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Abstract. This paper establishes a O(h1) error estimate in the L$°(LL)-norm for the approx-
imation of scalar conservation equations using an explicit continuous finite element technique. A
general a priori error estimate based on entropy inequalities is also given in the Appendix.
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1. Introduction. The objective of this paper is to derive a priori error estimates
for the approximation of nonlinear scalar conservation equations by using an explicit
first-order Lagrange finite element technique introduced in Guermond and Nazarov
[12]. In particular we prove that the error in the L{°(LL)-norm is at most O(h7) un-
der the appropriate CFL condition in any space dimension and for any shape-regular
mesh family; the mesh may be composed of an arbitrary combination of simplices,
prisms, cuboids, etc. The estimate is established by using the technique of the dou-
bling of the variables introduced by Kruzkov [17] and first used by Kuznecov [18] to
prove error estimates. We follow the approach of Cockburn et al. [7], Cockburn and
Gremaud [6] and Bouchut and Perthame [2] and propose some modifications thereof
that makes the methodology slightly easier to apply (see Lemma A.2). To the best our
knowledge, this is the first time that a priori error estimates have been established for
an explicit method using continuous Lagrange finite elements to approximate nonlin-
ear scalar conservation equations. Similar results have been established by Cockburn
and Gremaud [5], but the error estimate therein is O(hé) and the algorithm is a
shock capturing streamline diffusion method using implicit time stepping and an ar-
tificial viscosity scaling like h# in the shocks. The finite volume literature is slightly
richer in this respect; for instance, O(h#) error estimates in the L!(LL)-norm have
been established for various families of finite volume schemes, see e.g., Eymard et al.
[9], Chainais-Hillairet [3].

The paper is organized as follows. The statement of the problem, notation and
notions related to finite element meshes are introduced in §2. The description of the
approximation method is done in §3. The maximum principle and an L2-stability
estimate are also proved therein. The error analysis is done in §4. We first establish
entropy inequalities for the Kruzkov entropy family and then deduce a error estimate
by using an a priori bound established in the Appendix (see Lemma A.2). The main
results of the paper are Theorem 4.5 and, to some extent, some originality is claimed
for Lemma A.2.

2. Preliminaries. The objectives of this section is to state the problem, intro-
duce the finite element setting, and establish some preliminary results.
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2.1. Formulation of the problem. Let us consider a scalar conservation equa-
tion in a polyhedral domain 2 in R?,

(2.1) Ou+ V-f(u) =0, u(x,0) = up(x), (x,t) € QxR,.
The initial data ug is assumed to be bounded and the flux f is assumed to be Lipschitz,
(2.2) ug € L°(Q),  f € Lip(R;RY).

We assume that the boundary conditions are either periodic or the initial data is com-
pactly supported. In the second case we are interested in the solution in a time interval
[0, T] such that the domain of influence of ug over [0, T] does not reach the boundary
of Q2. The purpose of these assumptions is to avoid unnecessary technical difficulties
induces by boundary conditions. Following the work of Kruzkov [17], it is now well
understood that this problem has a unique entropy solution; i.e., a weak solution
that additionally satisfies the entropy inequalities 9;F(u) + V-F(u) < 0 for all con-
vex entropies E € Lip(R;R) and associated entropy fluxes Fj(u) = [;' E'(v) f](v) dv,
1<i<d.

2.2. Mesh. The approximation in space of (2.1) will be done by using continuous
finite elements. Recall that it is always possible to construct affine finite element
meshes over  since ) is assumed to be a polyhedron. We denote by {Kp}rso an
affine shape regular mesh family. The shape regularity is understood in the sense of
Ciarlet. The elements in the mesh family {Kj, } >0 are assumed to be generated from a
finite number of reference elements. The reference elements are denoted K Tyevns l?w.
For example, the mesh X;, could be composed of a combination of triangles and
parallelograms in two space dimensions (o = 2 in this case); it could also be composed
of a combination of tetrahedra, parallelepipeds, and triangular prisms in three space
dimensions (o = 3 in this case). Let K}, be a mesh in the family {/Cp}r>0. Let K be
a cell in the mesh Cp, and let I/(\'T, 1 <r < w, be the corresponding reference geometric
element. The affine diffeomorphism mapping K, to an arbitrary element K € K, is
denoted & : K, — K and its Jacobian matrix is denoted Jx. The assumption that
the mapping @k is affine could be removed by proceeding as in Ciarlet and Raviart
[4] but this would introduce additional unnecessary technicalities.

We want to approximate the entropy solution of (2.1) with continuous Lagrange
finite elements. For this purpose we introduce the set of reference Lagrange finite
elements {(K,, Pr,X;)}1<r<w. The index r € {1,...,w} will be omitted in the rest
of the paper to alleviate the notation. Then we define the scalar-valued Lagrange
finite element space

(2.3) X, = {v € C°(LR); v|go® g € P, VK € Ky},

where P is the reference polynomial space defined on K (note the index r has been
omitted). Denoting by {@1,...az} the Lagrange nodes of K, we assume that the space
P is such that

(2.4) min 9(a;) < 9(z) < max v(a), Vo€ P,vVzeK.
teT(K) LeZ(R)

Let P; and Q; be the set of multivariate polynomials of total and partial degree at
most 1, respectively; then the above assumption holds for P = P; when K is a simplex
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and P = @1 when K is a parallelogram or a cuboid. This assumption holds also for
first-order prismatic elements in three space dimensions.

Let {a1,...,ar} be the collection of all the Lagrange nodes in the mesh Ky, and
let {¢1,..., 91} be the corresponding global shape functions. Recall that {¢1,...,¢r}
forms a basis of X}, and ¢;(a;) = d;;. In the rest of the paper we denote by m, :
C%(Q)) — X}, the Lagrange interpolation operator, 7, (v)(z) = Zle v(a;)p;(x).
We define the operator C : X, — R’ so that C(vy) is the coordinate vector of vy, in
the basis {p1,...,pr1}, 1.6, vp = 21-121 C(vp)ipi. Note that C(vy); = vp(a;). We are
also going to use capital letters for the coordinate vectors to alleviate the notation; for
instance we shall write V' = C(vy) when the context is unambiguous. Note finally that
the above assumptions on the mesh and the reference elements imply the following
convexity property:

(2.5) min C(vp)e <wv(x) < max C(vp)e, Youp € Xp, Ve € K,VK € Ky,
LET(K) LeI(K)

Let ¢; be a shape function; the support of ¢; is denoted S; and the measure of
S; is denoted |S;|, i = 1,...,I. We also define S;; := S; N S; the intersection of the
two supports S; and S;. For any union of cells in K, say E; we define Z(E) to be
the collection of the indices of the shape functions whose support on E is of nonzero
measure, i.e., Z(E) = {j € {1,...,1}; |S;NE| # 0}. We are going to regularly invoke
Z(K) and Z(S;) and the partition of unity property: >,z (x) vi(®) = 1foralle € K.
Let M € R™*! be the so-called consistent mass matrix with entries fo;’ wi(x)p;(x) de.

We then define the diagonal lumped mass matrix M’ with diagonal entries

(2.6) m; = / vi(x) de.
Si
The partition of unity property implies that m; = ZjeI(Si) J ¢j(x)pi(x) de, ie., the
entries of M% are obtained by summing the rows if M. The diagonal matrix M*
is known to be a consistent second-order approximation of M. The two quantities
lvnllL2@) = Clon)"MC(vy) and [Jon||% = C(vn)"ME=C(vn) are equivalent. This
h
property actually holds for any LP-norm. More precisely consider the discrete norm
2 Xp — R, 1<1<p< +o0, defined by

I
(2.7) thHfz;L = Zmi|c(vh)i|pa Vo, € Xp.
i=1

LEMMA 2.1. The are Muymax, Mmin > 0, depending only on {([A(T,ﬁr,ir)}lgrgw
and p € [1,400), such that the following holds for all vy, € X, and all Kp,

(2.8) Manin [|[Vr ([ 2e(@) < [[vnller < Mmax||vn [l 2o (o)

2.3. Local mesh size. Upon defining hx := diam(K) and denoting by px the
diameter of the largest ball that can be inscribed in K, it can be shown that

K h = hz
(29)  detli = Kl 2K e < B 2R gy, < IR
|K]| hg PR hi PK
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where [|Jx ||¢2 is the norm of Jx subordinated to the Euclidean norm (see e.g., Girault
and Raviart [10, (A.2) p. 96]). The shape-regularity assumption of the mesh family
{Kn}n>0 means that the ratio hx /pk is bounded uniformly with respect to K and Kp,.
For further reference we define o := supyy, y Supgei, hx/pr. The global maximum
mesh size is denoted h = maxgex, hx. The local minimum mesh size, by, for any
K € K, is defined as follows:

1

max;zjez(x) |VillLe(s.;) ’

(2.10) hy =

and the global minimum mesh size is h := mingex, hg. Due to the shape regularity
assumption the quantities hy and hx are uniformly equivalent; it will turn out though
that using hy gives a sharper estimate of the CFL number.

2.4. Viscous bilinear form. Let ng be the number of vertices in K, i.e., ng :=
card(Z(K)), and let ¥ = (nx — 1)1, Note that

(2.11) 0 < Ymin(w) = glcl}ri Krreulgh Vi, Pmax (@) = ?I%%)]f Ir{rg}él Vg < +oo.

since there are at most w reference elements defining the mesh family. The artificial
viscosity that we are going to introduce to stabilize the Galerkin formulation will be
defined locally on each cell, K, by using the following bilinear form:

“Ok|K| it ijeI(K
(2.12) bi (), i) =3 |K] ifi=j, i,7€I(K
0 ifi g Z(K) or j € Z(K).

);
)

i

For instance it can be shown that bx (¢}, i) = £ [ I (Ve;)- Tk (Ve;) de when K is
a simplex and K is the regular simplex with all the edges of unit length, i.e., K is the
equilateral triangle of side 1 in two space dimension, and K is the regular tetrahedron
(all four faces are equilateral triangles) in three space dimensions, see Guermond
and Nazarov [12]. In this case k = 3 in two space dimensions and £ = 3 in three
space dimensions. Note also that bx (p;,¢i) ~ [, (Ve;)- (Vi) de if K is a regular
simplex, thereby showing the connection between bx and the more familiar bilinear
form associated with the Laplacian. The properties of bx we need in this paper on
arbitrary meshes can be summarized as follows:

ALEAMMAA 2.2. There exist constants bpin > 0 depending only on the collection
{(Kr, P, 2;) h<r<w and the shape-regqularity constant o, such that the following iden-
tities hold for all K € Ky, and all up, vy, € Xp:

(2.13) bK(uh,’Uh 19K|K| Z Z V V)

i€T(K) I(K)3j<i
(2.14) br (un,up) > bminhKHVUh”L?(K)'

Proof. Let us prove (2.13) first. Let up, vy, € Xj, and let us set U := C(uy) and
V := C(vp). Let K be a cell in Kp,. Up to the abuse of notation that consists of using
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uy, instead of up |k to denote the restriction of uj, to K, we have

IO SR CAED S ﬁKUiVj) =0y Y UV - 1)

i€T(K) i#j€T(K) IET(K) i#j€T(K)

“0k Y Y UV =)+ U (- V)

1€L(K)I(K)3j<t

=dK Y Z D(Vi = V).

1€T(K)Z(K)3j<i

Up to the change of variable @y, := uj,o®, this identity proves that |K| 19 bx (-, Nz
is a norm on P/R. Since all the norms are equivalent on P/R and the collection of

reference ﬁmte elements is finite, there exist constants ¢z, co that depends only of the
collection {(K,, P, S, ) }<r<w such that

e V2, ey < KT 05 bac o, un) < 2 VA2,
After using the change of variable uy = 4y, o @;{17 we infer that

bx (un, un)
|K [0k

The estimate (2.14) is obtained by using (2.9). O

e1 |det(@ )Tz 121 Vunlfe ) < < e2 |det(T)IITE 121 Vunl L2 )

3. Space and time approximation. We introduce the time and space approx-
imation of (2.1) in this section.

3.1. Initial data and CFL number. Let us assume that we have at hand
an initial discrete field ugp € X} that reasonably approximates ug and satisfies the
discrete maximum principle, i.e.,

(3-1) Umin := ess inf ug(x) < 12121 uon(@;) < Joax, uon(@;) < esssup uo(T) = Unax-
There are many ways to construct ug, € X, with the above properties, but we are
not going to discuss this question for the time being. A more precise statement is
made in §4.5.

Since we are going to adopt an explicit time stepping, it is necessary to introduce a
notion of CFL number; i.e., we need to estimate the local meshsize and the maximum
local wave speed on each mesh cell in ;. We define the maximum wave speed

fw)— f(w))n
(3'2) /8 = H'fHLip[umiznumax] = Sup Sup ‘( ( ) ( )) ‘
tinin SVFW St Omerd || P]|e2 [0 — w]

The above definition makes sense as long as umin < Umax. We could extend the
definition of wave speed as in (3.6) in the case Umin = Umax, but this exercise is
useless since in this case the exact and the numerical solutions coincide and, the error
being zero, the error estimates are trivial. Let At > 0 be the time step that we assume
to be uniform for simplicity. The CFL number, ), is defined to be

(3.3) A= max —.

We additionally define pug := max;ez(x) |K| fK vi(x)dz and pimax = Maxger, MK,

Hmin = Milgeic, fx. Note that pg = nK =(d+ 1) ! for simplices and puyx = 279
for parallelograms and cuboids.
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3.2. Numerical flux. Let vy, € Xh and set V := C(vp,). We approximate f(vy,)
by introducing f, ., € W1H°°(Q) and o € L°(), 4,5 =1,...,1, and we assume
that these quantities are defined such that the following holds for all 4,7 = 1,...,1
and all K € 5;;:

64 [ Viha@p@d= 3 G-V [ S, @@ @,

JEL(S:)
(3.5) /K | fij (@) Vo ()] @i () daw < /K 1 (vn())- Vo5 ()| L= (1) i () dap.
where in the above definition the meaning of || f'(vi(+)) -V, (@)|| Lo (k) is

(3.6) £ (vn(-)- V()] L k) == sup £ () Voi(@)]l Lo oy, () +e)-

Note that this definition is not necessary if f’ is continuous.
Ezample 3.1. (Ezact flur) The identity (3.4) holds by setting fr ., = f(vn) and
Lo (@) = f'(vn(x)) for all 1 <4, j < I. The inequality (3.5) is trivial.

Ezample 3.2. (Finite element flux) It is possible to set fp., = Z] 1 F(Vi)es,
ie, fho, = Th (f( h)) where recall that 7, is the Lagrange interpolation operator.
In this case (3.4) holds with M

— owing to the partition of unity
J

7,] VU, (CC)

FV)-fVi)
Vi~V

property. Recall that the ratio is Well defined since f is Lipschitz con-

tinuous by assumption. The inequality (3.5) is a consequence of f being Lipschitz
continuous and the property (2.5).

3.3. Time stepping and maximum principle. Let " > 0 be the current
time and let At > 0 be the current time step, i.e., t"T! = ¢" + At. Let u}! € X}, be
the approximation of u(-,t™) and let us set U™ := C(u}).

The scheme is defined as follows: the nodal values of u”Jr1 € X, at time ™11,

, UM i= C(ul™) are evaluated by

(3.7) Urtt =ur — Atm; ! Z (uKbK(uh,cpl /V (fy cpld:c>

KCS;

where we set fj' := fj.p. Note that the mass matrix is lumped and we have set
=/ s, vi(x) de. The piecewise constant viscosity field at ¢ is defined as follows
on each cell K E Kh:

n fs fz{gnh'v%)Jr@i de
(3.8) Vg = max
i#JEL(K) ZTCS br(ej, ei)
!
ig,up "
THEOREM 3.1 (Discrete Maximum Principle). In addition to the above assump-
tions on the mesh-family and on the flur, assume that the CFL number is such that

A< lﬁfmimm. Then the solution to (3.7) satisfies the local discrete maximum

principle, i.€., Umin < Minjez(s,) U < <max;ez(s,) U' < umax for alln > 0.
Proof. See Guermond and Nazarov [12]. O
Remark 3.1. (Mazimum principle) An immediate consequence of Theorem 3.1 is
that mingea, uf(x) < mingex up ™ (x) and maxgex u) ™ (z) < maxgen, ul(z),

for all K € Ky, where Ax = Ujez(k)Si-

where 21 := max(0, z) is the positive part and we have set u m =

n+1
Ui
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Remark 3.2. (SSP extension) Higher-order in time can be obtained by using a
Strong Stability Preserving time stepping (see e.g., Gottlieb et al. [11] for a review),
and Theorem 3.1 still holds in this case. The key property of SSP methods is that the
solution at the end of each time step is a convex combination of solutions of forward
Euler sub-steps. In the rest of the paper we restrict ourselves to the explicit Euler
time stepping to simplify the presentation.

Although the definition (3.8) is sufficient for the maximum principle to hold,
we are going to need a slightly stronger definition of the viscosity to establish error
estimates. In the rest of the paper we redefine v}, to be

n Yores, Jre 1 (Wi () Ve (@)l L x) pi() da
(3.9) Vg = max )
et S

Note that this definition implies that

(3.10) 3 / 1 @2 () Vs @)l e irorps(@) dz < S Dl K],

KeSij KeSij;

This is proved as follows: let I;; := ZKES,;,- Jre 1 (Wi (4))-Veoj ()| Lo (k) @i e, then

2kes, Y
Iy = I =55 K S K e < S | K.
T Y kes, 19l<’| K; ZK&S k| K| K;

3.4. Maximum time and boundary conditions. The boundary conditions
are assumed to be either periodic or the initial data is assumed to be compactly
supported. It the first case, there is no issue with the boundary conditions and the
maximum time of existence of the numerical solution is infinite, i.e., we set Tyax =
~+o00. In the second case we are interested in the solution in a time interval [0, Ty ax]
such that the domain of influence of ug over [0, Tinax] does not reach the boundary of
Q. Let us now estimate Tp,ax. The numerical maximum speed of propagation of the
information is at most %, i.e., nonzero values can propagate over one cell per time
step at most since the scheme is explicit and the mass matrix is lumped. Let Ry,
be the radius of the smallest ball in which the support of ug can be inscribed. Up to
a translation we assume that 0 is the center of this ball. Let R, be the radius of
the largest ball inscribed in € and centered at 0. Then the numerical solution is well

defined and compactly supported in € for all times T' < Tyax := %(Rmax — Rumin)-

3.5. L2?-stability. We establish the L2-stability properties of the method in this
section. We start by estimating the viscosity.

LEMMA 3.2 (Viscosity bound). Under the assumptions of Theorem 3.1, the
following bound holds for all K € ICp and all ICp,

(3.11) Vv < Bhyt ’;ma"

Proof. Owing to the initialization assumption (3.1) and Theorem 3.1, u}(x) €
[Umin, Umax] for all n > 0 and all & € €; this implies that || (u}(-))-V;|l L) <
BlIVejllLe (k). Let K € K and let v be the viscosity coefficient defined in either
(3.8) or (3.9). The above inequality together with the definition of ¢ in (2.11), the



8 J.L. GUERMOND, B. POPOV

definition of hy and the equality [, ¢;(x)dx = pux|K| implies that

IVjllLee(s,) Js, i de
vy < max i (Bi1) Jsiy < Mmaxﬁ.
i#jE€L(K) ﬂmin|Sij| 19mi1ﬂ QK
This proves the statement. O
LEMMA 3.3 (L?-estimate). Under the assumptions of Theorem 3.1 and whether

the viscosity is defined using (3.8) or (3.9), there is a uniform constant Ag > 0 such
that the following estimate holds for all A < Ay and all N > 0:

(3.12) 117 +ZAt > i up) < upll -
Kekp

Proof. Let us multiply (3.7) by QAtUi"Jrl and sum over i = 1,...,1,
™ W7 + llup ™ =il

+ 2At Z vighg (uf,up) = ||u’,:||fi + R1 + Ro,
KeKy

where Ry = 2At Y ey, Vicbi (uj,, up —up ™) and Ry = 2A¢ [ (V-f7) (up —u) ) de.
Since the mapping X, XX} > (vp,wp) — bi(vp, wp) € R is a scalar product (see
(2.13)), we can estimate the first term R; as follows:

[Ba] < 288 Y viebie(ufuf) buc (uf; — up ™ upp — )
KG’C}L

< eAt Z Vithe (uf,upt) + e X0 et Jup — upt ||%2(Q),
Kek,

where we used (3.11) and € > 0 is an arbitrary positive number. The second term Ro
is estimated by invoking Lemma 3.4

|Ra| < Ace H|ull — n+1||é2 + eAt Z Vigbgc (ul, up).
Kekp
Collecting the above estimates with € = % gives
i THIZ + (1= el ™ = ufilfs + ALY b (uf, ui) < Juils -
KeKy,

We conclude by assuming that A < £ and by summing the above estimates over n. O
LeEMMA 3.4. For all € > 0, there exists a uniform constant c, such that the
following holds for all g € Xp,:

a1 | [ Vi@ ] < Rloll -5 3 vibilui).
- Kekp

Proof. Upon setting U := C(uﬁ) and G := C(g), we infer that

| Vs @@ie= Y @ -v G/ Flinl@) Vs (@)gi(@) da.
1

1,j=
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Then using the definition of v}, (2.13), (3.5) and (3.10) we deduce that

I
| [ V@@ de| < Y dunsll ~ VG Y KR

i,j=1 KCS”‘
S ﬁmax Z V;L(|K‘ Z Z |Uj - UlHGl‘
Kekn JET(K) jAI€T(K)
1
< e max (i)} Y (i) bweup )} (mi Y 62)°
e Kekp 1€Z(K)

Using the estimate (3.11) to bound v} from above, we finally derive
n ¢ 6 2 € n n o, n
V-(fi(@)g@)da| < S-lgls + 5 Y vicbie(uf up),

Q2 KeKy,

where € > 0 is an arbitrary positive number. This completes the proof. O

4. Error analysis. We are going to prove convergence to the entropy solution
by establishing an error estimate based on Kruzkov’s doubling of the variables tech-
nique. The argument introduced by Kruzkov [17] for proving uniqueness to scalar
conservation equations has been modified by Kuznecov [18] to prove error estimates
for numerical methods. This powerful, but cumbersome, technique is used for instance
in Cockburn and Gremaud [5, 6] to prove convergence of some stabilized finite ele-
ment techniques. We are going to adopt a variation of this method by reformulating
Kuznecov’s Lemma (see Lemma 2, p. 1492, in Kuznecov [18]) in the spirit of Bouchut
and Perthame [2, Thm 2.1] using a Gronwall type argument from [5, Prop 6.2] and [6,
Lemma 5.4]. The approximation result, Lemma A.2, is established in the Appendix.
This general result can be used for the analysis of other methods.

In the rest of the paper we restrict ourselves exclusively to the following discrete
flux:

(4.1) T, = 7 (f(vn)),

since we have not been able to prove entropy estimates with the exact flux fj ., =

f(vn). We henceforth denote f' := m,(f(u})), where recall that 7, is the Lagrange
() = TUD-TW)

interpolation operator. This definition implies that f;7), Tr—gn
, U]

4.1. Global solution. We denote D := R? if we solve a Cauchy problem in R¢
(i.e., D is open in this case) and D := Q if Q is the R?-torus and periodic boundary
conditions are enforced (i.e., D is closed in this case). To summarize we define

(4.2) 5. {R?if Cauchy problem,
' Qi periodic boundary conditions.

Let Tiax be the maximal time defined in §3.4. Let T' € (0, Tyax| be a fixed time. We
denote by W1>°(Dx[0,T]; R) the set of the Lipschitz functions compactly supported
in Dx[0,T]. We define a global approximation, uy, of the solution to (2.1) over the
domain 22x0, 7] as follows:

(4.3) up(x,t) = ujl(x), ifte[t", "), VxeQ, Vtel0,T].
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If a Cauchy problem is solved in R?, we extend @y, by zero outside €2 and we abuse the
notation by denoting again u; the extension in question. If the domain is periodic we
are going abuse the notation by using the same symbol to denote a function defined
over D and its periodic extension defined over R%. The rest of the paper consists of
estimating |[up (-, t) — u(-,t)|[z1(py for all t € (0, Tryax] using Lemma A.2.

4.2. Quasi-interpolations and Kruzkov entropies. Let 71, : L}(Q) — X,
be the quasi-interpolation operator defined as follows:

1
@8 mO)E)= Yt ee  vimm [ i) d

We will use the following standard approximation result.
LEMMA 4.1. There exists a uniform constant ¢ such that the following hods for
allp € WHP(D) and all p € [1, +00]:

(4.5) 1V = T ()l e ry < chl|Vlray), Ak = Uiez(x)Si, YK € Kp.

Let k£ be a real number such that v, < k < umax and let

(4.6) nw) =lv—kl,  Fy(v) = sgn(v—k)(f(v) = f(k))

be the associated Kruzkov entropy and entropy flux, where sgn(z) is the sign function

with the convention that sgn(0) = 0. Note that, using the convention that n’(k) = 0,

we have n(v) = sgn(v — k), i.e., we can also write F, (v) := n'(v)(f(v) — f(k)).
LEMMA 4.2. Kruzkov entropies are such that the following holds for all a,b € R:

4.7) n'(a)(a—0b)=n(a) =n) +rba),  rba):=nb)(1-n(a) ) =0.

Proof. If n'(a) = 0 then n(a) = 0 and the statement of the lemma reduces to
0 = —n(b) + n(b). Hence, it remains to consider the case 7'(a) # 0. The equation
(4.7) is equivalent to

(4.8)  n'(a)(a—0b) =n(a) —nb)n'(a)n'(b) = n'(a)(n(a)n'(a) — n(b)y'(b))-
Using the definition of n(u) = |u — k| and n’(u) = sgn(u — k), we obtain
(4.9) n(a)y'(a) =n@'(b) =a—k—(b—k)=a—b

which proves the result. O

Remark 4.1. (definition of 7, (n'(vy))) Let ¢ € C°(Q2) and v;, € X}, with V :=
C(vg). In the rest of the paper we set 7y, (' (vp)) (x) := Zle sen(Vi—k)(a;)pi(x) =
e (vn(@) ¥ (ai)ei(x).

Remark 4.2. (General entropies) Lemma 4.2 can be reformulated for any smooth
entropy: i.e., '(a)(a—"b) = n(a) —n(b)+r(a,b) where r(a,b) = f;(b—x)n”(g) d¢ >0,
for all a, b.
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4.3. Discrete entropy inequalities. We first start by establishing entropy
inequalities using the Kruzkov entropy family defined in (4.6). These inequalities are
the premises of Lemma A.2.

LEMMA 4.3. Let T < Thax be some positive time. Let 1 be a mon-negative
Lipschitz function compactly supported in Dx[0,T], v € Wb (Dx[0,T];RT). Let N
be such that T € [tN N +1); then we have

(4.10)  [lmn (9@ (- TG () er — 0 (0 - O) (-, 0) s
T
- /0 /Q (n(in)0n + F (i) V) de dt = — Ry () — Ra(t) — Ry (1),

where Ry, Ry and R3 are defined as follows:

// (un) ('M/Jdmdt—//wh (up))0p) de dt,

//F i Vd)da:dH—ZAt/ (V-7 (™ (7)) d

Z[Zmlwﬂ U UPHY) + ALY vichic (uf oo () (07 ))]

n=0Li=1 KeKp

Proof. Let 7, be the quasi- interpolation operator defined in (4.4) and let us
set U;(1) = (7Apeh)(ai, 1) = fs (z,7)pi(x) dz (we henceforth denote Wt :=
W, (¢"+1) to alleviate the notatlon) We multiply (3.7) by mn/ (U)W and upon
denoting AU := U — U and using Lemma 4.2, the term involving the time
increment is re-written as follows:

MU (U AU = 0 AU ) 4 m W (U7, U,

We sum over n from 0 to NV — 1 and re-arrange the time summation

N—-1
> ma T (U AU = mp @ n(UN) — ma0in(U7)
n=0
N-— N—-1
Z Un \I/n+1 + Z ml\I,n—i-l (Uzn7UZn+1)
n=0 n=0

We now sum over i, and upon observing that

tn+1

my AT :/S (w(w,t"“)—w(w,t"))%(w)dx:/ i@ ng@)dzat
: tn

i

which also implies that

I ¢ntl I
S man(UR) AW = / D, ) S (UM pi () d
i=1 e JQ i=1

gl gl

- / B (e, tym (n(up)) da dt = / O (. ) ((7Tn)) dac
tn Q tn Q
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we obtain
I N-1 I
DO m T UTHAUT =Y mi (I p(UY) — win(U7)
i=1 n=0 =1

¢ N—-1 T
*/ Octp(, ymn (i) de dt + m, U e (U], U,
’ 1

n=0 i=

The rest of the proof consists of realizing that

I I
S U e = 3o () @) 7 @) = m (o (R ).

i=1
The conclusion follows readily. O

4.4. Entropy production estimates. We now have to estimate the remainders
in the right-hand side of (4.10), R;(¢), R2(v) and R3(%)), as needed in the a priori
estimate (A.6). In the rest of the paper we denote

1
(4.11) |'(/J|An = |V¢|Loo(AKX[tn nt1]) |at¢‘Loo (K x [t7,t7+1]) 5 Vn > 0,

where recall that A 1= U;cz(x)Si-

LEMMA 4.4. Assume that the discrete flux is defined by (4.1) and the artificial
viscosity is defined by (3.9). Then, there are uniform constants Ag,c > 0 such that
the following holds for all A < Ao

N—-1
(4.12) Ri(v) + Ro(¥) + Ra(y) > —cB Y At Y hclv|ap [IVup | £ (0)-

n=0 Kekp

Proof. The key observation to establish the statement is to realize that Rs(v))

produces dissipation in time and space, i.e., it generates two non-negative terms, and
these terms are essential to control Ra(t)). The term R; (%)) is harmless and controlled
separately.
(1) Control of Rs(¢): Let us denote by Rs, 1(@/}) and R32(1) the two terms com-
posing R3(1). The first term Rs1(¢) := Z Z _y m (U UM s clearly
non-negative. This is the entropy dissipation created by the Euler time stepping. It
will be used later to control time discrepancies arising elsewhere. The second term
Ryo(yh) = At N ZKeKhVKbK (up, 7 (' (up )7, (¥ F1))) is the source of en-
tropy dissipation mduced by the artificial viscosity, up to a time discrepancy. This
term needs to be handled carefully to extract the entropy dissipation induced by
the artificial viscosity which will then be used to dominate space discrepancies aris-
ing elsewhere. Actually, it is particularly important to realize that this term induces
space-time dissipation, meaning that it is not a good idea to try to correct the time
discrepancies in R32(). Let K € Kp, and let 2z := m, (' (up ™) 7, (¥ F1)), then
using (2.13), we infer that

(Uh,Zh 19K|K| Z Z ( (Un+1)\11n+1 /(U;L+1)\If;l+1),

i€T(K) I(K)9j<1



Continuous finite element approximation of scalar conservation equations 13

Note here that we did not correct the time discrepancies. We now use (4.7) from
Lemma 4.2 to derive

(U = UMy UMY = (U = UM (U + U = Ul (U
=nU") — UMY — (U, UMY + (U = (UF) + (U, U
=n(UP") —n(U) — (U UMY + 0 (UR, U,

which in turn implies that

(U7 =U7) (' (U )0 = (U 1)@ = 0 (U7, U )+ 03 (U7, U
= U (U, U = O (UG U 4 (U = e (n(U7) = n(U7)
> Ut (U7, U + (U, U = WU, U
= UFH (U, UG = chic [l ag |UT = U7,

where we used the shape regularity of the mesh and recall that we denote | AR 1=
V| Loo (A x[tm nt1]) + %|at¢|Loo(K><[tn’tn+l]) to shorten the notation. This estimate

s essential; it means that, up to time discrepancies T(Ui”,Ui”H) + r(U;L,U;’H),
which are present in Rs1(¢), the bilinear form bx induces space-time dissipation
since r(Uj",Ui"H) + r(UZ-",UJ”H) > 0. In conclusion, using the estimate (3.11) we
obtain

vibi (up, zn) > v Ok| K| Z T(U;L,U[LH)\I/?H

i#jeI(K)
—vdg|K| > 2ng — V(UM UPYOP = chl|ap vk K| > U =UF|
i€T(K) i#jEL(K)
>vglk|K| Y r(UrUrthertt
i#£jEL(K)
—cBhit Y mar(UF U — ¢ Bhue [0 ag IVl 1 x0)
i€EZ(K)

Putting together all the above estimates, we infer that

N-1 N-1 1T
Rs(1h) > —cBY ALY hicllag [Vupllp gy + (1= N)Y 0D mar (U, U w7 H
n=0 Kek n=0 i=1
(4.13) + ZAt > vk K|y r(UF, UFTHYE
n=0 KeK, 1#JEL(K)

(2) Control of Ra(1)): Recall that

gt N-1 I

Z/ | Fy(u) Vo dedt+ Y ALY (i),

n=0 i=1
where we have set I»(i) := [,(V-fi)ei(x)n' (UST) T de. We now define the
approximate entropy flux

I

(@) = (F(uf(2))) = Y F(U)g;().

Jj=1
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Then, upon introducing ¢"(z) = &; f o Y(x,t)dt, we re-write I5(i) as follows:
B(0) = [ (U757 = V) ()7 do
+ [(9Fpe@) @ - v (@) da
+ [V-Fp = By @)eie) de + [ 9B )" @)le) da

which, after using the partition of unity property, proves that Ra(v) = Ra1(¢) +
Ro.2() + Ra 3(1)), where

N-1
Ro (¢ ZAtZ/ UMYV f = V-F) ()00 da
n=0 =1

Ros(d) = 3" AFS / (V-F7 i) (W0 — g7 () da
n=0 i=178

N-—1 I
Ros(y) =Y AtY |V (Ep — By ()" (@)gi(w) da
n=0 =1

Now we estimate Rz 1(¢). Recalling that we have set f' = 7, (f(u}})) and using again
the partition of unity property, we obtain

|-t e de

- Z /(f(U]n) — £(k)- V(@) pi(x)n (UMW dz

jez(s)” Si
Uﬂ _
/ T T Sy @hatavy - b ur ae
FET(S))

w should be replaced by 0 when U}’ = k. This

modification is not important because W-v%(@%(m)wy —k)=(f(U}) -
F(k))-Vpj(x), and this number is zero if U} = k. Now we evaluate exactly (U} —
UM/ (UM). We use (4.7) from Lemma 4.2 to derive

(U} — k) (UMY = n(U}) = n(k) —r(U}, U +r(k, UMY,
=nU) — (U, UM).

with the convention that

Recalling that n(U}') = »'(U?)(U} — k) and F,(U}) = o' (U)(£(U}) — f(k)), we
conclude that

/Q (V-f;?)%(w)n’(UZ‘“)‘I’?“ da

/ T 0 S @hant@a(y) — rwy v )wr da
JEI(S;)

:/ (V-F}')ei(@) Uit da + Jo (i),
S.

i
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J2(i) = / =10 Ve, (@)pi(@)r(UF, UF ) da,

KES& JEIT(K

This proves that

N-1 I
Roa(y) = Y ALY J(i)
n=0 i=1

We now have a little problem since in order to use the last positive term in the estimate
of R3(1), see (4.13), we need to produce a local viscosity using a local wave speed. The
purpose of the coming developments is to transform the above integral to invoke local
speeds only. Let us rewrite Ja(i) as a sum of integrals: Ja(i) = > pcq J2(i, K), with
obvious notation. Let K be a cell in S;. Now we observe that if k& < minjez(s)(U}")
or max;jez(r)(U') < k then o' (U}') = n'(U}*) for all j € Z(K), which means that in
this case

r(Ur, Ut 1

<U];L dam T IR ICATICE

= o U)o/ (U] (U F) = of (U7 (1 = o (U7 (U )).

Let us then assume that & < minjez(x)(U}') or max;ez(xk)(US') < k, then the partition
of unity property together with the above argument 1mphes that

=3 [ U@ @ U0~ O W) e =

JEL(K)
f Un U“) n n n Py " N
/ V(@) (@)U UM (UF) (L — ' (U (U7 ) 07 dae
JET(K)
f Ui') o o )
/ ’ V@J(w) (pz(x) (T(Ui ’Ui +1) + T(U] 7Ui +1))‘I’Z‘ +1d$a
l;éjel'(l(

where we used

(U = U2 (U1 = o U ) (OF ) = (UF = kg (OF)(1— ' U7y (O )

K2

( (
(= U2l (U7)(1 = of U2 (U7)
(U, U - r(U%UM

_|_

which implies that
n n+1 n+1 n+1
(U5 = U (U =" (U ) (U7 )| < r(UFUFT) + (U7, U7,

Otherwise, if min;ecz(x)(U}') <k < manGI(K)(UJ”), then

|5 TN =T G0 @)oua)r(p, U700+ da

vjt
:T(anannH)‘I’?HUn_ / /f'(s)-V%(m)gai(m)da:ds

> (U, U g / 1 () Vo5 @) e gacy 01 ()
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where we used that [maneI(K)(U ), max;ez(r)(US')] C up(K). Hence, we proved
that the following holds in all the cases

=3 STl oo 07,07

i£jEL(K)
+ (U, UM) Ui da.

Then upon invoking the bound (3.10), we have

Bz ¥ 3 IR Ve @)l e (07U

i#£JEL(S;) KESi;
+r(U7, U) i e
P RN U R CA s )l DI L
i£§€L(S) KESis

Now we are able to conclude that there is a uniform ¢ > 0 such that

R2 1 > — Z At Z I/KﬂK|K‘ Z T(U]nv UZL+1)\I/:.L+1
n=0 Kekp() i#JEL(K)
N-1 1T

— A mr (U, UMW

n=0 =1

The term R2 2(%) is controlled by proceeding as in the proof of Lemma 3.4. Namely,
we rewrite

/Q (W — () (V-F2 i) dae
-y / (W — g (@) (U (FUT) — (k) Vg () i) da.
JEIL(S:)

Here, again we need to localize the estimate by getting rid of f(k). Let us consider

K € S;. Let us assume first that k < mianI(K)(UJ”) or max;jez(x)(Uj") < k, then

(K
the partition of unity property implies that we can replace f(k) by f (UJ ), i
| @ =i @) (Ve do
= X [ @@ O] - FUD) Ve @) da

JEI(K)
. / @t gy ooy — o I G )i de
JEL(K) J v
This implies that
/K (W " @) (V-FD)os() da
> U ey Y U = U7 / 1 () V05 e 10y 01 .

JEI(K)
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If minjez(r)(U') < k < maxjez(i)(US') < k, by proceeding as above we have
| @ = @)V F)e@) de

> O ey S U — K] / £ () Vo e 0y 01
JET(K)

> U = ey S U — U7 / 17 () Vsl 110y 01z,
JET(K)

where in the last inequality we used that £ is a convex combination of (U");ez(x)
and we used the triangle inequality repeatedly. Upon invoking the bound (3.10), the
above argument implies that the following holds independently of the value of k:

/Q (W " (@) (V-F)pi() dz >
—c(14+A) Y [WlaghavilKl Y JUF =UP'| > —cB Y hrldlag

KeS; i€T(K) KeKy,

Vup |l k)

In conclusion, Ry 2(1)) > —cf3 Zn o AtZKG,Cth\w\An IVup|lL1 (k). Now we esti-
mate Ry 3(1). The partition of unity property implies that

N—-1 I
Raa(w) = 30 ALY [ V(B = Fy ()" (@)oi(e) de
n=0 =1
N—-1
-y a (= By Vo @) da
:_Zmz > [ - Fy () V0 @)y (@) do

KeKn jeI(K)
> —cf3 Z At DY [lay > KU = upl,
n=0 KeKy JEI(K)

where we used the Lipschitz continuity of the entropy flux. In conclusion, R 3(v)) >

—cfB Z At ZKelcthW’

obtain,

an IVup |l k). Putting together the above estimates we

> — Z AtZVK’l9K|K| Z T(anvUinJrl)\Il?Jrl

n=0 KeKy i#jE€T(K)
N-1 1 N—-1

=AY mr (U UMY — B AL > hcllag VUil o)
n=0 i=1 n=0 KeKp

(3) Control of R;i(¢): Recall that Ry (v)) = fOTfQ(n(H — mr(n(up)))0p de dt. Us-
ing the partition of unity property of the shape functlons7 we have n(up(x,t)) =
ZiI:l n(up(z,t))p;(x) for all @ € K, which in turn implies that that

I
/ﬂ<n<ah) - @)oo = 3 /S )~ 1, )0 d
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The conclusion follows readily since |n(a) — n(b)| < |a — b| and uy, is a discrete
function, i.e., the following inequality holds for all ¢ € [t t"*1): [ |up(x,t) —
up (@i, t)]|0p)(x, t)| dx < chi||Vup|lo k) |00 oo (ke x (#n 4nt1)) for all K € Ky, In
conclusion we have

N-1
Ri) 2 —eB 3 At 3 hiclblag IVuillz ).

n=0 KeKy,
(4) Now we conclude by combining all the above estimates

N—-1 I

Ry(y) + Ro(9) + Ry(9) = (L =) D > mr(UP, U)W

n=0 i=1

N-1
B ALY hilvlay

n=0 Keky,

Vup |l L1 (x)-

The conclusion follows by assuming that the CFL number, A, is small enough. O

4.5. Convergence estimates. The purpose of this section is to derive an error
estimate; this will be done by using Lemma A.2 together with Lemma 4.4. We
henceforth assume that ug € BV (Q) and that u} is evaluated so that

(4.14) luo — up || (o) < chlulpy(q).

We introduce three mutually exclusive assumptions that we henceforth refer to:
(H1), (H2), (H3). In the first case, (H1), we assume that there is a uniform BV bound
on the approximate solution uy, i.e., there is a uniform constant ¢ such that

N-1

(H1) SOAL DY hi|Vuplli ) < cTluolpvoy-
n=0 KeKy,

The proof of this estimate in one space dimension is standard and can be done by using
Harten’s Lemma [15, Lemma 2.2] (the details are left to the reader). We conjecture
that this estimate is true in every space dimension on fairly general meshes, but this
question is still open. In the second case, (H2), we assume that the flux does not
degenerate in the sense that there is a uniform constant o > 0 so that,

Hf’(.).n||Lm([umin7umax])

H2
( ) 0#n€eR? H’I’LH[z

> af,

where the L*-norm is defined in (3.6). In the third case, (H3), we introduce a
parameter o > 0 and we change the definition of the viscosity over each cell K € KCj,
so that the new viscosity is equal to max (v, a%), namely we modify (3.9) as follows:

(H3) v} — max (aﬁ s Ykes, Jx ||f’(Uh(~))~V90j(w)|Loo(K)%(w)dw)

hi i#ieT(K) *ZTCS”- br(v;,©;)

This assumption is pretty standard; for instance it is similar to assumption (2.4b) in
Cockburn and Gremaud [5], it is also similar to the fact that €; in (2.5) in [5] does
not vanish when 5 = 0.

We are in measure to state the main result of the paper.
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THEOREM 4.5 (L{°(LL) error estimate). In addition to (2.2), assume also that
ug € BV (Q), the discrete fluz is defined by (4.1) and the artificial viscosity is defined
by (3.9). Then, there exists a uniform constant Ao > 0 such that the following holds
for all A < \g:

(i) Under assumption (H1), there is a uniform constant ¢ such that

(4.15) (-, T) = @n (- T 1) < ch? /BT |uo| sy @)

(ii) Under assumption (H2) or (H3), there is a uniform constant ¢ such that
- Li~L 1 1 1
(16)  [u(T) — G Tl < chHOU (BT ol by o 1.

— 1 —
where |uf |, := (”“2”%2(9) - ||u2||2L2(Q))2 and T := \S%I Jov(x)de.
Proof. Owing to Lemma 4.3 and Lemma 4.4 it is legitimate to apply Lemma A.2
with o, =0, T, = tV and

N—-1
(4.17) Ar() =cBY At Y hillap IVup L),
n=0 KekKn

where we recall that N = N(T) is defined by T € [tIV,#¥*1). Then using Lemma A.2
and the BV bound on wg, we have |[ug — uon|| 11 () < ch|ug|py (o) and obtain

[u(,T) = an(-,T)|r () < c((e+ h)|uolpv(a) + A7)
and the rest of the proof consists of estimating
T
A* = sup Jo Jp AT(?) dy ds
0<T<T L's(T)

where ¢(x,y,t,s) := we(x — y)ws(t — s) has been defined in (A.2) and we denote
Ds(7) := [y ws(s)ds for any 7 > 0. From now on we assume that i < e.

Consider T € (0,7 and define N such that ¥ < T < t¥+1. We have that

)

N-1

T T
| [ As@ayds=cs Y At 3 hclVuiloe [ [ 1ol dyds.
0JD 0JD

n=0 KeK,

Recalling the definition ‘¢|AVII( = |vw¢|Loo(AK><[tn,tn+1]) + %|at¢|Loc(K><[tn’tn+l]),
and recalling that h < ¢, it can be shown that there is a uniform constant ¢ > 0 such
that

n+1

c t 1
. . n < — —
oy a < i [ [ (G108 4 Va0 v 9w,

forall0 <n < N — 1, which implies that

/ T/D|¢<~,y,-,s>

tn+1

c 7 1
—|op(x,y,t,s)| + ||Ved(x,y,t,s)|) dy ds dx dt.
s o L [ G sl 4 1Vao(e g5l dy

ar dyds <
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Now we evaluate [} [,,(1|0i6(@,y.t,5)| + | Vao(z,y.t,5)[|) dyds. Using that n <
N — 1, since Az involves a sum for n = 0 to n = N —1 (see (4.17)), we infer that
0 <" <t <t <N < T, which implies that 0 < ¢ < T. We then can apply

Lemma A.1 for all ¢ € [t", "]

Is(T)  ,Ts(T)

T
| [ Gyt + Va0t y.t o)l dyas < 240 4 o H2 <

This computation in turn implies that

T -
Ts(T

// 9.y, 8)|ap dyds < ¢ s ).
0/p €

Using the above bound, we estimate fOT Jp Az (¢) dy ds for T € (0,77 as follows:

N-1

2 o Ts(D)
/O/DAT(qb)dydschZAt S el Vg iy -2

n=0 Keky

Therefore, we obtain that for any T 0<T< T, we have

> hlIVup o s)-
KeK,

fOfD ~(¢) dy ds EN
T5(T) € ng

In conclusion, taking the supremum over Te [0,T], we infer that

N-1
* ¢ n
(418) A < feﬁ E At E hK||Vuh||L1(K).

n=0 KeKy,

We finish the proof of the theorem by bounding the right-hand side of (4.18) in each

of the three cases (H1),(H2) and (H3).
(1) Assumption (H1): Using (H1) we infer that

. _C
AT < ?ﬁhT|UO|BV(Q)~

Then we have

i hBT
lu(-,T) = an(-, T)|lL1 () < c((e+ h)|uolpv(a) + T|u0|BV(Q))-

It possible to optimize the choice of € in the above estimate. We choose €2

which implies that

Ju(-, T) = an (- T)| 1) < eVhy/BT|uo| v (a)

This proves the error estimate in the case of assumption (H1), see (4.15).

(2) Assumption (H2) or (H3): The L%-estimate (3.12) implies that

N-1
Z At Z vicbi (up,up) < ||U2||f‘i - ||“h ||z2
n

KeKp

= BAT
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Recall that @) := ﬁ fQ u% (z)dx. Using the mass conservation property of the
method, [, uf(x)dx = [, up (x)dx, we have that
=012 __ —0\2 N |12
HUhHei = 1Q|(uy)” < [lup ||zi

Using the above and the fact that uj is orthogonal to u) — u§) with respect to both
the L2(£2) and ¢7 scalar products, we obtain

SO ALY vichic(up i) < sl — e < el — @115 = luf - 7%
n=0 Keky
< clluf — @120y = ¢ (I l320) — 1TM32(e)) -

This bound together with (2.14) implies that there are uniform constants ¢,¢’ > 0
such that

N-1
c BZAtZ hyclIVup ey < DAY S vichic(upt up) < e(lupl|7z0) = 18017 2(0))
n=0 KeKj n=0 KeKj

where we used that each of the assumptions (H2) and (H3) implies that there is ¢’/ > 0
such that vy, > "3 o8 Tt is then possible to estimate Z At Yo rei,PrlVug o x
n (4.18). We have "that

ZAt > hi||Vupllp ) = ZAt ZhK/ |Vull| dee

Kekp KEIC}L
(Zm 3 hKK|> (Zm ZhK/ |vu22dm>
KeKp KeKy
< Ch§6_§T§|Q‘§(||uh||L2(Q) — @727,

which in turn implies that

« _ C 1 1 1
AT < —|QRz (B T)z (lupllF2(q) — TR l1720))2 -
Then we have

Q| (BT)2
€

[u(, T)=an (- T) L1 < e((e+h)|uol By )+ (lep 720y = IR 12 ) %),

which after optimizing € gives
- 1,1 1 1 _ 1
|u(-,T) = tn(-, T)|lL1 () < ch?|Q2(BT)1 |UO|J§V(Q)(HU2H%2(Q) - ||u2||2L2(Q))4

Recalling the definition |uf |, := (||u2||2L2(Q) - HH?LHQLZ(Q))%, we finally obtain

~ 1 1 1 1 1
la(- ) = (- T) sy < hF QU (BT)E |3y g luf .

This concludes the proof. O

Remark 4.3. (Higher-order approzimation) The method described in this paper
(see (3.7)) is only first-order, but the proposed methodology can be modified to make
it formally second-order as shown in Guermond et al. [14]. The main idea consists of
combining the present first-order method and a high-order entropy viscosity method
(see Guermond et al. [13]) by using the flux correction technique of Boris-Book—
Zalesak, (see Boris and Book [1], Zalesak [19]).
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Appendix A. Kruzkov estimates revisited. We revisit general results es-
tablished in Proposition 3.1 from Cockburn et al. [7], Lemma 3.1 from Cockburn and
Gremaud [5], Proposition 5.3 from Cockburn and Gremaud [6], and Proposition 3.18
from Holden and Risebro [16]. The route that we follow consists of reformulating
Kuznecov’s Lemma (see Lemma 2, p. 1492, in Kuznecov [18]) in the spirit of Bouchut
and Perthame [2, Thm 2.1] using a Gronwall type argument from [5, Prop 6.2] and
[6, Lemma 5.4]. Our objective is to reduce the establishing of an a priori estimate
to that of entropy inequalities using only the Kruzkov entropy family, i.e., we do not
want to invoke smooth entropies and to deal with the associated loss of symmetry
of the entropy flux. Theorem 2.1 from [2] is not sufficient for this purpose since it
requires an a priori bound on the BV-norm of the approximate solution. The results
[7, Proposition 3.1], [5, Lemma 3.1] and [6, Proposition 5.3] are not appropriate either
since they mix the error estimation with the proof of the entropy inequalities, making
the technique very difficult to follow and to apply (at least to us). The main result
of this section is Lemma A.2.

We introduce 6 > 0 and € = 3§, and we define two mollifiers ws and w,

= [t| <6
34 -

(A1) ws(t) == 22 <] <26,  we(z) =T we(x), @:=(21,...,2q).
0 otherwise,

Now, following an idea of Kruzkov [17] we define
(A.2) d(x,y,t,5) = w(x — y)ws(t — s), Y(y,s) € Dx[0,T].

Moreover, as done in Cockburn and Gremaud [6, 5], we set I's(t) := fg ws(s)ds.
LEMMA A.1. Therec > 0, uniform, such that the following holds for allt € [0, T):

T
(A.3) /0 lws(s —t)|ds < ¢ Fé((ST),
1 T
(A.4) STo(T) g/o ws(s — t)ds < 2T5(T).

Proof. It can be shown that 5f0T lws(s —t)|ds < 2f0T |was(s — t)| ds, which in
turn implies that

5/OT|wg<s_t>|dsg2</Otw%(s_t)ds+/fw%(s_t>ds)

< 2(Pas(t) + Tos(T — 1)) < Al9s(T).

We conclude by showing that there is a uniform constant ¢ so that I'ys(T) < c's(T).

The details are omitted. This proves (A.3). The two inequalities in (A.4) are a
T

consequence of fOT ws(s —t)ds = Ts(t) + Ts(T — t) and [1 ws(s)ds < Jo? ws(s)ds. O

LEMMA A.2. Assume (2.2) and up € BV (). Let up, : Dx[0,T] — R be an

approzimate solution of (2.1) as defined in §4.1 with T € [0, Tmax]. Assume that
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the following holds for all k € [umin, Umax] and all non-negative Lipschitz function
compactly supported in Dx|[0,T):

T
A5) - / / ([T — HOw + sgn(@n — K)(F (@) — £(£))-V9) de dt
0JD
o (@ T) = B T ey — Ien (@5 0) — K)nth (o om)) s < Ar(e),

where || - || is defined in (2.7), |T — Tl < yAL, |0 — op| < yAt, where v > 0 is a
uniform constant, and Ar(v) is a bounded functional on Lipschitz functions. Then
the following estimate holds

(A.6) Ilu(T) = (- Tl ey < e (luo — uf o1y + (€ + b+ BAD o vy +A°).

T = s
where A* := sup, 7. p % and ¢ is defined in (A.2).
S4s 5

Proof. Following the work of Kruzkov [17] and Kuznecov [18], we are going to
establish the error estimate by using the technique of the doubling of the variables.
Let (y,s) € Dx[0,T] and let us set k = u(y, s) in (A.5), note that this is legitimate
since Umin < u(Y,t) < Umax, then (A.5) implies that

T
= [ (=t 0000+ s — uty ) (F @) — Fluly,9))50) dwa

+ lmn (@ (- 1)) = uly, ))ant (- 1)) g |0t < Ar(¥).

Now we introduce € > 0, 6 := €/, and we set ¥ (x,t) = w(x — Yy)we(t — s) where w,
and ws are the two mollifiers introduced in (A.1). We now select 1 so that i(z,t) :=
o(x,y,t,s) where the function ¢ has been defined in (A.2). From now on we replace
Ar () by Ar(¢) to account for the presence of the two new parameters (y,s) €
Dx[0,T]. We now integrate with respect to (y,s) over Dx[0,T],

T T
—//// (Jan — u|0¢¢ + sgu(tn — u)(f(un) — f(u))-Va¢) dzdtdy ds
0JDJ0OJD
T T
[ (@) =ty pmot v Ts) lydyas T < [ Ar(@)ayas

Moreover, u being the entropy solution to (2.1) implies that

T
— [ 0k = (. 5)10.0 + s — . ) (F8) = Fu(y.)) Ty 0) dy s
+ 1k = (-, T)OC, T)ll2r 0y — I(k = u(:,0))0(,0)[|L1(p) <0,
for any § € W1°(Dx[0,T];RT). Now we choose 0(y,s) := wc(x — y)ws(t — s5) =

d(x,y,t,s) and k := Up(x,t) where (x,t) € Dx|[0,T], and we integrate with respect
to (x,t) over Dx[0,T],

T T
= [ ] G =100+ st — w(# @) ~ £(0)¥y0) dzdtay ds
0/JDJOJD

T
/O/D”Wh(f”vf) )@, 7)oy | Tt < 0,
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Upon observing that ¢y = —¢, and Vg¢ = —Vy ¢, (this is the decisive observation),
the above arguments imply that

Ev(Th) — (o) + Ea(T) — Ex(0) < / /D Ar(6) dy ds,

where Ey(op), E1(Th) and Ea(1), 7 € {0,T}, are defined as follows:
T
Vim [ I (@00 = g 50 ) gy s
T
Vo= [ 1@ T) =t ) R0, T )y dy .
T
= [ 1@t =ttt s e,

We are going to estimate F1 (o) and Ey (Ty) by invoking the decomposition @y, (a;, 0)—
u(y, s) = un(a;,0) — Tpu(a;, 0) + Tru(a;, 0) — u(y,0) + u(y,0) — u(y, s). For Ey(on)
we are going to use |up(a;,0) — u(y,s)| < |up(a;,0) — Trula;, 0)] + |Thu(a;, 0) —
u(y,0)| + |u(y, 0) — u(y, s)| and for E4(Ty) we are going to use |up(a;,0) —u(y, s)| >
[ (a;,0) — Thu(a;, 0)| — |Tru(as, 0) — u(y,0)| — |u(y, 0) — u(y, s)|, yielding for both
cases

E11(Th) = Er2(Th) — E13(Th) < E1(Th), Ei(on) < Evi(on) + Ei2(on) + Ei3(on).

We start by estimating Eq1(op), F12(on) and Ei3(op). Using the definition of
the ¢} -norm and that of the operator 7, we deduce that

Eyi(on) // Zmz\uh (@i, 0) — mpu(a;, 0 |7/ ¢(z,y,0n, 8)pi(z) dzdy ds

- ; [ (a;, 0) — Thul(a;, 0)] /O/D (/D &(z,y,0n,s) dy) ©i(z)dz ds
! T
= 3 mifin(a0.0) = Fnu(as )] | wils = 1) ds = s (1)l )1y

where we have defined e(x, 7) := up(x,7) — Tpu(x, 7) and T's (T') := fOT ws(s—7)dt
for any 7 > 0. Lemma A.1 implies that

Evi(on) < 205(T) le(-, 0)]l

We now estimate E13(0p,) as follows

Exa(on) // Zmzmu a:.0) = u(@.0) = [ oz v 01,90 (=) dzdy ds

*F(;O'h /

w(w, 0) — u(y, 0))p: (w) dw\ o o) sy

’LU 0)_u(y70))(p1( )we(z_y)(ﬂz< )dZd’LU d .
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The triangle inequality yields

I
Brofow) < 205(T) [ 3= [ [ fu(w.0) — u(z.0)] s (w)e (2 p)ou(z) dz dw g

aTy(T) /D Z,jl /D /D (2, 0) — u(y, 0)] i (w)we (= — y)pi(2) dz duw dy.

Let us denote by I's(T)E$,(0) and T's(T)E?%(0) the two terms in the right-hand side
of the above inequality. For any fixed 7 > 0, a standard approximation result on BV
functions gives

EL(r <Zml/ / lu(w, 7) — ulz, 7)|ps(w)pi(z) dz du

=1
1
1
SZE/ / lu(w, ) —u(z T)|dzdw<z \[\Q (-, 7 T)lBvQo
i=1

where Q; is the smallest cube that contains S;, see Cohen et al. [8, (2.13)]. Moreover,
the mesh regularity assumption implies that there is a uniform constant ¢ such that
|Qi] < ¢m; and \Qiﬁ < ch, thereby implying that

Eiy (1) < chz lu(-, )| Bv(Q,) < ¢ "hlu(-, T BV Q)

We finally obtain El,(7) < chlug|py(a), since it is known that |u(-,7)|pv @) <
luo| By () for any 7 > 0. Let us now estimate Ey(7). We have

E12 7) —u(y, 7))w (2 — y)pi(z) dz| dy

< /D ; /D |u(z,7) —u(y, 7)|we(z — y)pi(z) dz dy

= / u(z,7) — u(y, 7)|we(z —y)dzdy = / lu(z,7) = u(z — w,7)|we(w) dz dw
DxD DxD

_ /ws(w) sup / fu(z,7) — ulz — y, 7)) dz dw < celu(, 7| mvay < Celuolzvie
D [lylleoe <2e J D

We infer that Eia(7) < T's(T)c(e + h)|uo|pyv (o) for any 7 > 0. Next, we estimate
E13(0p) by invoking the Lipschitz continuity in time of the exact solution wu, i.e.,
lu(-,t) — u(-, s)llr(py < Bluolpv ()|t — 5| (see Holden and Risebro [16, Thm 2.14]):

Buon) = [ [ zmzwu 0.0~ uly. 9= [ oz y.0n9)0(z) dzdyds
T
— [ ] 1u(0.0) = uty. ls(on — ) dy as
0JD

T
= / lu(-,0) —u(-, 8)||Lr (pyws(on — s) ds < 2T's(T)B(26 + yAL)|uo| gy (0)-
0



26 J.L. GUERMOND, B. POPOV

Note that here we used the assumption o, < yAt and |s — op| < 24. In conclusion,
(A7) Er(on) < Evi(on) + cDs(T)(h + BAL + €)|uo| sy ()

where recall that F11(op) < 2F5(T)||e(-,0)||¢]1b.
We estimate the term F4(7) in the same way as we did for E;(op) and we obtain
the following bound:

(AS) E11(771) — CP&(T)(}L —+ 5At + €)|UO|BV(Q) S E1 (n),

where Ey1(Th) i= T (T)lle( Tl and AT5(D)le(,T)llg < Fui(Th) owing to
Lemma A.1 again.

We now estimate Fs(7) for 7 € {0,T} by invoking the decomposition @y (x,t) —
w(y, ) = up(x, t) — Tpulx, t) + Tpu(e, t) — u(y, t) + u(y, t) — u(y, 7) and by applying
the triangle inequality: |Ea(7) — Eo1(7)| < Eo92(7) + E23(7). For E5(T') we are going
to use Eq(T) > Eo1(T) — Eaa(T) — Eq3(T') and for E5(0) we are going to use E(0) <
E91(T) + E9(T) + Ea3(T). The definition of Eoq(7) implies that

T
Eo (1) = ; D|ﬂh(m,t)—ﬁhu(m,tﬂ/D(b(:c,y,t,T) dy dx dt

T
= [ et yustr )t
0

We now estimate Eaz(T)

Baa(r // / Thu(e,t) —u(y, t)|é(z, y,t,7) dy da dt
T
= /o/p /D(m“(m’t) —u(x, t)| + |u(z,t) — u(y, t))p(z,y.t,7) dy dz dt

< TS s [l blmvio) + Ts(T) s [ Ju(e,t) - ule - w, 0w, (w) do dw
0<t<T 0<t<T JDxD

< els(T) (e + h)uol By (a)-
We finish with Ea3(7), and we have

Baa(r ///\“ Yy, 1) —u(y, 7)|o(z, y, 1, 7) dy dee dt
:/OT/D;WU y,t) —u(y,T If/ ?(z,y,7,8)pi(z) dzdy ds

-/ /D Ju(y, ™) — u(y, s (r — 5) dy ds

T
_ / lu(-,7) — ules )l L oyws(r — ) ds < 205(T) B8 ulsv
0

In conclusion |Ey(7) — E21(7)| < eT's(T)(h + €)|uo| gy (q), thereby implying that
T

(A.9) / leC Ol (pyws(T = t) dt — eTs(T)(h + €)luo| By () < Ea(T),
0

T
(A.10) E5(0) S/O leC, )Ly pyws(t) dt + ¢ Ts(T)(h + €)|uol By (o)-
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We now combine all the above estimates for Fy (o), E1(Tr), F2(0), and E2(T),
ie, (A.7), (A.8), (A.9), (A.10), to infer that

1 T
SLa(MleC Tl +/O leC, )l 1 pyws(T — ) dt < 2T5(T)]le(-, 0) |y

T T
ﬁ/Hdﬁprdeﬁ+dﬂﬂ&+BN+%WMmmn+//Awwmwh
0 0JD

Since e(-,t) € Xp, 0 <t < T, and the discrete norm || - ||, is equivalent to the L
norm, there are uniform constants a,a’ > 0 such that alle(-,T)| 11 (p) < %He(-,T)H@}
and 2|le(-,0)[lp < a’[le(+,0)|[r1(p), thereby implying that

aT5(T) e Hmm+/” Do w(—t&</H Ol oyws (t) dt,
(a'|le(-,0) |1 (py + (e + BAL + h)|uo| pv () + A¥),

T = C S .
where recall that we have defined A* := sup,_7_ f"ff’;\# Using Lemma A.3
SEs 5

with 0(t) = [le(t)|z1(py and b= a' [le(-,0)[| L1 (p)y + ¢ (e + BAL + h)|uo| pv (o) + A*, we
finally conclude that

e(T) < max(1,d’, ) c(a)(lle(:, 0)l|L1(p) + (€ + BAL + h)|uo| pv (o) + A").

This completes the proof. O

The following lemma, which is a Gronwall-type estimate, is inspired from an
argument invoked in Cockburn and Gremaud [5, Prop 6.2], Cockburn and Gremaud
[6, Lemma 5.4], (see also Holden and Risebro [16, Lemma 3.17]). This result is
essential to complete the proof of Lemma A.2.

LEMMA A.3 (Gronwall). Let 6 : [0,Tmax] — Ry be a non-negative bounded
function and assume that there exist a > 0 and b > 0 such that the following holds for
all T € [0, Trax]:

T T
(A11)  aTs(T)O(T) + /O 0(r)ws (T — 7) dr < bTs(T) + /0 0(r)uws (7) dr

then there is c(a) such that 8(T) < be(a) for all T € [0, Tiax] and all § > 0.

Proof. We consider three cases: T € [0,d], T € (4,26] and T > 2§. Assume first
that T' € [0,6]. The definition of the kernel ws implies that w(t) = w(T — t) for all
t € [0,T]. As a result, (A.11) implies that §(T) < 2 if T € [0,6]. Assume now that
T € (6,25]. Then observing that 3 < T'5(T) < &, we have

T
) - g < /O 0(r) (ws(r) — ws(T — 7)), dr

) T
g/o 0(r) (ws(7)), dr+/5 0(r) (ws(r) — ws(T — 7)), dr.

Now we use that ws(r) = % when 0 < ¢t < § and ws(7) — ws(T — 7) < 0 when
d <t <24, and using the bound already established above on 6(¢) for 0 <t < § we
obtain that

b
< —.
o(T) — 3

1\3\@

a
3
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In conclusion (T) < 22(1 + L), Finally let assume that T > 26; then using (A.11)
we infer that

a b T b 26 b 3,1 1.1
hd < - = s; G133
5 0(T) < 5 +/O 0(r)ws(r)dr = 5 +/0 O(r)ws(r)dr < 5+ 5+ 37)3

giving the estimate 6(7) < 2(1+ 2 4+ L) for all T > 25. This completes the proof

with ¢(a) = Imax(1+ 2 + 5,2
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