WIR_Chr16_M167_19c.notebook October 28, 2019

Math 167 Ch 16 WIR 1 (c) Janice Epstein, Ben Aurispa, Tamara Carter 2019

CHAPTER 16 — IDENTIFICATION NUMBERS

Consider the UPC code on a can of RO* TEL tomatoes

UPG PROOF OF PURCHASE SFA( The scanner is not working so the clerk enters
 ORIGINAL DICED TOMATOES 10 0/

itagy the numbers by hand as
|
| 0 64144 282632
'. :: WCAN:@ o(/y/'f‘
64144'28243" 7 ;

The computer recognizes this as an error.
What happened? The check o5t o,

aghr

ef/oﬁ

The UPC codes use a check digit to minimize scanning errors. A check
digit is a digit included in a code to help detect errors.

For the UPC code aja,aza,asaga;agoqagas1aq2, the check digit, ai», is
chosen so that .S a multiple of 10 where

S=3a1+a2+3a3+a4+3a5+a6+3a7+a3+3a9+a10+3a11+a12.

What is the check digit for a can of Ranch Style Beans if the first eleven\
digits are 0 46900 00108? Che ck

sy #

523(0)+ (1) +3Cc)+(7)#3¢0)+ (2)+3(2) 1(2)+3()) +(9) +5<s>)fg

- o+ 4+t 7+t < rtCtro ror3 TO FRY+

= 581X
9 nedds be 4 maltiple A e The next meltipht of (0 apec € s bo |
§§tx =Go
TSy Iy

x_ 9\ So +4’54¢r/< 0(/;7/'1* Ir Q
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When talking about check digits, modular arithmetic will be helpful.

Definition: Congruence Modulo m Clock

Let a, b, and m be integers with m > 2. pod A
e Then b mod m is the remainder when b is divided by m. v
e a and b are congruent modulo m (written as a = b mod m) if th%f

both have the same remainder when divided by m
o This can also means that

®= a — b is divisible by m, ¥y 33 2] 15 27
" a — b is amultiple of m, and I
® a — b has a remainder of 0 when divided by m
—_— g
. ] Jo
Find the following values: 7 Y
(a) 37 mod 5 = SEYERS
-35
k—’a’ G
(b) 73 mod 11 = 7 ”JZ-Z
~_ 0
(c) 11 mod 15 = || sl
il
k; ll 9
(d) 18 mod 2 = 0 2Ty
H
Determine if the congruences below are true or false: <
28 =3 mod 5 fi 98 = 56 mod 9 /\%
SJes
d5-3-25 25 75-5¢% y 2 E
T rue P\O—é/ remajafe~ '& P
vo False 6 & oM
2(‘/9
32 =3mod6 Y 46 = 22 mod 12
6|2 2
103=39 ~;27? H6-22= 2y 12T
— ~2
Falsc 5 & Vot acr Trae 07 ey,
/Uc’l(;Cc B o
- J
e YEFD
~JC ~12
lo o
Sarme.
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Some types of errors when dealing with identification numbers are
e Replacing one digit with a different digit (single digit error)

e Transposing two adjacent digits (adjacent transposition error)

e Transposing two digits that are separated by another digit (Jump
transposition error)

Assume that the correct code was 5678 and provide an example of these

eITorS: -
Single digit error: 7 ¢ 7 s 17g sSclyg  ge¢ro
Adjacent Transposition Error Cs57% S57¢y 5687
£ - TH T g
Jump Transposition Error? @ s S$E7¢

N
Note that some of the digits in the UPC code are multiplied by 3. Those
digits had a weight of 3. Other codes use different weights.

A code aiaraszasas uses the last digit as a check digit. The check digit is
found using the formula
as = (ay + 7a, + as + 7a,) mod 8

(a) What is the check digit for the code 5384? 7
ag=[(5) 12 () + (8D 12y )| med 5 ?/E_\
L5+ A+ g+ 28) mds ;é
A, /\wol% EA
(b) Find the value of the missing digit x in the code 428x?”Y
5
3= [0+ () + (5) +76)] mod 5
3=l F 0 r %t IX) el s
3= Lo at g
when x = 0 / X 3 4y 3 C > 5 5
%}“cm: 16 33 Yo 47 sy ¢l 63 95 g3 &9
o 22 1 O 7 o¢ 5 ¥ 3 2
Cl\cd(
dig f 3
%% ka“cArck A/f""’ IS (4‘!/-34(’/ S

X=7
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Check digits are designed to catch errors, but unfortunately, in some cases,
not all errors will be caught. So how do we determine which errors will

e caught.

KEY IDEA: For an error not to be caught, the correct number and the
number with an error must produce the same check digit.

1. Write a general form of the correct number. Label the correct
number with a,a,as ... where each a; represents a single digit.
(Note: A digit is some whole number 0, 1,...,9.)

2. Write a general form of the incorrect number.
a. For transposition errors, we will rearrange the a; according to
the type of transposition.
b. For single digit errors, write the number using e; to represent the
error for the digit that should have been a;.
3. Find the check digits for the correct number and incorrect number
mod m.
4. The error will NOT be caught if the check digits are the same mod m.
Use the fact that if x = y mod m, then x — y 1s a multiple of m.
5. Determine the multiples that are integers (whole numbers) between 1
and 9.
. The error will not be caught when |x — y| takes on these values.
7. List the pairs of digits where this occurs.

N

Let’s continue with the same code we were using above to see which
errors will not be caught.

Reminder: A code aia»aszasas uses the last digit as a check digit. The
check digit is found using the formula

as = (a; + 7a, + a3 + 7a,) mod 8
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(c) Will this code find an error if a single digit is entered incorrectly?
Let’s look at an error in the first digit, a,.

Correct Code:  aqa,aza,a;

Incorrect Code: eja,aza,a;
So the check digit for the correct code is:

(a; +7a, + a3 + 7a,) mod 8
and the check digit for the incorrect code is:

(e; + 7a, + a3 + 7a,) mod 8
The error will NOT be caught if the check digits are the same which
means

(aq +7a, + asz + 7a,) — (e; + 7a, + az + 7a,) is a multiple of 8.

oy T\7\4\1 LY f\N - €, N\E’\l “\9\3\'\%\% /5 & "'\t«/ff/(r' of g

G- € 5 a multiple of g

This simplifies to
a,-e, is a multiple of 8.

Digitsare 0, 1, 2, 3,4, 5, 6, 7, 8, and 9, so the difference between digits is
always an integer and digits can never be separated by more than 9. If
the difference between a, and e; is 0, we didn’t really make a mistake,
so we want to find the integer multiples of 8 between 1 and 9. el ery e

What are the integer multiples of 8 between 1 and 9? )/

So if |a; — e4| = 8, the error will not be caught.

When does this occur? What pair(s) of digits are separated by 8 units?
[0 ond § i 7

Ty g

The same logic also applies to the third digit.
Therefore, we need to check the even-numbered positions.
Let’s look at an error in the second digit, a,.
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Correct Code: aq,a,asa, a;
Incorrect Code: aqe,aza,as
So the check digit for the correct code is:
(a; +7a, + a3 + 7a,) mod 8
and the check digit for the incorrect code is:
(a; +7e, + a3 + 7a,) mod 8
The error will NOT be caught if the check digits are the same which
means
(aq +7a, + a3+ 7a,) — (a; + 7e, + a3 + 7a,) is a multiple of 8.
@t D thes r Fay T8y - Dey Ty —\%\Z s o Mulpple oFg
17&3 —/752 1S o mufpple ~ T8
This simplifies to
7 a,- e is a multiple of 8,

which means 7(a; — e,) is a multiple ofg& 5/76 2 igges e (0
which means, a, — e, is a multiple of % s
8 8 16 24 32 40 48 56 64 72 80"
Multiples of - are i{[], - =, =, =, =, —,=, —,—,—,...}so
7 7' 7 7" 7" 7777 7777
what are the integer multiples of % between 1 and 9? 7
Soif |a, — ey = __3_, the error will not be caught.

For what pair(s) of digits does this occur?
0 and § {o,.\,{ 7

The same logic also applies to the fourth digit.

We have now checked all four digits for single-digit errors and have
determined that the following single-digit errors will not be caught.
whin @ ad § arc iateechogd [0 ented For § or G earerdd for O)
G vhen [ and 9 an 1aterch (:ve/



WIR_Chr16_M167_19c.notebook October 28, 2019

Math 167 Ch 16 WIR 7 (c) Janice Epstein, Ben Aurispa, Tamara Carter 2019

(d) Will this code find all adjacent transposition errors?

Let’s look at an adjacent transposition of the first two digits, a; and a,.
Correct Code:  ajajzasaga,
Incorrect Code: a,aqasaga;s
So the check digit for the correct code is:
(aq +7a, + a3 + 7a,) mod 8
and the check digit for the incorrect code is:
(ay, +7a4 + a3 + 7a,) mod 8
The error will NOT be caught if the check digits are the same which
means
(aq +7a, + a3 + 7a,) — (ay + 7a; + a3 + 7a,) is a multiple of 8.
a t7ag teg ey =93 = 76 TR ~Rey 05 a mabiph orp

‘Ga,TC»c:; Isa maltiple of &

This simplifies to

Ga, ~ Gg, is a multiple of 8,

which means 6 C a, -a,) 1s a multiple of 8, 5

which means, % ~4, is a multiple of ¢ -5
Multiples of 2 are + {U, i, E, @, E,ﬁ, 28 32 }

3 3’ 3 3’3
43 y g- > lo
what are the integer multiples of 3 between | and 9? T 28
Soif |___ & ~a, | = 1 o %, the error will not be caught.
/nghat palrg/)_%dlgns does this occur?

2 ¢ C,

347

He ¥

549

The same logic also applies to the remaining adjacent digits.
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(e) Will this code find all jump transposition errors?
Lef’y C/wck Q, aw’ a5 \/"mjpasc/

Correer code! @, ay a Gy Qs Tncorred code” Q0 a A
CACC(( 6(/:j‘/f Fer Correot Code i (a,r /)c,‘) ragr 7‘,_’) ol 8
Check digit For yncorrect code (s (93 ba 7@ ta, 5 7@) med 8

The ercor will net be cacgur i vhe check Algts qie whe som o wAre{ mea,,
Caﬁ?q; Taﬁ‘?q) - CQJT 74_? ta, 7‘7@) 15 ameltplt «F 8
O 1T P5 Py N4y Dy e, N s e e or s
O 5 a melsiple £ g
Jis a myltiple £ 5 s gy; trae $o )w»,f ffq«;/off/'fienj #F rhe

R 104 Isi .
'(lef'f a~d 3 dj s o«//’ @/"“&9_;* /VVT be anjAf.

A CUmp Trans pesitions beFce, /S ) oo . _
5o —_ 0 Ju gy stions Pelosen yhe g I A b iy be
s

l/vl\y II%AII?"?' ﬁea‘“‘” 1J” "‘1"7LGU St ted./ }14/ 7‘41 S oy {
Q WQ/‘\) *
v

"f“l’\t 5‘7”\ “pﬁf {-11( corred CLrCé 0(/:7,'*[- and 7‘4t ;/I(‘a//c_?L Cércé d/ijf% _//

bt ‘l‘lﬂfq’ht/Jb fAc check 0(/5/;/‘, wil) be Fhe Sge

Tht Some Vcﬁfcnfnj will apply te Fros fering e 22 ot ¢H At
>

So this Scheme docs  nor carcl  Awy J'CM/, *”ﬂ*ipm)%:.@
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Data can be encoded in identification numbers.

An Illinois driver’s license contains a portion (Y-YDDD) that represents
the last two digits of the year of birth of the driver and codes the birthday
according to the following formulas where m represents birth month and d
represents the birth date.
Male =31(m—1) +d
Female = 31(m —1) +d + 600

(a) What would the Y-YDDD digits of an of Illinois driver’s license

number look like for a man born on April 23, 1972?  f~7= 7-2
mq(r;}/[/‘?‘/)fd( wzu‘ro m=Y A=723

=31(4-1) +23

=31 (9)+2) So I~Vwoo vs 2-2)i¢
= 493 423 =16

(b) What do you know about a person whose Y-YDDD digits are 0-1866?

/E(’Mq{f be Caoye 0pp> oo Y=Y = o-(
( ) A{ /if 8 7[,‘1// /boquf 47 /0 Seo /bcg/,'
366 = 31 (m-1)+4 rCoo 31acc Se ue ’* e " 2eef
- Goo - Goo _ayy e in Meaxd o

206 = 31 (m)3d |8 & Aoy, -
>/J' /fo 7\404_,7 /l’la/')(4

So _ﬂ_t was ba//. 5(/?‘, /8/ 9\00/

(c) What do you know about a person whose Y-YDDD digits are 8-1199?
NQ!‘( b([agg 0ﬁ0<600 -\/‘7 = 3'/ Se 5»/‘,,,',,/7
&/

[96= 30 (m=) +d

}i;C wag éwn J“/) /3/ ,?5/
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A car rental company numbers its reservations with the ID number
followed by a check digit where the ?Iie(;kfdigit 1s the ID number mod 7.
Is the reservation number 7645 887 a valid car rental reservation number?

[0722¢
7)7¢45%s
-N6Y¥Sg2
& Cisple cheek
Aigi't £o, ch Se rhis o/
IO Voysgg which doesa” e et

Cqr
reatal Y
74
.

Credit cards have 15-digit numbers with a check digit in position 16.
Let D = the sum of the digits in odd-numbered positions
Let E = the sum of the digits in even-numbered positions

(not including the check digit)
Let T = the number of digits in odd-numbered positions that are larger

than 4.
Let C = 2D+E+T+a16
The check digit, a4, is chosen so C is a multiple of 10.

N
The number 5213 7512 3412 3456 was listed on a credit card

advertisement. Is the check digit cqrrect?
0= St 12 9r 731 1+3+5= 24

F=r3tsros ¥1d17=22

T= 9

C=AD+E+T +a,.
= 2(2e)+ (22) + 3r g
= 83

ou bc ole . N
C shoutd be @ mulpiple € 1o Tt is act oo s is 1eF o velid cratiy Cord

’74“74(,\

I_{* we l//q,)-f('—,/ o Cord the clheck Aigt o 5213 7572 392 oy

f‘llf/\ X/

C=20+E+T+x

=200+ ()31 x

= 77+x
C Sheatd be a moltyle of 0. The next mylpyle 1o s 8o 5o Fp= o 7 x

1 )

3 ox

October 28, 2019
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SAMPLE EXAM QUESTIONS FROM CHAPTER 16

Se chock oA/ P 1S ot forf a2

1. Determine the check digit that should be EERQIA(/Q_QCI to the identification
number 57263é’, if the check digit is the number needed to bring the total
of all the digits to a multiple of 10.

(A) The code is invalid B)9  (O)1 D) 2 check dig+
(E) None of these The next multyle =¥ 10 /542, 50 Yo=3/7 x(/

519404 Crarg =3y NQ;:';’

2. Which, if any, of the statements below are true? Mark all correct
answers.

25
(A) 103=1mod4 v //02//—\ Pemging,
163~[= (02 - oo Nax
False —F e 2 2ens
(B))79=2mod 11 ”}'77

NEN - eMamm A
773277 True 707/ o e

49 =13 mod 12 12 /32
Y9-13=3¢ [race ~Je
7(/

(D) 38=4mod 7
35-9=329 qu;f

(E) None of these are true.

3. The number 4320 is accidentally entered as 2340.
What type of error is this? ~
(A) A transposition error

A jump transposition error
(C) A single digit error
(D) A baseball error
(E) None of these

October 28, 2019

11
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Math 167 Ch 16 WIR
4. The last three digits of a person’s ID are calculated based on their

birthday where m represents birth month and d represents the birth date.
Male =35(m—1) +d
Female = 35(m — 1) + d + 500

(a) What are the last three digits of a man’s ID number if he was born on

July 492 pure = 35 (w) 3 A whee w27 A=y

=357 tY
=35(¢c) +¢
T Rle r¢
= 2l

(b) What do you know about a person if the last three digits of the

person’s ID number are 585?

Femde be caus 585> Soo
2 € 2e,
555 =35 (m) 1 A 500 )35 5o foe
e
\5“00 ~Soo \70 7 by 7(4/4’.0.%
45 < 35C1) +d /5 & e ‘}<’»,,
Ap -4
VA) ‘nyo 7‘4”?,
/‘19,,74

SAC’ Weqs 64/4 m4fcl\ /5_

(c) What do you know about a person if the last three digits of the

person’s ID number is 175?
Mﬂ(t bc(ﬁqrc 175 <S9o 9 & 5 F"//m y
047(-" 4
1257 350n) 4 4 35 [ 175 ey Py
Net & vald ¥ =t S
0 namber I '
O Aq. -
e )(“‘i Menn)
J&ml[ V;%/J.ée mq7 3] telp o
35 (6-0)+/
e 35(5-1) +3/
Ne +( =19¢ ” (y) "l
Yo +3; = /2]

12
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5. A code is given by aiaxazas where as is the check digit. The check digit

1S a4 = 20.’1 + 5612 + 7613 mod 9. oheck Ais, ¥

Ty

%
(a) Determine the value of x in the code 4x83, given that the check digit
is valid. s

3=R(D+5C) +23)] md 7
3=[% +Sx F S6] md?
3=[6y t5x) med 7

ifx= O ]2 3> ¢ s o > g

7
6Itsx= ¢4 67 7 77 §¢ g9 7Y $9 oy /5 7
06[( .
Cl\,(z,iT\JS‘? =1 6 < 7 3 7] 7 2 ) ) 7W
Sgm M= —G3
T4 én/7 ot orth a cheel a(/:g/f’(?"j wag =y /

(b) Determine if the check digit will find all single digit errors in the
second position.

Corrce code' @, 4,4y ay Tncerreet code? @ e, a, 7

Cheele digit Rer Yhe correat code - @q, FSay t ’743) m-d 9

Check Algt for  inCosrod codc. (ZZa, toe, + 743) mod 7

The crrorwill et be Ca‘vl‘r f the check Aisits gre #he Seme 1od

@q/f';q) U 77})_ (24/ 7“5637"749 /S a ”70()‘,;0/,* /70?
ﬁ\q/ ffq) % -\%Q/ - 562 _% '\J a Mq/)(//‘//r 5767

94‘) ~Se, Isa malyple #£ 7

‘ch mrens

5(@;‘ €;> 5 o n\q/f.‘p/ra af 9
a3 - e, ’s a ms/)‘,)ofc .‘F‘SZ

9
Ay / é\ -
/"Iq/fllg'(‘_r #Z[‘ g are 2 {0 2 Q' 3—) 2 /M
35 Y 5 0,
3 TS Y2
T hteger maliipld) - € }7 beteeen land 9 YA 7
50 ;F ’Q‘).\ e;/ = 7 P fl\(’ €r/or u,/-// hot é{ (‘qc‘jl)“

This occars when 0 ef 9 40 Interchon ol

13
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(¢) Determine if the check digit will find all transposition errors in the
second and third positions.

Correct codt! ) a, 93 9y Lncorrer code @, 2y 9, 2,

Check Aigit for correct code is [2 a, rda, * 74J) mod 9
Cheek digt for Jacorrea cateis (Qa, ¥Say v 76,0 med P

TAC @ rror- »\//\U net Ioe Cm.jlf /\F 7~4e clcok a(/:j/'ty Qre 7‘1e Sgme
(24,7‘5437"7@:)* (;20/ f\SqJ ~/7?03) ) ,,,,/;y/,,{'?
\R\qv+5q377q3 R\%Q, ”5% ’74) 5 s mq/h}o/r*?"ﬁ

\I;ZQQ\ + 2@3 (-J [ ’71‘31/7(/\)0/9 470 ?

/‘ wé/‘c'{ ﬁ“’qu)

2573 —';2473 Is o 01‘-/7(/\/0/( s F ?
;L[Qjﬁal) /s & maliple 4P 9

a3 —93 5 a /\g/f/;p/f ”‘70{

Mq(fl fes J{\ 2 re X vy
)) 2 e ;0/ 2, ?/%7/-";}

K Ny
; é/jjcr

‘ Mo s
Se +he 1 feger /'\Wx-ﬂ"&) "Io{ befeeen

[a~t 9 Y 7
Se  f /a 3"72/: ('7/ the errer will por be Cag,ht.

This 7CCors when Cal 7 g ~o /\n?rrc4¢\j4,/_

14
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