,BAB

〉
is abelian. The first level stabilizer in this group is

generated by B2A · BAB and B2A ·B−1AB−1, which satisfy

B2ABAB =
(
B−1AB−1, BAB

)

B2AB−1AB−1 =
(
B−1AB−1AB−1AB,B2A

)
=
(
AB2, B2A

)
.
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We see that the subgroup
〈
B2A,BAB

〉
of H is semi-invariant, with the associ-

ated virtual endomorphism mapping B2A · BAB to BAB and B2A · (BAB)−1 to
B2A (if we take the second coordinate of the wreath recursion), i.e., the virtual
endomorphism is given by the matrix

(
1/2 −1/2
1/2 1/2

)
.

The eigenvalues of this matrix are 1+i
2 and 1−i

2 , hence
〈
B2A,BAB

〉
∼= Z2 by

Proposition 2.9.2 of [9] (see also [11]).
Conjugation of this group by A is the automorphism B2A 7→ AB2 = (B2A)−1,

BAB 7→ ABABA = (B2A)−1 · B−1AB−1 · B2A = B−1AB−1, hence it is the
automorphism mapping every element to its inverse.

Conjugation by B acts on the generators by the rule B2A 7→ BAB and BAB 7→

AB2 = (B2A)−1, hence it is the automorphism given by the matrix

(
0 −1
1 0

)
.

This implies that 〈A,B〉 is isomorphic to the group of orientation preserving au-
tomorphisms of the square lattice, where A rotates the lattice by π and B is a
rotation by π/2. The proof of the proposition follows directly. �

Proposition 4.8. The set of the elements of D̃ acting trivially on the second

coordinates of the letters coincides with D. Consequently, the quotient D̃/D is
isomorphic to H.

Proof. Let us write the elements of D̃ corresponding to the relators of the presen-
tation of H .

We have [α, a] = [b, β] = 1, which implies that the elements a, b and c are of
order 2.

The elements b and β commute, hence

(ac)2 = (ca)2 = (β, β, β, β) = (αγ)2 = (γα)2

The element α commutes with a and c, hence

(ba)4 =
(
(ac)2, (ac)2, (ca)2, (ca)2

)
=
(
(αγ)2, (αγ)2, (αγ)2, (αγ)2

)
= (αβ)4

Similarly (ab)4 = (αβ)4.
Again, the elements a, b commute with the elements α, β, so that

(bc)4 =
(
(aαbβ)4, (aαbβ)4, (cb)4, (cb)4

)
=

(
(ab)4(αβ)4, (ab)4(αβ)4, (cb)4(cb)4

)
=

(
(αβ)8, (αβ)8, (cb)4, (cb)4

)
= (1, 1, (cb)4, (cb)4),

hence (bc)4 = 1.
We see that the relators of the presentation from Proposition 4.7 belong to D.

The group D is normal in D̃, therefore, if a group word in a, b, c ∈ D̃ is a relation
in H , then it is an element of D. �

The following proposition is proved by direct computations, or as Proposition 4.2.

Proposition 4.9. The group H is contracting with the nucleus equal to the set

〈a, b〉 ∪ 〈a, c〉 ∪ 〈b, c〉.

We have

1, a = σ, b = (a, c), c = (b, b),
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ab = σ(a, c), ba = σ(c, a), ca = σ(b, b),

cb = (ba, bc), bc = (ab, cb), ba = (c, a),

ab = σ(ca, ac), (ab)2 = (ca, ca),

cb = (ba, bc), bc = (ab, cb), (bc)2 = ((ab)2, (bc)2).

Proposition 4.10. The orbits of H on X
ω coincide with the cofinality classes.

Proof. The orbits are unions of the cofinality classes, since the group H is recurrent
(i.e., its left action on the self-similarity bimodule is transitive, see [9]...). Let us
prove that every H-orbit belongs to a cofinality class.

If w1 and w2 belong to one H-orbit, then there exists an element of the nucleus
g and n such that g(sn(w1)) = sn(w2). Hence it is sufficient to prove that every
element of the nucleus preserves the cofinality classes of sequences.

Consider the following partition of the nucleus into “levels”.

N5 = {cb, bc, (bc)2}

N4 = {cb, bc, ba, ab, (ab)2}

N3 = {ab, ba, ca}

N2 = {b, c}

N1 = {a}

N0 = {1}.

It is easy to check that for every g ∈ N and x ∈ X either g|x belongs to a lower
level, or it belongs to the same level and g(x) = x. Moreover, if g(x) 6= x, then
either g = a, or g belongs to N3 (for g = ca, ba or ab) or to N4 (for g = ab).
Consequently, every element of the nucleus changes at most 3 letters of an infinite
sequence and hence preserves the cofinality classes. �

4.5. Contraction of D̃.

Proposition 4.11. The group D̃ is contracting.

The proposition follows from the next general argument (the fact that the gen-

erators of D̃ are finite-state is easy to check).

Proposition 4.12. Suppose that we have a self-similar group G̃ over the alphabet

X × Y. Let G ≤ G̃ be the subgroup acting trivially on Y, i.e., the subgroup of the

elements g ∈ G̃ such that g((x1, y1) . . . (xn, yn) = (z1, y1) . . . (zn, yn). Let H = G̃/G
be the quotient describing the action of G on X

∗. Suppose that the groups G and H

are contracting and the group G̃ is finite-state. Then the group G̃ is contracting.

Proof. Let NH and NG be the nuclei of the groups H and G, respectively. Let

ÑH be a finite state-closed subset of G̃ whose image in H contains NH . Such a set

exists, since G̃ is finite-state.

Let g ∈ G̃ be an arbitrary element. There exists n0 such that for every word
v ∈ (X × Y)

∗
of length more than n0 the image of the restriction g|v in H belongs

to NH . Hence g|v can be written in the form g′ ·h, where g′ ∈ G and h ∈ ÑH . Then
there exists n1 such that for every word v of length more than n1 the restriction

g′ · h|v belongs to NG · ÑH . Consequently, the group G̃ is contracting with the

nucleus a subset of NG · ÑH . �
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5. Isomorphism classes of Dw

5.1. Complete description of the conjugacy classes.

Theorem 5.1. Two groups Dw1 and Dw2 are conjugate if and only if w1 and w2

are cofinal.

Proof. We have proved this theorem in one direction (see Proposition 4.6).
Suppose that Dw1 and Dw2 are conjugate. We have to prove that w1 and w2 are

cofinal. It is sufficient to prove that the sequences sn(w1) and sn(w2) are cofinal
for some n, or that they belong to one H-orbit.

The groups Dw1 and Dw2 are conjugate if and only if there exists a generat-
ing set h0, h1, h2 of Dw1 such that the triple (h0, h1, h2) is simultaneously conju-
gate to (αw2 , βw2 , γw2). Moreover, w2 = W (h0, h1, h2) is uniquely determined by
(h0, h1, h2).

Lemma 5.2. Let (h0, h1, h2) be a t-triple of elements of Dw1 and denote w2 =
W (h0, h1, h2). Then it is of the form

h0 = σ(g, g−1),

h1 = (g0, g2), or (g2, g0),

h2 = (g1, 1), or (1, g1).

for some t-triple (g0, g1, g2).
Let us denote

s(h0, h1, h2) =





(g0, g1, g
g
2) if h1 = (g0, g2) and h2 = (g1, 1),

(g0, g1, g
g−1

2 ) if h1 = (g2, g0) and h2 = (1, g1),

(gg−1

0 , g1, g2) if h1 = (g0, g2) and h2 = (1, g1),
(gg

0 , g1, g2) if h1 = (g2, g0) and h2 = (g1, 1).

The first two cases (when s(h0, h1, h2) = (g0, g1, g
g±1

2 )) happen when the first

letter of w2 is 0. The other two cases (when s(h0, h1, h2) = (gg±1

0 , g1, g2)) take
place when the first letter of w2 is 1.

In all cases s(h0, h1, h2) is a t-triple of elements of Ds(w1) and

W (s(h0, h1, h2)) = s(w2).

Proof. Follows directly from the proof of Proposition 3.1. �

For every w ∈ X
ω and every g ∈ Dw denote by `(g) the minimal number of

appearances of the generators βw and γw in a product equal to g. It is easy to
prove that ` is a good length function, i.e., that it satisfies the triangle inequality
and that for every R the number of elements g such that `(g) ≤ R is finite (the last
follows from the fact that αw is of order 2).

It follows directly from the recurrent definition of the generators of Dw that if
h ∈ Dw and h = σ(h0, h1), or h = (h0, h1), then `(h0) + `(h1) ≤ `(h).

Let us denote w = sn(w1) and w′ = sn(w2) = W (h0, h1, h2).
We will write the generators αw, βw, γw of Dw just α, β, γ, since in every case it

will be clear what w is considered. If we consider elements of a group Dw then the
current letter is the first letter of the sequence w. Decomposition of γ under the
wreath recursion will depend on the current letter.
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Lemma 5.3. For every t-triple (h̃0, h̃1, h̃2) of elements of Dw1 there exists n0 such

that the triple (h0, h1, h2) = sn(h̃0, h̃1, h̃2) satisfies for all n ≥ n0 the following
conditions, where i is the first letter of sn(w1).

h1 ∈

{ {
β, βγ , βγβ , βγβγ

}
if i = 1

{β, βγ} if i = 0

h2 ∈

{ {
γ, γβ, γβγ , γβγβ, γα, γβα, γβγα, γβγβα

}
if i = 1{

γ, γβα

, γβαγ , γβαγβα

, γα, γαβ , γαβγα

, γαβγαβ
}

if i = 0

Proof. In conditions of the previous lemma, either

`(g0) + `(g1) + `(gg±1

2 ) ≤ `(g0) + `(g1) + `(g2) + 2`(g)

≤ `(h0) + `(h1) + `(h2),

or

`(gg±1

0 ) + `(g1) + `(g2) ≤ `(g0) + 2`(g) + `(g1) + `(g2)

≤ `(h0) + `(h1) + `(h2).

We see that the shift s does not increase the sum `(h0) + `(h1) + `(h2). Hence, it

becomes constant for (h0, h1, h2) = sn(h̃0, h̃1, h̃2) starting from some n.
After that we must have equalities, so that

`(h0) = 2`(g), `(h1) = `(g0) + `(g1), `(h2) = `(g1)

and

`(gg±1

2 ) = 2`(g) + `(g2),

or

`(gg±1

0 ) = 2`(g) + `(g0),

accordingly to the cases in Lemma 5.2.
The element h2 belongs to the first level stabilizer, which is generated by β, γ, βα

and γα. One coordinate of each of these generators has `-length 1 (and equal either
to β or to γ) and the other has `-length 0 (and equal either to 1 or to α). So,
equality `(h2) = `(g1) means that all coordinates of `-length one are collected in
one place and no cancelling happens. In particular, this implies that g1 ∈ 〈β, γ〉.
Replacing (h0, h1, h2) by s(h0, h1, h2), if necessary, we may assume that h1 ∈ 〈β, γ〉.

Note that, by definition, the element h1 must be conjugate to β in the full au-
tomorphism group of the binary tree. Looking through the elements of the group
〈β, γ〉 ∼= D8, we can easily check that we have only four possibilities: β, βγ , βγβ , βγβγ .

If the current letter of h1 is equal to 0, then

βγ =
(
αβ , γ

)

βγβ =
(
αβα, γγ

)
,

and we see that additional cancelling takes place, so only the cases h1 = β = (α, γ)
and h1 = βγ =

(
αβ , γ

)
are possible.

If the current letter is equal to 1, then we get

βγ =
(
α, γβ

)

βγβ =
(
α, γβγ

)

βγβγ =
(
α, γβγβ

)
.
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The same conditions are applied to g1. But h2 is of the form (1, g1) or (g1, 1),
hence

h2 ∈
{
γ, γβ, γβγ , γβγβ, γα, γβα, γβγα, γβγβα

}
,

if the current letter of h2 is 1, and

h2 ∈
{
γα, γαβ, γαβγα

, γαβγαβ , γ, γβα

, γβαγ , γβαγβα
}
,

if it is 0. �

Lemma 5.4. Suppose that Dw1 and Dw2 are conjugate and infinitely many digits
of w1 and w2 are zeros. Then there exists n and a t-triple (h0, h1, h2) of generators
of Dsn(w1) such that W (h0, h1, h2) = sn(w2) and

h0 ∈
{
α, αβ , αγ

}

h1 ∈
{
β, βγ , βγβ, βγβγ

}

h2 ∈
{
γ, γβ, γβγ , γβγβ

}

Proof. Let (h0, h1, h2) be a t-triple with the smallest possible value of `(h0)+`(h1)+
`(h2) such that it generates Dsn(w1) and W (h0, h1, h2) = sn(w2) for some n. We
will call such t-triples minimal. We have shown in the proof of the previous lemma
that if (h0, h1, h2) is minimal, then sk(h0, h1, h2) is minimal for every k.

We may assume hence that (h0, h1, h2) in the conditions of our Lemma is min-
imal, satisfies the conditions of Lemma 5.3, and that the first letter of w2 is zero.
Then the first element of s(h0, h1, h2) is either α or αβ . Let us pass then to
s(h0, h1, h2) and thus assume that, in addition to the conditions on h1 and h2

from Lemma 5.3, we have h0 ∈
{
α, αβ

}
(we do not assume any more that w1 starts

with 0).
Let us denote (h′0, h

′
1, h

′
2) = s(h0, h1, h2). Suppose that h0 = α. If the first

letter of w1 is 0, then we get h′0 ∈
{
α, αβ

}
, h′2 = γ and the condition on h′1 from

Lemma 5.3.
If the first letter of w1 is 1, then we get h′0 = α, the condition on h′1 from

Lemma 5.3 and h′2 ∈
{
γ, γβ, γβγ , γβγβ

}
.

We see that the lemma is true if h0 = α.
Suppose now that h0 = αβ = σ(γα, αγ). We have then h1 = (g0, g2) (see

Lemma 5.3) and h2 = (g1, 1) or h2 = (1, g1) for a t-triple (g0, g1, g2).
We consider now four cases depending on the first letters of w1 and w2.
Suppose that w1 and w2 both start with zero. Then h′0 = g0 ∈

{
α, αβ

}
, h′2 =

gγα
2 = γγα, which contradicts with the minimality (a cancelling in projections

happens). Therefore this case is impossible.
Suppose that w1 starts with 0 and w2 with 1. Then h′0 = gαγ

0 ∈
{
αγ , αβαγ

}
,

h′2 = g2 = γ. Replacing (h′0, h
′
1, h

′
2) by (h′0

γ
, h′1

γ
, h′2

γ
) must not decrease the total

`-length of the triple, therefore h′1 is either β, or βγβ . In these cases conjugation
by γ does not change the total length, hence we get a minimal t-triple

(
h′0

γ
, h′1

γ
, h′2

γ)
=
(
α or αβα, βγ or βγβγ , γ

)
.

If w1 starts with 1 and w2 with 0, then h′0 = g0 = α and h′2 = gγα
2 . We know

that g2 ∈
{
γ, γβ, γβγ , γβγβ

}
, and since no cancelling in projections may happen,

we get
h′2 ∈

{
γβγα, γβγβα

}
,

and we get a triple, satisfying conditions of the lemma.
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If both w1 and w2 start with 1, then we have h′0 = gαγ
0 = αγ and h′2 = g2 ∈{

γ, γβ, γβγ , γβγβ
}
, which also satisfies the conditions of the lemma.

So, the only cases which still have to be considered are the triples of the form

h′0 = αβα

h′1 ∈
{
βγ , βγβγ

}

h′2 = γ

and

h′0 = α

h′1 ∈
{
β, βγ , βγβ , βγβγ

}

h′2 ∈
{
γβγα, γβγβα

}
.

Let us consider the first case. If the current letter for the elements h′i is 0, then
h′1 = βγ =

(
αβ , γ

)
, αβα = σ (αγ, γα), h′2 = γ = (β, 1) and h′0 = σ (αγ, γα). Then

s(h′0, h
′
1, h

′
2) =

(
αβ , β, γαγ

)
, which contradicts with minimality, since γαγ = γα.

Suppose now that the current letter is 1. Then h′1 is either
(
α, γβ

)
, or

(
α, γβγβ

)
.

Since h′0 = σ (αγ, γα), we have s(h′0, h
′
1, h

′
2) =

(
αγ , β, γβ

)
or
(
αγ , β, γβγβ

)
. We

have used αγ = σ(β, β), hence αγα = αγ .
Let us consider now the second case. It is possible only if the first letter of s(w)

is 1. Then s(h′0, h
′
1, h

′
2) is of the form
(
α,
{
γ, γβ, γβγ, γβγβ

}
,
{
βγβ , βγβγ

})

Hence we see that in any case we get a triple of the form described in the lemma.
�

Lemma 5.5. Suppose that Dw1 and Dw2 are conjugate and each of the sequences
w1 and w2 has infinitely many zeros. Then there exists n and a t-triple (h0, h1, h2)
of generators of Dsn(w1) such that W (h0, h1, h2) = sn(w2) and (h0, h1, h2) is either

(α, β, γ) or (α, β, γβ).

Proof. By Lemma 5.4, there exists n and a t-triple (h0, h1, h2) of generators of
Dsn(w1) such that W (h0, h1, h2) = sn(w2) and

h0 ∈
{
α, αβ , αγ

}

h1 ∈
{
β, βγ , βγβ, βγβγ

}

h2 ∈
{
γ, γβ, γβγ , γβγβ

}

Suppose that the first letter of sn(w2) is 1. If h0 = α, then (h′0, h
′
1, h

′
2) =

s(h0, h1, h2) is a t-triple of the same form and h′0 = α.
If h0 = αβ = σ(γα, αγ), then the triple (h′0, h

′
1, h

′
2) = s(h0, h1, h2) again satisfies

the conditions of Lemma 5.4. with h′0 = αγ .
If h0 = αγ = σ(β, β), then we similarly get a triple satisfying the conditions of

Lemma 5.4 with h′0 = αβ .
Consider now the case when the first digit of sn(w1) is 0. Then we get the

following cases (see Lemma 5.3)
Case A: a triple of the form

(α, {β, βγ} , γ) .
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Case B: a triple of the form
(
αβ , {β, βγ} , γ

)
.

Case C: a triple of the form

(αγ , {β, βγ} , γ) .

Case A is mapped by the shift to (α, β, γ) or to (αβ , β, γ), which is conjugate to
(α, β, γβ).

Case B contradicts minimality, since we get the third coordinate of the next
triple equal to γγα.

Case C is mapped to (α, β, γβ) or to (αβ , β, γβ), the last case contradicting
minimality.

This finishes the proof for the case when both sequences have infinitely many
zeros. �

Now let us consider the case when one of the sequences has only a finite number
of zeros. We may consider only the case w1 = 111 . . .. We know that then β and γ
commute, hence by Lemma 5.3, we may assume that h1 = β and h2 ∈ {γ, γα}.

We may assume that w2 has infinitely many zeros, since otherwise there is noth-
ing to prove. We may assume, hence that the first letter of w2 is 0. Then the triple
s(h0, h1, h2) is of the form

(α, β, γ), or (α, β, γα),

which finishes the proof. �

5.2. Relations in Dw. Consider the following wreath recursions ψi : D → C2 o D:

ψ0(α) = σ, ψ1(α) = σ
ψ0(β) = (α, γ), ψ1(β) = (α, γ)
ψ0(γ) = (β, 1), ψ1(γ) = (1, β).

Let Ψ0 and Ψ1 be the respective D-bimodules. Denote by ψx1x2...xn
be the wreath

recursion associated with the tensor product Ψx1⊗Ψx2⊗· · ·⊗Ψxn
. It follows directly

from the definitions that the direct sum Ψ0⊕Ψ1 is the self-similarity bimodule of the
group D and that the wreath recursion ψx1x2...xn

is the nth level wreath recursion
defining the automorphisms αw, βw, γw for w starting with x1x2 . . . xn.

Denote by Ex1x2...xn
the kernel of ψx1x2...xn

, i.e., the kernel of the left action of
Γ on the bimodule Ψx1 ⊗ Ψx2 ⊗ · · · ⊗ Ψxn

.
We obviously have Ex1x2...xn

≤ Ex1x2...xnxn+1 for all x1x2 . . . xn+1 ∈ X
∗. We

obtain a rooted binary tree of normal subgroups of D.
Let us denote for x1x2 . . . ∈ X

ω

Ex1x2... =
⋃

n≥0

Ex1x2...xn
.

Proposition 5.6. Suppose that the sequence w = x1x2 . . . has infinitely many
zeros. Then Ew is the kernel Kw of the natural epimorphism D → Dw.

Proof. The proof is the same as the proof of an analogous statement about self-
similar groups (see Proposition 2.13.2 of [9]).

It is obvious that Ew belongs to the kernel of the epimorphism. Suppose now
that g ∈ D belongs to Kw. By Proposition 4.2 there exists n such that for every
a1a2 . . . an ∈ X

∗ we have

g · (a1, x1)(a2, x2) . . . (an, xn) = (a1, x1)(a2, x2) . . . (an, xn) · h
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for h ∈ N . But the intersection of N with Ksn(w) is trivial, if sn(w) 6= 11 . . . by
Proposition 4.3. �

If f is an automorphism of a group G, then by [f ] we denote the permutational
G-bimodule consisting of expressions of the form f · g with the right action

(f · g) · h = f · gh

and the left action
h · (f · g) = f · hfg.

It is easy to see that [f ] is a covering G-bimodule with transitive left and right
actions.

Let a, b, c be the automorphisms of D induced by conjugation from D̃.
Two G-bimodules Φ1 and Φ2 are isomorphic if there exists a bijection F : Φ1 →

Φ2 such that F (g ·m · h) = g · F (m) · h for all g, h ∈ G and m ∈ Φ1.

Proposition 5.7. We have the following isomorphisms of D-bimodules:

[a] ⊗ Ψ0
∼= Ψ1, [a] ⊗ Ψ1

∼= Ψ0

[b] ⊗ Ψ0
∼= Ψ0 ⊗ [a], [b] ⊗ Ψ1

∼= Ψ1 ⊗ [c]
[c] ⊗ Ψ0

∼= Ψ0 ⊗ [b], [c] ⊗ Ψ1
∼= Ψ1 ⊗ [b].

Proof. Follows directly from the equalities below, which are checked directly.

ψ0 (ga) = ψ1(g), ψ1 (ga) = ψ0(g)
ψ0

(
gb
)

= (ψ0(g))
aα , ψ1

(
gb
)

= (ψ1(g))
c

ψ0 (gc) = (ψ0(g))
bβ , ψ1 (gc) = (ψ1(g))

b ,

where the automorphism on the right-hand sides acts on the wreath product S (X)o
(D ×D) by the diagonal action on D ×D. �

Corollary 5.8. Let g be one of the symbols a, b, c. If g ·x1x2 . . . xn = y1y2 . . . yn ·h
in H for h ∈ {a, b, c, 1}, then

[g] ⊗ Ψx1 ⊗ Ψx2 ⊗ · · · ⊗ Ψxn
∼= Ψy1 ⊗ Ψy2 ⊗ · · · ⊗ Ψyn

⊗ [h].

Proof. The isomorphisms in Proposition 5.7 repeat the recursions defining H . �

The next proposition follows directly from Corollary 5.8.

Proposition 5.9. If g(x1x2 . . . xn) = y1y2 . . . yn, then

(Ex1x2...xn
)
g−1

= Ey1y2...yn
.

Let us denote, for w = x1x2 . . . ∈ X
ω , by Gw the quotient D/Ex1x2.... If w has

infinitely many zeros, then Gw is isomorphic to Dw (by Proposition 5.6). Otherwise
it is isomorphic to an overgroup of the Grigorchuk group D111....

A group word g in a generating set of a group G is called an inequality, if g 6= 1.

Theorem 5.10. Let w ∈ X
ω be an arbitrary infinite sequence and let A,B ⊂

〈α, β, γ〉 = F be finite sets of relations and inequalities in Gw, i.e., such finite sets
that A ⊂ Ew and B ∩ Ew = ∅.

Then there exists n such that for any sequence w′ ∈ X
ω having a common begin-

ning of length n with w the same relations and inequalities hold in Gw′ .

Proof. Let w = x1x2 . . .. We can find n such that A ⊂ Ex1x2...xn
. Then for every

w′ ∈ X
ω having a common beginning of length ≥ n with w we will have A ⊂ Ew′ .

For every g /∈ Ew there exists n such that either the image of g in Dw acts
non-trivially on the first n levels of the tree X

∗, or it acts trivially on the tree X
∗
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but there exists n such that all coordinates of ψx1...xn
(g) belong to N , but some of

them are non-trivial elements of D. It is easy to see that all non-trivial elements of
N do not belong to Eu for any u ∈ X

ω.
In both cases the same conditions will be also true for any sequence w′ ∈ X

ω

with a common beginning of length at least n with w, hence g /∈ Ew′ for any such
w′.

If we choose now a common n for all the elements of A and B, then it will satisfy
the conditions of the theorem. �

Corollary 5.11. The map w 7→ (Gw, αw, βw, γw) from X
ω to the set the space G3

of 3-generated groups is continuous.

Minimality of the set {Gw} can be formulated now in the following terms.

Proposition 5.12. If two sequences w1, w2 ∈ X
ω belong to one H-orbit (i.e., are

cofinal), then the groups Gw1 and Gw2 are isomorphic.
For any two sequences w1, w2 ∈ X

ω and for any finite sets A and B of rela-
tions and inequalities between the generators αw1 , βw1 , γw2 of Gw1 there exists a
generating set h0, h1, h2 of Gw2 such that the same relation and inequalities hold.

Proof. The first statement is a direct corollary of Proposition 5.9.
Let us prove the second statement. Let n be such that for any sequence w having

a common beginning of length n with w1 the relations and inequalities A, B hold
for the generators αw, βw, γw of Gw. There exists, by level-transitivity of H , an
element h ∈ H such that h(w2) has a common beginning of length n with w1. Then
the relations and inequalities A and B hold for αh(w2), βh(w2), γh(w2), hence they

hold for αh−1

h(w2)
, βh−1

h(w2)
, γh−1

h(w2), which are generators of Gw2 by Proposition 5.9. �

The next proposition shows that the groups Dw can be not distinguished by their
action on finite portions of the rooted tree.

Proposition 5.13. The closures of the groups Dw in Aut(X∗) do not depend on
w up to conjugacy in Aut(X∗).

Proof. The group H is level-transitive, since it is recurrent (i.e., the left action
on the self-similarity bimodule is transitive). Hence, for any w1 = x1x2 . . . , w2 =
y1y2 . . . ∈ X

ω and n ∈ N there exists h ∈ H such that h(x1x2 . . . xn) = y1y2 . . . yn.
Then it follows from Corollary 5.8 that for every g ∈ D the actions of gh

w1
and

gw2 on the first n levels of the binary tree are conjugate. Thus, the actions of
the groups Dw on any finite portion of the binary tree are conjugate, so they have
conjugate closures. �

5.3. Dw as branch groups. Let us denote by Lw equal to the normal closure in
Dw of the commutators [α, β] and [γ, β].

Proposition 5.14. The groups Dw are branch over the groups Lw, i.e., Lw con-
tains the geometric direct product Ls(w) × Ls(w) and is of finite index in Dw.

Proof. The commutator [γ, β] is equal to
(
(βα)2, 1

)
if the first letter of w is 0, or

to
(
1, (βγ)2

)
, otherwise.

We have [γ, βα] = γαβαγαβα = [γ, β] · [β, α]γβ · [β, α] ∈ Lw. The element [γ, βα]
is equal to

(
(βγ)2, 1

)
, if the first letter of w is 0 and to

(
1, (βα)2

)
, otherwise.

Taking conjugates of these elements by α, we see that
{(

(βα)2, 1
)
,
(
1, (βα)2

)
,
(
(βγ)2, 1

)
,
(
1, (βγ)2

)}
⊂ Lw.
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The projection of the first level stabilizer of Dw is equal to Ds(w), hence we get
that Lw contains the geometric direct product Ls(w) × Ls(w).

The group Dw/Lw is a quotient of
〈
α, β, γ | α2 = β2 = γ2 = (αβ)2 = (γβ)2 = (αγ)4 = 1

〉
,

which is isomorphic to 〈α, γ〉 × 〈β〉 ∼= D4 × C2, hence is finite of order at most 16.
�

Proposition 5.15. The groups Dw are just-infinite, i.e., every non-trivial subgroup
of Dw is of finite index. Moreover, the index is always a power of 2.

Proof. By Theorem 5.2 and Lemma 5.3 of [1] it is sufficient to show that L′
w has

finite index in Lw and that index of L′
w in Gw is a power of two.

The group Lw is finitely generated, since it has finite index in Dw. Hence, the
group Lw/L

′
w is a finitely generated abelian group. On the other hand, the group

Lw is generated by elements of order 2 or 4 (the conjugates of [α, β] = (αβ)2 and
[β, γ] = (βγ)2 in Dw). Therefore, Lw/L

′
w is a torsion group, hence is finite. We see

that index of L′
w in Lw is a power of 2, which implies that index of L′

w is also a
power of 2, since |Dw/Lw| is a factor of 16. �

6. Isomorphism classes

Theorem 6.1. The groups Dw1 and Dw2 are isomorphic if and only if they are
conjugate, i.e., if and only if the sequences w1, w2 are cofinal. Moreover, any iso-
morphism f : Dw1 → Dw2 is induced by conjugation in Aut(X∗).

Proof. We have just seen that the groups Dw are branch. Consider now the groups

D2n

w defined inductively by the conditions that D20

w = Dw and D2n

w is generated by

the squares of D2n−1

w . If f : Dw1 → Dw2 is an isomorphism, then f
(
D2n

w1

)
= D2n

w2

for all n.
Let us prove that D2n

w is transitive on the levels of the subtrees of the nth level.
Consider the set

A = {αβγ, αγβ, βαγ, βγα, γαβ, γβα}.

Every element of A is level-transitive. It is also easy to see that if g ∈ A, then
g2 = (g0, g1), where g0, g1 ∈ A. This proves by induction that the groups D2n

w are
level-transitive on trees of the nth level.

This means that the groups Dw are saturated, which by Theorem 7.5 of [8] (see
more explicit version in Proposition 2.10.7 of [9]) and Theorem 5.1 finishes the
proof. �

Proposition 6.2. The groups Gw1 and Gw2 are isomorphic if and only if the
sequences w1, w2 are cofinal.

Proof. In view of Theorem 6.1 and Proposition 5.6 it is sufficient to show that the
group G111... is not isomorphic to any group Dw.

But the groups Dw are just infinite, while the group G111... has an infinite proper
quotient D111.... �

Proposition 6.3. The map w 7→ (Dw, αw, βw, γw) from X
ω to the space of 3-

generated groups G3 is injective.
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Proof. If f : Dw1 → Dw2 is an isomorphism such that f(αw1) = αw2 , f(βw1) =
βw2 , f(γw1) = γw2 , then, by Theorem 6.1, it is induced by a conjugation in Aut(X∗),
which implies w1 = w2, by Proposition 3.1. �

Theorem 6.4. The map w 7→ (Gw, αw, βw, γw) from X
ω to a subset of the space

G3 of 3-generated groups is a homeomorphism.

Proof. We know from Corollary 5.11 that the map is continuous. Since the space
X

ω is compact, it is sufficient to show that the map is injective.
We have to prove that if If f : Gw1 → Gw2 is an isomorphism such that f(αw1) =

αw2 , f(βw1) = βw2 , f(γw1) = γw2 , then w1 = w2. It is true, by Proposition 6.3 and
Proposition 5.6, if both sequences w1, w2 have infinitely many zeros. Moreover,
by Proposition 6.2, there is no such an isomorphism if one sequence has a finite
number of zeros, and the other has them infinitely many. Therefore, it remains to
consider the case when both sequences are cofinal to 111 . . .. This case follows from
Proposition 6.3 and the following lemma.

Lemma 6.5. Let Kw denote the kernel of the canonical epimorphism Gw → Dw.
Then Kw is the largest normal subgroup of Gw such that Gw/Kw is not solvable.
In particular, if f : Gw1 → Gw2 is an isomorphism, then f(Kw1) = Kw2 .

Proof. Let us prove that Kw is abelian. The wreath recursion ψx1...xn
: Gx1x2... →

S (Xn) o Gxn+1xn+2... is injective, by definition of Gw. If g ∈ Gx1x2... belongs to
Kx1x2..., then its image in Dw is trivial, i.e., g acts trivially on the rooted tree,
and ψx1x...xn

(g) belongs to the base group GX
n

xn+1xn+2... of the wreath product. By
Proposition 4.2, for any two elements g1, g2 ∈ Kx1x2... there exists n such that all
coordinates of ψx1...xn

(gi) ∈ GX
n

xn+1xn+2... belong to 〈(βγ)2〉 (since these are the only

elements of the nucleus N , which may be trivial in Dw). Consequently, ψx1...xn
(gi)

belong to a commutative group 〈(βγ)2〉X
n

, hence g1 and g2 commute, by injectivity
of ψx1...xn

. Hence, Kw is abelian. Actually, a closer inspection shows that Kw, for
w cofinal with 111 . . ., is isomorphic to the direct product (Z/4Z)Gw(111...), where
the action of Gw by conjugation coincides with the action on the direct summands
by the original action on the orbit of 111 . . . ∈ X

ω (compare with [2]).
Suppose now that a normal subgroup NCGw contains an element not belonging

to Kw. Then the group Gw/(NKw) is isomorphic to a proper quotient of Dw, hence
is solvable by Proposition 5.15. Consequently, the group Gw/N is an extension of
an abelian group NKw/N ∼= Kw/N ∩Kw by a solvable group Gw/NKw, hence is
solvable. � �

7. A dynamical interpretation

7.1. The groups Dw as iterated monodromy groups. The groups Dw and D
have a natural dynamical interpretation.

Let C0, C1, . . . , be a sequence of planes and let Ai,Bi,Γi ∈ Ci be three pairwise
different points in the respective plane. Let fi : Ci → Ci−1, for i = 1, 2, . . ., be
an orientation-preserving 2-fold branched covering with branching point (critical
value) Ai such that

fi(Ai) = Bi−1

fi(Bi) = Γi−1

fi(Γi) = Bi−1.
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Figure 4. Branched coverings fi

See Figure 4.
We denote Mi = Ci \ {Ai,Bi,Γi}. Let t ∈ M0. Denote by Ln the set of

preimages of the point t under the composition f1 ◦ f2 ◦ · · · ◦ fn : Cn → C0. The
union T =

⊔∞

n=0 Ln has a natural structure of a rooted binary tree, where a vertex
tn ∈ Ln is connected by an edge with the vertex fn(tn) ∈ Ln−1. The root is t ∈ L0

and the set Ln is the nth level of the tree T .
The fundamental group π1(M0, t) acts naturally on each of the levels of the tree

T and this action agrees with the tree structure. Namely, the image of a point
z ∈ Ln under the action of a loop γ ∈ π1(M0, t) is the end of the unique preimage
of γ under the covering f1 ◦f2 ◦· · ·◦fn beginning at z. The obtained automorphism
group of the tree T is called the iterated monodromy group of the sequence f1, f2, . . .,
and is denoted IMG (f1, f2, . . .).

Let α be a small simple loop going in positive direction around the point A0

connected to the basepoint t by a path. Similarly, we define the elements β and γ
of π1(M0, t) as small simple positive loops around B0 and Γ0, respectively.

It is easy to see, just looking at the tree of preimages of the points A0, B0 and Γ0

and at the branching degrees, that the respective elements α, β and γ of the iterated
monodromy group are conjugate to the elements g0, g1, g2, respectively (see their
definition in Section 3).

Consequently, IMG (f1, f2, . . .) is isomorphic to Dw for some w ∈ {0, 1}ω, by
Proposition 3.1.

Let us describe how one can find an appropriate sequence w = x1x2 . . . (which
is obviously not unique).

Let lA0 , lB0 and lΓ0 be simple disjoint paths in M0 connecting infinity with the
points A0, B0 and Γ0, respectively.

The f1-preimage of lA0 is a path passing through the critical point of f1 and
dividing the plane C1 into two pieces. The two preimages A1 and Γ1 of the point
B0 belong two different pieces. Let us denote the piece containing A1 by S0. The
other piece, containing Γ0, will be denoted S1.

We have then two possibilities: either B1 belongs to S0, or it belongs to S1. In
the first case we put x1 = 0, in the second x1 = 1.

The preimage f−1
1 (lB0) is a disjoint union of two paths, connecting the preim-

ages A0 and Γ0 of B0 to infinity. We will denote these preimages by lA1 and lΓ1 ,
respectively. Similarly, lB1 is the preimage of lΓ0 , connecting B1 to infinity.
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Figure 5. Spiders

We get in this way a collection {lA1 , lB1 , lΓ1} (a spider) of the paths connecting
infinity with the points A1, B1 and Γ1 in the plane C1. We can use these paths,
in the same way as we used the paths {lA0 , lB0 , lΓ0}, to construct the next spider
{lA2, lB2 , lΓ2}, to partition the plane C2 into two parts S0, S1, and to get the next
letter x2 of the word w.

See Figure 5 for a picture of these curves.

Proposition 7.1. Let {lAi
, lBi

, lΓi
} be the spiders, constructed above and let w =

x1x2 . . . be the obtained sequence. Then the iterated monodromy group IMG (f1, f2, . . .)
is isomorphic to Dw.

Proof. For every tn ∈ Ln, let Λ(tn) = a1a2 . . . an be the itinerary of tn, i.e., such a
sequence that ai = 0 if fi ◦ · · · ◦ fn(tn) belongs to the sector S0 of the plane Ci and
ai = 1 if it belongs to S1. We set Λ(t) = ∅.

It follows directly from the definition that if Λ(tn) = a1a2 . . . an, then Λ(fn(tn)) =
a1a2 . . . an−1. This easily implies, that the map Λ : T → {0, 1}∗ is an isomorphism
of the rooted trees.

Let α, β, γ be small simple loops around the points A0,B0,Γ0 connected to the
basepoint t0 by paths disjoint with the spider (lAi

∪ lBi
∪ lΓi

).
An easy inductive argument shows then that the isomorphism Λ : T → {0, 1}∗

conjugates the action of α, β, γ on T with αw, βw and γw, respectively. �

It is also easy to deduce from the proof of the proposition that every group Dw

can be realized as the iterated monodromy group of a sequence f1, f2, . . ..

7.2. An index 2 subgroup of D̃ as an iterated monodromy group. Let us
choose any complex structure on the plane C0, identifying it with C. The complex
structure on Ci is defined then as the pull-back of the complex structure on C0 by
the map f1 ◦f2 ◦ · · · fi. Then the maps fi become quadratic polynomials. Applying
the respective affine transformations, we may assume that Ai coincides with 0 and
Bi coincides with 1 ∈ C. Let us denote by pi the complex number, identified then
with Γi. Then fi is a quadratic polynomial such that

(1) its critical value is 0,
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(2) fi(0) = 1,
(3) fi(1) = pi−1,
(4) and fi(pi) = 1.

The first two conditions imply that fi is a quadratic polynomial of the form (az+1)2.
The last condition implies that api + 1 = −1 (since pi 6= 0), hence a = −2/pi and

pi−1 =
(
1 − 2

pi

)2

.

We conclude also that fi(z) =
(
1 − 2z

pi

)2

.

We get thus a map

F :

(
z
p

)
7→




(
1 − 2z

p

)2

(
1 − 2

p

)2


 .

The polynomials fn(z) are then the first coordinates of iterations of F .
The map F can be extended to a map from CP2 to itself, which is defined in

homogeneous coordinates by the formula

(3) F : [z : p : u] 7→
[
(p− 2z)2 : (p− 2u)2 : p2

]
.

The Jacobian of the map F is
∣∣∣∣∣∣

−4(p− 2z) 0 0
2(p− 2z) 2(p− 2u) 2p

0 −4(p− 2u) 0

∣∣∣∣∣∣
= −32(p− 2z)(p− 2u)p,

hence the critical set is the union of the three lines p = 2z, p = 2u and p = 0.
The orbits of these lines are

{p = 2z} 7→ {z = 0} 7→ {z = u} 7→ {z = p} 7→ {z = u},

{p = 2u} 7→ {p = 0} 7→ {u = 0} 7→ {p = u} 7→ {p = u}.

Hence, the post-critical set of the map F is the union of the lines z = 0, p =
0, u = 0, p = z, p = u, z = u. (Or, in non-homogeneous coordinates, the lines
z = 0, z = 1, p = 0, p = 1, p = z and the line at infinity.) Thus, it is post-critically
finite (a rational mapping of CPn is called post-critically finite, if its post-critical
set is an algebraic variety). Note that not so many examples of post-critically finite
holomorphic maps f : CP2 → CP2 are known (see [?]).

Let us denote by D̂ the index 2 subgroup of D̃ generated by {ab, ac} ∪ D. We

have the following interpretation of D̂. Note that D̂/D < H is isomorphic to the
group generated by A and B, which was considered in the proof of Proposition 4.7.

Theorem 7.2. The group IMG (F ) is isomorphic to D̂. The group IMG

((
1 − 2

p

)2
)

is isomorphic to D̂/D.

7.3. Limit space of D. We have seen that the groups D and D̃ (and thus D̂) are
contracting. One can therefore define their limit spaces JD, J eD and J eD.

One can show that the limit space of J bD is homeomorphic to the Julia set of the

rational function F : CP2 7→ CP2, considered above.
Consider the projection P : CP2 \ {[1 : 0 : 0]} 7→ CP1 given by

P : [z : p : u] 7→ [p : u].
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It follows from the definition (3) of F that the projection semiconjugates F with

the rational function p 7→
(
1 − 2

p

)2

on CP
1.

This semi-direct structure of F is reflected in Theorem 7.2 by relation IMG (F ) /D ∼=

IMG

((
1 − 2

p

)2
)

.

It also follows that the map P projects the Julia set JF of F onto the Julia set
of (1 − 2/p)2, which coincides with the whole sphere CP1.

The limit space of JD is not connected, since the group D is not level-transitive.
The connected components of JD are homeomorphic to the fibers of the projection
JF → J(1−2/p)2 . Figure 6 shows some of the fibers. The subscripts show the image

of the fiber under the projection map onto CP
1.

Note that the fiber above 2i is the Julia set of the polynomial (1−z/i)2, which is
affine-conjugate with the polynomial z2 + i. The fiber above 1 is the limit space of
the Grigorchuk group D11.... It coincides as a topological space with the Julia set
of (1− 2z)2, which is conjugate with the polynomial z2 − 2. However, it is different
as an orbispace. (For orbispace structure on the limit spaces, see [9].)

There is an interesting relation of the function F and groups Dw and D̂ with with
Thurston’s theorem on topological polynomials. More on this see the paper [2].

More about the limit spaces of the groups D, D̂ and D̃ will be written in a
separate publication.

8. Another family

If we start from a different post-critical dynamics, we get another family of
groups with similar properties. We will only state the properties of this family.
The proofs are very similar to the proofs for the family {Dw}. More details can be
found in the preprint [10].

Let us take, for instance the dynamics of the “Douady rabbit”. Let fi : Ci →
Ci−1 be orientation-preserving 2-fold branched coverings with critical points Γi ∈ Ci

such that

fi(Γi) = Ai−1

fi(Ai) = Bi−1

fi(Bi) = Γi−1,

where Ai,Bi,Γi ∈ Ci are pairwise distinct points.
Small loops α, β, γ around A0,B0,Γ0, respectively, act on the tree of preimages

of the basepoint by automorphisms conjugate to the automorphisms

g0 = σ(1, g2), g1 = (1, g0), g2 = (1, g1).

An analog of Proposition 3.1 is true. Any such triple α, β, γ is simultaneously
conjugate with exactly one triple αw, βw, γw, for w ∈ X

ω , defined by the recursion

αw = σ
(
1, γs(w)

)
,

βw =

{ (
1, αs(w)

)
if the first letter of w is 1,(

αs(w), 1
)

if the first letter of w is 0,

γw =
(
1, βs(w)

)
.
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Figure 6. Connected components of JD

Let us denote by Rw the group generated by αw, βw, γw. Again, as for the
family Dw, we get that every group Rw0 is conjugate to at most countable number
of groups Rw.

The groups Rw are weakly branch over their commutator subgroup, i.e., R′
w

geometrically contains R′
s(w) × R′

s(w). This can be used, in the same way as in

Theorem 6.1, to prove that two groups Rw1 and Rw2 are isomorphic if and only
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if they are conjugate in Aut(X∗). In particular, this implies that the isomorphism
classes of the family {Rw} are at most countable.

If we repeat the computations of Subsection 7.2 for our situation, we get the
two-dimensional map (

z
p

)
7→

(
1 − z2

p2

1 − 1
p2

)
,

whose iterated monodromy group R̂ is generated by the transformations

α = σ (1, γ, 1, γ)

β = (α, 1, 1, α)

γ = (1, β, 1, β) ,

S = (1, 1, T, T )

T = π
(
T−1S−1γβ, T−1S−1γβγ−1αγ, α, 1

)
.

The subgroup generated by α, β, γ ∈ R̂ is the universal group R of the family
{Rw}, i.e., Proposition 4.1 holds for it.

The group R̂ is level-transitive and R is its normal subgroup. This, in the same
way as in Proposition 4.6, implies that the two groups Rw1 and Rw2 are conjugate

if the sequences w1, w2 belong to one orbit of the group R̂/R, which is defined by
the recursion

s = (1, t), t = σ(t−1s−1, 1).

This group is isomorphic to IMG
(
1 − 1/p2

)
.

We get in this way that for any w1 ∈ X
ω the set of sequences w ∈ X

ω such that
Rw1 and Rw2 are isomorphic is dense in X

ω .

The group R̂ does not describe the isomorphism classes of the family {Rw} com-

pletely. One can construct a bigger group R̃, for which the analog of Proposition 4.6
holds. It is the group generated by R and the automorphisms

a = π (c, c, 1, 1) , I0 =
(
I2cγ

−1, I2c, I2γ
−1, I2

)

b = (1, 1, a, a) , I1 = (I0, I0, I0, I0)
c =

(
1, β, bβ−1, b

)
, I2 = (I1, I1, I1, I1) .

We have the following relations

αa = α, βa = βα, γa = γ,
αb = α, βb = β, γb = γβ,
αc = αγ , βc = β, γc = γ.

and
αI0 = α−1, βI0 = β, γI0 = γ
αI1 = α, βI1 = β−1, γI1 = γ
αI2 = α, βI2 = β, γI2 = γ−1.

The group R̂ is a subgroup of R̃, since T = βb−1a and S = γc−1b. One can also

prove that the group R̃ is contracting.
We get in this way the following (possibly partial) description of the isomorphism

classes of the family {Rw}.

Theorem 8.1. Let H be the group generated by the automorphisms

a = σ(c, 1), b = (1, a), c = (1, b)
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and
r0 = (r2c, r2), r1 = (r0, r0), r2 = (r1, r1).

If sequences w1, w2 ∈ X
ω belong to one H-orbit, then the groups Rw1 and Rw2 are

isomorphic.

I do not know if this is a complete description of the isomorphism classes.
The situation with the relations in the groups Rw is even better than for the

family {Dw}.

Theorem 8.2. Let

R0 =
{[
βα2n

, γ
]
,
[
βα2n+1

, β
]
,
[
γα2n+1

, γ
]

: n ∈ Z

}

and

R1 =
{[
βα2n+1

, γ
]
,
[
βα2n+1

, β
]
,
[
γα2n+1

, γ
]

: n ∈ Z

}
,

and let ϕi be the endomorphisms of the free group

ϕ0(α) = αβα−1, ϕ1(α) = β,
ϕ0(β) = γ, ϕ1(β) = γ,
ϕ0(γ) = α2, ϕ1(γ) = α2.

Then for every sequence w = x1x2 . . . ∈ X
ω the set

∞⋃

n=1

ϕx1 ◦ ϕx2 ◦ · · · ◦ ϕxn−1(Rxn
)

is a set of defining relations of the group Rw.

Minimality of the set {Rw} is also true (without any need to replace “bad groups”
like in the family {Dw}).

Proposition 8.3. Let w1, w2 ∈ {0, 1}ω. For any finite set of relations and inequal-
ities between the generators αw1 , βw1 and γw1 there exist generators h0, h1 and h2

of the group Rw2 such that the same set of relations and inequalities hold for the
generators h0, h1 and h2 in the group Rw2 .

The limit spaces of R̂ and R can be also described in a way similar to the
description of J bD and JD. The limit space J bR is homeomorphic to the Julia set of
the function

F (z, p) =

(
1 −

z2

p2
, 1 −

1

p2

)
,

which is projected by P : (z, p) 7→ p onto the Julia set of the rational function 1 −
1/p2. The fibers of the projection are homeomorphic to the connected components
of the limit space JR. See Figure 7 for the Julia set of 1− 1

p2 and the fibers of the

Julia set of F over the respective points of the Julia set of 1 − 1/p2.
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