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CHAPTER 14: Apportionment
14.1 The Apportionment Problem

An apportionment problem is to round a set of fractions so their sum is
maintained at its original value.

The rounding procedure used in an apportionment problem is called an
apportionment method.

The total population, p, divided by the house size, £, is called the standard

divisor, s. s=2

h
A group’s quota g; is the group’s population, p;, divided by the standard
divisor, s. q, = Ll

Different apportionment methods will use different rounding rules.

When q is not already an integer, there are multiple ways to round.
e Round g up to the next integer, fq]

e Round g down to the previous integer, LqJ

e Round to the nearest integer, [q]. If g is halfway to the next integer or
larger, round up to the next integer. Otherwise, round down to the
previous integer.

e Round according to the geometric mean. The geometric mean of |q|

and [q] is ¢* = /|lqllq]. If g is equal to or larger than g*, round up to
the next integer. Otherwise, round down to the previous integer.
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14.2 Hamilton Method

Step1 Compute the standard divisor.

Step 2 Compute the quota for each “state” (group).

Step3 Round each quota down.

Step4  Calculate the number of seats left to be assigned.

Step S  Assign the remaining seats to the states with the largest
fractional part of g.
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Three friends, Amy, Ben, and Cathy own businesses and decided to pool
their resources to buy a “box’ with 38 seats at a local sporting event. Use
the Hamilton method to apportion the 38 seats if Amy pays $6200,

Ben pays $1200, and Cathy pays $10,300.

S

1
. /7137;)?% - 54/4,5, 29 persr Largest :\/ad}m,/
Li“l C‘C/’J(J)‘ te arxr ;ﬁ)(c ej
o Rounded Hamilton
Person | Contribution q quota |/Apportionment
Gdoo
Amy $6200 | w50y ~ 139177, ] 3 /3
200 ' Tl
Ben §1200 | fesor X 28263, 7L 3
(G3% . 192130
Cathy $10300 | Yorvr 2202 2 d
TOTAL |7 900 37 38
3§37~

| Sead [eRT tegive
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After Amy, Ben, and Cathy apportioned the tickets, they found out that
there are actually 39 seats in the box. Reapportion the 39 tickets using the

Hamilton method.

¢
17700 _ 3, _
1779« Ys53.65 /.,

La]

(5 - 37 seuts

Person | Contribution ) q Rgilgfaed Apll;l(?rrgi)lgr);lent
Amy $6200 %%v cae) )3 /Y
Ben $1200 %ﬁf ~ et o L
Cathy $10300 | 575 226277 | A2 e
TOTAL | /7, 77 37 37

39-37-°

2 Seals [eP# tfo Gur/sn
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Example
A committee was forming to represent all four towns in the county. The

population of each town is given below. If there are 79 representatives,
how many representatives does each town receive

\——5;’% 2T 28,3 599 pri /o] Lacgesr P !
POPUIati(h?%L 9 Rglflgfae ‘ Apll;lt?rrgi)l;[](r);lent

32,300 [pow = 38879 | 35 [0 39

18,640 225028 | LA " A3

14,300 17.2¢3), | 17 I/

200 0.4, | ¢ v

G540 | 77| s

9-99= 2 rep (eFF to ol sphere
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14.3 and 14.4 Divisor Methods and Which Method is Best

We have used the standard divisor, s, to represent the average district
population. We will use s for all apportionment methods to calculate the
quota.

The divisor methods will also use an adjusted divisor, d, to calculate an
adjusted quota. The adjusted quota combined with the appropriate
rounding rules for each method will give the final apportionment for
divisor methods.

Jefferson Method

Step1 Compute the standard divisor.

Step 2  Compute the quota for each “state” (group).

Step3 Round each quota down.

Step 4  If the total number of seats is not correct, call the current

apportionment N, and find new divisors,|d; = NI-J-Ii-l that
L

correspond to giving each state one more seat.

Step 5  Assign a seat to the state with the /argest d. (Notice that divisor
methods look at the entire number of d rather than the fractional
part of the number.)

Repeat Steps 4 and 5 until the total number of seats is correct. The last d;
used is the adjusted divisor, d.
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Let’s use a different apportionment method to split the original 38 seats in
the box. Use the Jefferson method to distribute the seats.

17,700

s = ~ 465.789474 N mpﬁ 1L
L Cfrs sw)
Lij N 1l
Rounde Jefferson
Person Cont. d quota d; App.
290 4
3l N Y9286
Amy $6200 | 13.3107 | |3 /3
|00
2+
Ben $1200 | 2.5763 A Yoo .20 L
/03010 d//
At R it
Cathy | $10,300 | 22.1130 | & @ 3
ToTaL | $17,700 37 38
_ _ .
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v 2t y
d= Y47 50 prpeadof S Fe Comp T A wlere
Z{' yag use ‘}‘A/-J cra(J MJrc‘/( ”(:/Va/{r;; /(,./ou/ rourd Te th Cindl q//&r)’/&nﬁ(«)‘
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e (00 Y253 T Cors
25
qul‘/ (0,300 < 4\/7@\“/\34( dighs 7
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Example
Also, use the Jefferson method to apportion the 79 representatives to the
towns.

D(5ye0 35 y132 Largestd La sy
= g S e Je
< Ls] 4 N+ f/
LE Rounded Next Jefferson
S . .
Town Pop. PSgq quota _ d; \/ App. : Noeoxt d; App.
af/"\ 3 >
38+ i 57;’;7”
A 32,300 35920, 3¢ 2.2/ 57 39
[g€92 l

5o o
B 18,640 [22.5039 . d o VJ\L@ e

(1309
C 14,300 |/722¢31] |7/ . /ﬂ )/7

0941

> ;20'0

TOTAL | (5 497 77 7% 77

/77‘77: Q Jeals K Pr 7“60(/}7‘/{447“! .
Must Aisteribags anc al ¢ it becawse st
Rer Sanc fowa 7‘oyc7 belh Seqrs.

D 200 |o0-241Y 0 K ]Z 0 0

- /a.cr/ ble

d= 9010
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Webster Method

<" (Step1  Compute the standard divisor.

for

‘*(\\k\ iStep 2 Compute the quota for each “state” (group). y

" s 2 ]
Step 3 Round each quota 7o the nearest integer. ) I

3 Sy
}/

Step 4  If the total number of seats is not correct, call the current
apportionment N, and find new divisors.

If the number of seats needs to increase, use d;f = ﬁ.
i .
- Pi
If the number of seats needs to decrease, use d; = N-—105'
1~ Y

Step 5  Adjust the seats according to 4.
If the number of seats needs to increase, assign a seat to the state
with the largest d;'.
If the number of seats needs to decrease, remove a seat from the
state with the smallest d; .
Repeat Steps 4 and 5 until the total number of seats is correct.
The last d; used is the adjusted divisor, d.
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Example
Use the Webster method to distribute the 39 box seats.

_ 17,700

720 ~ 453.846154 1 e
[?] &{ = yoos el /(/‘\\
Rounded Webster
feon | Cont. | ¢ quota | @ . App.
6Quo
R Y53 9¢
Amy | $6200 | 136610 | Y |77 /Y
/32?00,5‘9‘ 1go j
Ben $1200 | 2.6441 3
-/
Cathy | $10,300 | 22.6949 Q;Z
TOTAL | $17,700 ) Yo 39
37~ Yo=l
Se reme

d = Lfg??g

10
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Example
Use the Webster method to apportion the 79 representatives.
G 5 / Y4o

L] | |
. Rounded Webster
Reglon Pop. quota d; App.
srige
228138
Town A | 32,300 3 i
3%.7930
Town B 18,640 Q 3
22.503y
Town C | 14,300 } ’7
)7.2¢3)
TownD | 200 ()
o414
TOTAL @j‘lwo 7 ?
% Ve qo(\) wrtmet Mesded

g= QU8-D5 443

11
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Example
Use the Webster method to apportion the representatives if they decided to

only have 78 representatives.

__ 65,440

e 838.974359

-f _ ﬂ EX%/M Seas
[?J d/(. - /V -)—05 ‘7‘70‘ Fo fown L«/

/4 s5est A,
Region P Rounded d. Webster ‘
& _ op- quota | t . App.
Bea il

TownA | 32,300 38.4994| J g | 507 o 9 9

TownB | 18,640 222176 )2 )
B8, 4yvy

Town C | 14,300 (.0446 [/ | /7
G119 2 9

TownD | 200 | 02384 O 0

Yoo
TOTAL 65,44(% 7 7 /7%

2%-77=( _
/VLCJ ont met rep te 67)0,0'9"7("’7

d= Iy %lo

12
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Hill-Huntington Method
The Hill-Huntington method does a great job of keeping the relative

apportionment e
pp—) and district

differences of representative share (i.e., :
population

population

population (i.e., ) stable between states. It also ensures that

apportionment
every group gets at least one representative, so it favors small states. Since
1941, the Hill-Huntington method with a house size of 435 has been used
to apportion the House of Representatives.
Lorall mthods

SG\N tep1 Compute the standard divisor.
Step 2  Compute the quota for each “state” (group).
Step3 Round each quota according to the geometric mean of |q| and

[ql, a" = y/lallql.
Step 4  If the total number of seats is not correct, call the current
apportionment N, and find new divisors.

If the number of seats needs to increase, use d;f = \/ﬁ.
iV

- Pi
If the number of seats needs to decrease, use d; = NG
Step 5  Adjust the seats according to d.
If the number of seats needs to increase, assign a seat to the state
with the largest d;.
If the number of seats needs to decrease, remove a seat from the
state with the smallest d; .
Repeat Steps 4 and 5 until the total number of seats 1s correct.

The last d; used is the adjusted divisor, d.
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Example
Use the Hill-Huntington method to distribute the 39 box seats.

= 170 ~ 453.846154
/V UL’ = % Ve mevt
Y 0/ Se
* Rounded HH »
Person | Cont. q q quota d; APD.  |omatis
39 2> |6292 £~
Amy $6200 | 13.6610 so /57 ﬁ@/f /L/
13207 19 |ysaso

J2:3 = 7 T 2
Ben $1200 | 2.6441 /56717 3
244 % 3 Y39, 70

[22:334 979 |52 A1~

T, ./23 50
Cath $10,300 | 22.6949 ’
Y 2979y A3 (Q A

TOTAL $l7 700

3?-70:'/

Se Vlr<7/f0
emolt & Scend

d= Y457 %9
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The friends decided to give 4 tickets to mutual friends. Use the Hill-
Huntington method to distribute remaining 35 box seats.

__ 17,700

s =22~ 505.714 OQ*/ pol— .
.= +
Ls] 4] 4 V(Y E?Z;
N Rounded HH te
Person Cont. q q quota d; App. Cj"’“
1213 = | § < gX | caoo /:;
o D
Amy $6200 | 12.2599 So Lo 12D /% L
12.9700] |9 124964 .
./2,3 'j <2%'1200 '
Ben $1200 | 23729 |4 yygo se Lyl faar ) 02
’ oL = Y97, %0
Jaoar |9 <g¥ |30 |+
pre)!
Cathy | $10,300 20.3672 eyl |Vl A |
20.%937| Q0 50057
TotaL | $17,700 24 35
35-39~1 _
fickef (cF T Fe a/,/.//f(m
q 57).51

15
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Example
Use Hill-Huntington to distribute the 78 county representatives.
= 272 ~ 838.974359 Y pel
i di J//// emove
_ . Rounded HH from
Region Pop. 9 quota di App. 7:;2
1/38'3?? g2 9% |333%2 | ot
Town A | 32,300 | 38.4994 /27 | [5G A"
4

3%.49%3 3‘7/.
m?\ i<27< 8§64

TownB | 18,640 | 22.2176 se L5) W A
2G99y | Q| *Ee2.2]

[P = | 2<5% |12
Town C | 14,300 | [7.0446 seted /0@ [7)
[2.9529 |7 % F6os

‘/O_/,;\ i>9{7\00

s (37 /107 (
O { (4,\4(610;/\*-’0(
TOTAL | 65,14 77 /75/
| | | %07 |

S aecd fo remaove G 7CF

Town D 200 | 0.2384

16
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A paradox 1s a statement that is seemingly contradictory or opposed to
common sense and yet is perhaps true.

Possible Issues - Alabama Paradox (Section 14.2)

The Alabama paradox occurs when a state loses a seat as the result of an

increase in the house size.

Example

Use the information from pages 3 and 4 to see how many seats Amy, Ben,
and Cathy received when they thought there were 38 tickets and when
they thought there were 39 tickets in the box using the Hamilton method.

p Contributi 38 tickets Hamilton | 39 ticket Hamilton
erson ontrbution Apportionment Apportionment
3 ,, .
Amy $6200 / |4 9
Ben $1200 3 L o
Cathy $10,300 LA 23
TOTAL DR'Y 39

What information tells you that the Alabama paradox occurred in this

example?

W hta fl\cy jaf Qm \‘e)({"o/

Ee/\ fQC(Vﬂ'/( e

I gy e Yo a('/ffnéw;

er 7</\C/<c/7:5’ ‘/\47}7 46 had é{ﬂa/e_

17
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Possible Issues - Population Paradox (Section 14.2)
Consider two numbers, 4 and B, where 4 > B.
The absolute difference between the two numbers is 4 - B

The relative difference between the two numbers is x100%

The population paradox occurs when there are a fixed number of seats
and a reapportionment causes a state to lose a seat to another state even
though the percent increase in the population of the state that loses the seat
1s larger than the percent increase of the state that wins the seat.

November 25, 2019

18
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Example
We have 100 council members to apportion to four districts. The

population and the Hamilton Apportionment are given for the previous R
census and for the latest census. Abs AEE_ xloo /o

S ma (<7
o Prev. | Latest Prev. | Latest Absolute Relative
District Ham. | Ham ] .
Pop. Pop App. | App Difference Difference
2§90 ~ A79¢Co 6 yo 1007 =
North | 27,460 28,140 42 43 | - A Go 2)46o
2.976 7
179 s5o-17250 .09 xfo0 =
South | 17,250 | 17,450 27 26 : V00 12159
[./5F 7
/?330~I‘7o?/0 1’&20 x(co A
East |19,210 19,330 30 29 | = /a0 198! 3
C-6AY7 /&
|ooeo = VA, e X/ao'%f‘«
West | 1000 | 990 1 2 _p 77 .
[.elol7

Wj:f ﬁ‘cfw///\/ \/

(o5 /06’0/'0/2

Did the population paradox occur? YU

Explain what information helped you determine whether or not the

population paradox occurred.
50\41‘&\ a~d Eusr [)a/“l\ /”Jf a JScel tven 7\4':‘2/4 7L4(7 é&fz 44/4 /(/JN_
f(/{qrfvf Tncrease ‘r/mr\ WQ‘;‘- (,\/110 qu\ﬂe/ q&évr?(,

(En Eect, West even lost poplation beliguined )

19
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Possible Issues — New States Paradox (Section 14.2)

The new states paradox occurs in a reapportionment in which an increase
in the total number of states (with a proportionate increase in
representatives) causes a shift in the apportionment of existing states.

Example
A country has two states, Solid and Liquid. Use Hamilton’s method to

apportion 12 seats for their congress

493,955

s = "T = /C779.55
L]
State | Population g Rounded Hamilton

quota | Apportionment

199,879

____\ ~ . 7:_/
Solid 144,899 | ¢777F 8044, % ?

Shere
Liquid 59,096 | (775 77158 ] 176, \3 3

TOTAL | 203 795 [ [

| S [e £F
{1 ’ { eg{ff/"‘/WV

Another state, Plasma, wants to join. If there are 38,240 people in that
state, how many representatives should they receive?

B 35299 L 005 se wo will atd L s
S [6552.56

20
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Use Hamilton’s method to apportion the seats for their congress (the 12
original seats plus the 4dditional seats that were added when Plasma

joined).
_2Wpss | QY32 o g,
1212 1y
R
origing v Ls]
Stat Populati PP Rounded | Hamilton
ate opuiation |- 5 9 quota | Apportionment
199577 . 8
Solid 144,899 | 93925 3 % (5
_ +
Liquid | 59,096 2. s 3 Y
Plasma 38,240 Q : M 2 ;2
TOTAL| 242 235 |3 [
' 1Y=13=]

[<FF tfo q//&/fls’b)
What information tells you that the new states paradox occurred in this

example? ’
e cdded a new stare (Plarns) and she properhionste agube  or

/67{) /Qjc,\‘/‘qf/\w;/ éa]‘ o S FakC [Sc///) ]_iij‘_@ ge " [, 7‘4(’//0::(‘0‘3,
whe ew ofare was Ao A

TAC CX/3f;Aj Q//)a/ffawa SAifred whea
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Possible Issues — Quota Condition (Section 14.3)

Example
A school offers four different art classes with the enrollments shown

below. Ten new teachers will be hired according to an apportionment
using Jefferson’s method. Determine who gets the new teachers.

November 25, 2019

_ 77 iea Moo, o
L‘ZJ o')gj'%) o L OL /V + . ;
ﬁ;geﬂj _ _ _ ij _ (,4/5,\;;‘”(/;_ La ’jr.y/'p(#‘
~d Jida Rounded Next Jefferson
C\ﬁ %“*gifs il K quta | App. | N | App,
G 27" | Ceramics 785 7% Q ¢+l g 7 7+ 8
7 C.5%6 112,14 7803
Paintin 152 . [+ } /
A : |25 J 26 ¢
| o ) [Go
F o |
Dance 160
oL [. YA So yo
o 15:—/ =
Theatre 95 0 - O
{ ’ 0. 77 7 0 95’ ?5
roraL | || 74 7 7 /O

(O0~-5=7%

Scafs |eff toappericen
The quota condition says that the number assigned to each represented
unit must be the standard quota, g, rounded up or rounded down.

What information tells you that the quota condition was violated in this
example? T)e Aumbir o Scats For Ceramiy S

/q/j@, ﬁéqn /\Z‘ 7

22
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Comparing Methods
Balinski and Young found that no apportionment method that satisfies the
quota condition is free of paradoxes.
e Divisor methods are free of the paradoxes, but they can violate the
quota condition. Ther rs why Fhey can ©aly add or¢ Seer aF & Fimr.
e Hamilton’s method may have paradoxes but does not violate the
quota condition.

Sample Exam questions

Sample exam questions are likely to focus on performing all four
apportionment methods and recognizing each of the four issues (three
paradoxes and the quota condition).

23
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