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CHAPTER 14 — APPORTIONMENT

An apportionment problem is to round a set of fractions so their sum 1s
maintained at its original value.

The rounding procedure used in an apportionment problem is called an
apportionment method.

Notation
e Round ¢ to the nearest integer is [¢]. Round half integers up.

e Round ¢ down is \_qJ
e Round g up is fﬂ

The total population, p, divided by the house size, 4, is called the standard
divisor, s.

2
h |
A group’s quota g; is the group’s population, p;, divided by the standard
divisor, s.
q; = L
s
Hamilton Method

1. Round each quota down.
2. Calculate the number of seats left to be assigned.
3. Assign the seats to those with the largest fractional parts.
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Use the Hamilton method to apportion 36 silver coins to Doris, Mildred,
and Henrietta if Doris paid $5900, Mildred paid $7600, and Henrietta paid

$1400. )
i L‘ing’-” ="Uy3, 8587

3
9. . LZ_/ [ /V
: 5902 -
Doris  [5900 |5222= = 19,2650 | |Y [
Mildred | 7600 %‘3? = (%, 3624 /3' /3
. oo & blc [a7gest
Henrietta | 1400 7‘1?—6'-%%7_ 33625, Y, 1 ll ‘7/ ﬁadq:{( part
|y 900 35 36
4 ceom
lefr

When the bag of coins is opened, there ar 37)coins. How should they be

apportioned?
- |9 70¢
57
Doris 5900

Mildred |7600

Henrietta | 1400

[tCr
/4 (”é oma focud. X occyrref
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A paradox is a statement that is seemingly contradictory or opposed to
common sense and yet is perhaps true.

The Alabama paradox occurs when a state loses a seat as the result of an
increase in the house size. house size was orly change

The new states paradox occurs in a reapportionment in which an increase
in the total number of'seats-causes a shift in the apportionment of existing
states. Srates Wew stafe  + change prev appoctict e

The population paradox occurs when there are a fixed number of seats
and a reapportionment causes a state to lose a seat to another state even
though the percent increase in the population of the state that loses the seat
is larger than the percent increase of the state that wins the seat.

F 2 e - M?‘c"
Consider two numbers, 4 and B, where 4 > B. C’d“";/daef:; JankNF

The absolute difference between the two numbers is 4A— B

. A-B
The relative difference between the two numbers 1s x100%

Find the absolute and relative difference between the following numbers
Abselate A1 erence

(a) 1 and 2 3= :/

oloofy = 0076

=fa= U~18 o (p0% = [0/
(b) 10 and 11 JI=(0=( =2 (ool = 10 (o

2001290 150% =0.05 7%
(c) 2000 and 2001 A%t~ dovo> [ oy Z
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A county has 4 districts, North, South, East, and West. They will
apportion for a 100 member advisory council using the method of
Hamilton. Determine the number of council members from each district.

5:

1929 _ 49,2

(oo 3 L%_]
North [27,460 [22€2. = 49995y | 42 i3
South 17,250 | 22522 90 6912)| A6 +) | A7
Bast |19210 |222 - 99,6703)| 27+ | 30
West (1000 | L2 = | 540y | / |
64,70 78 ee
d ety
L

Ten years later the county will reapportion for the 100 seats using new
population data. Determine the number of council members from each
district. Did a paradox occur?

To chedk Fer

2 OTU0 - G5Ff pew / pomtex all
[oo g L@—/ \L
- G 28140 =A%

North 28,140 | 2802~ 43,@ 42 +| / L 3 \a 10-20e |,.»
South [17,450 %751;—7_, 2.4 | 1 26&»11%;_’”.33.@427”5?6
East (19,330 |22~ 27,33 | 47 20T B L
290 _ Gain| 990 ~(co0 - i S

West 1990 ?5?;77 - /,@ / -,L/ / 2 we k= how,

G790 78 [ 00
A left

S0 fﬁfc{[rzﬁm acadox OCCarred

blc west hd smaflesr g (s ¢

NEafy n’)

but gczf‘acf a seat,

vea
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A country has two states, Solid and Liquid. Use Hamilton’s method to

apportion 12 seats for their congress.
_ BT 6977, 5833

L 9 L]

Solid 144,809 |5 - ¢ a3y B +] | 7

Liquid |59,096 |£72%6 _—3,?’7@[ 3 f J

16997.5833

203, 955 ) T

Another state, Plasma, wants to join. If there are 38,240 people in that
state, how many representatives should they receive?

35290 _ 0 Hss A2

(6977 5533
Apportion using Hamilton’s method. ~ /2 original 1R new ropresetafives
5‘“ o’Zt{l Q-Bf% Rdded "6/c <P Plagma
I 9, [%)
' 144899 _ —
Solid 144,899 il L B3| 3
Llau] 59096 _ N
Liquid |59,096 B E P 3(41/5)} 3 71_/ | 17/
38,240 |33n2¢e _
Llasma 17302-5 ~ RO [ (Q / Q,
AL /3 14

| le€r

Did any paradoxes occur?

y(-j /VQW Stafe ﬂ{ac{ﬂﬁ
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Divisor Methods

The standard divisor, s, represents the average district population.
Apportionment can be done by adjusting the average district population to
be a specific value called the adjusted divisor, d.

A divisor method of apportionment determines each state’s apportionment
by dividing its population by a common divisor d and rounding the
resulting quota. Different divisor methods use different rounding rules.

A critical divisor 1s a divisor that will produce a quota for each population
that gives a correct total number of seats.

The Jefferson Method
1. Find the standard divisor, s. Then find ¢, = L&J
S
2. If the total number of seats is not correct, find the new divisors that

P
4@
3. Assign a seat to the state with the largest d;. If the total number of
seats is correct, stop. Otherwise repeat step 2.
4. The adjusted divisor d will be the exact value of the last divisor found
in step 3.

correspond to giving each state one more seat. d, =
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Use the Jefferson method to apportion 36 silver coins to Doris, Mildred,
and Henrietta if Doris paid $5900, Mildred paid $7600, and Henrietta paid
$1400. Comment on your results.

oo Tyi3 g887

9= % ya
g Lel ol g t
Doris  [5900 |22 "= /g a5cp | 14 [ 212 < 395,33 [1y

- 700 7600 R fror
Mildred | 7600 %622 - /g 303y | [g |72 .\Q ) 19
: Tyoo_ - ~
Henrietta | 1400 Uiforss -3,3895J 3 g{:f 35¢ \ l
17900 35 l 36
| lefr r;ft'c-r/
Co(hfb‘af = 700

When the bag of coins is opened, there @oin& How should they be
apportioned? Comment on your results

13%9,'/;402,7097
9. 2] d'%%
Doris 5900 %P: 19,65 [Y Zf = 393,33 14
Mildred 17600 |22e =jg57 | [§ | 2=y 4/ |17
Henrietta | 1400 [A22— - 340 / 3 /51;1— 350 3
ly900 35" 36

| lett

4{2%‘/#@/:“""“\
>

kﬂwff I/w{ @?j 33&? 2

. 7600 - Ofi-ﬁt‘q/ a(iw:yo,._._-.
’_"_’{_/_N/ /I?ﬂ 38& / 17 393 33
ferieta [l = 350 [ 3

g
I 3 709?:13




Math 167 Ch 14 Review

8

(c) Janice Epstein

A school offers four different art classes with the enrollments shown
below.( Tewnew teachers will be hired using Jefferson’s method.
Determing who gets the new teachers and comment on the results.

f, L tnea
3 La] d=340 bt g, dogu )

. _ , ~¥ |
Ceramics | 785 %s657 G G%&/E; (219 ﬂ} 7 ’77'?{% 75.05) |6
Painting | 152 122> | ¢ | | L2 ) / ] % /
Dance 160 ff’ﬁ;: I 3y/ } L{%-:gy / l f % /

= -~
Theatre 95 7;377 = 0. 80! 0 0%:’[: 275 {0 43 {0
[172 3 9 0
2 [« [ le2r

Quota Rule says that the number assigned to each represented unit must

[/ia(a fes %aofa sule

b/c

cer gmics does pef haye

/25?7 . 7 - ZérS\Z/D & rep resetef s

be the standard quota, ¢;, rounded up or rounded down.

Balinski and Young found that no apportionment method that satisfies the
quota rule is free of paradoxes.
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The Adams Method | i
) 4P
1. Find the standard divisor, s. Then find N, = (qﬂ - [&1
S
2. If the total number of seats is not correct, find the new divisors that
Pi

correspond to giving each state one fewer seat. d, =———
q; _’kl/ SeabKwcr

3. Remove a scat from the state with the smallest d;. If the total number
of seats is correct, stop. Otherwise repeat step 2.
4. The adjusted divisor d will be the exact value of the last divisor found

in step 3.
The Webster Method
1. Find the standard divisor, s. Then find N, = [qi] = [&}
5

2. If the total number of seats is correct, the process is done.
3. If the total number of seats is too few, use a critical divisor of d" and
the state with the largest critical divisor gets a next scat
A
- N4y
4. If the total number of seats is too many, use a critical divisor of d and
the state with the smallest critical divisor loses a seat

i
Ni_é_
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Apportion the regions below using both the Adams method and the
Webster method for a house size of@ Comment on your results.

H5 (3%

- = 83|
5% T 4 F/~| o
Ahary Y /-77 14 _5 _
2824 _ d8294
Beach |[28,204 e ??7 } /0 = 3/3:{ / ?
Forest |11,267 ’;é:f 3,99 , y tlszﬁa;}‘ = Ps¢ / y
Plains 4203 | 2272 | 49 / 2 [ 22 =403 / 2
lyex 462 _ fry
Swamp | 1462 L 0.5 '/ / I e =~ Pipy / /
45136 {4 16
e ‘
i3l _ 282 _
e 57716 2 [2]
Beach 28,204 %%‘;_L 9,99 / 0
Forest |11,267 f; ;05 =399 J L/
I 4203
Plains  |4203 |22 -[.¢7 / [
1462
Swamp | 1462 %z% =0, , /
Y5136 6




Math 167 Ch 14 Review 11 (c) Janice Epstein

Geometric Mean

The arithmetic mean of two numbers a and b is given by
- a+b

X =
2

The geometric mean of two numbers a and b is given by

G(a,b)zx/%

Example
Find the arithmetic and geometrlc means for the following numbers.
X &c’a/ﬂr&?‘n C
(a) Oand 1. %,
A 05 ol =
thil, = 4,97
(b) 4 and 5 7— Y s Y5 = 44972
25116

(c) 25 and 26 =25.5 I/;z;,gé, % RISy

Jﬁ:O J/x b.qc/

(d) Round 0.2 and 3.47 using their geometric means.
founds +o 1. lewdsto

ﬁ'f\’f." mfﬁ C 5,\ LS‘\ 2-5‘ 3"5- V’JF 5".5\

mgl1i2l3l4\zsl6

G"""’" 3 I—‘—”“)' 41=/va ﬁg’ﬁ'-z'f’f?r J%I\-—qﬂl‘/c‘//



Math 167 Ch 14 Review 12 (c) Janice Epstein

The Hill-Huntington Method

1. Find the standard divisor, s. Then find ¢, = L

2. Round each quota g, up or down by comparing it to ¢, = \/ L g, |%[q,]

3. If the total number of seats is correct, the process is done.
4. If the total number of seats is too few, implement Jefferson’s method

with a critical divisor of d;" = Pi
\/ N x(N+1)
5. If the total number of seats is too many, implement Adams’ method
Pi

with a critical divisor of d, =

JNx(N-1)

Apportion the regions below using the Hill-Huntington method for a house

size of 16. N q/ﬂé

5 [{5'\/39 3‘3 " raun/“{pﬂfaﬁfﬂ—_ ﬁ/- qulfﬁf

2 7 | g L= v arrla
Beach (28204 [9.998 | 50y =74y [ [0 | 2L = pops]
Forest |11,067 [399 |y =39c | § [HZeZ =353 |
A 4oL
Plains 4203 149 |/).2 =,y / MF2E 2973
Swamp (1462 [0.52 [/ = O ] || B P
4536 "

lo
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A country has 5 states and a house size of 40. Apportion for their
congress using the following methods: Hamilton, Jefferson, Adams,
Webster and Hill-Huntington.

Frac /ub"
5 d o '/ rocst
| ramilbn ~roped i ¥
Northwest | 130,451 | 10.3219 lo |o
La-gsT Southwest | 157.633 | 124767) (3 +l| /3
Frac Central  [25879 |2.0477 | 2 ]
Pact 'Southeast | 88,956 |7.0386 | 7 '7 ’ -
Northeast |102,611 |8.1191 ¢ g
39 Yo
F Jeffesn § L3 | ds NV
W R . e 3 ; = . 1 e = - = S RSt S S -
d ) fj :NOIth"\\th 130,451 | 10.3219 /0 11555.(5 [0
4~ L= 'Southwest | 157,633 | 124767 |, | [2/25.¢2 * 13
7:1! (Cenwal  |25879 (20477 | 4 | geep3 | 2
' Southeast | 88,956 | 7.0386
Southeast | 88,956 | 7.0386 7| HUlgse | T
Northeast {102,611 |8.1191 | & | 1] 42/.22 / z
Yo
Adjisted

4}'”.39/' = /2/25;59
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S
Gme : Northwest | 130,451 [10.3219 i ” !5075.{0 H ' ]” :

.—\ Southwest | 157,633 | 12.4767 |3 [31K-2% [3

Central | 25,879 |2.0477 3 12939.50 3| |3

Southeast | 88,956 7.0386 g4 ,1'}739‘, 7
‘Northeast | 102,611 |8.1191 | _‘? 7 («131(;_38 "_?
1
b "3
.
i ardosr! L4 DL] | N
. A 7 | Northwest | 130,451 | 10.3219 [0 ’1413 7,,- [© a*ﬁ‘vﬂ"/
\é}i: Nt % [Southwest |157,633 [124767 | (1 | neosy?| 13 | e
Y Central 25879 [20477 | % | 1p35060 | 7} [26r0-Cy
9  (— .. : s e g i s A — S
J: < /)1 Southeast 88956 7.0386 | 7 | [/serw | )
X/ [ Northeast | 102,611 [8.1191 | g | 120753 / g
- y y, +
) \\-'\\\‘Q‘ut\\“.‘. @ i = L?,_l l— ‘Z.] . 4
. est | 13 3219 | ‘
dT:f 0 Northwest 1‘0,451 103219 josw [0 | n¥m.o|lo
Q ¢ ¥ ot Soutwest [ 157,633 [124767 T 1y yg00 | (3 1620413
| Central 25,879 |2.0477 ~65
P AR N
d": .il Eoutheast 788,)36 7.0386 | 4ssl _7__ /16835 ,,Z
\\( 4 M.@" Northeast |102,611 |8.1191 ‘3."['3513’ 3’ 2092 - 3’2 %
57
MJWTJ
d?mor - 77
{1610'
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SAMPLE EXAM QUESTIONS FROM CHAPTER 14

1. Match the definition to the term
(A) Quota Ruleis I
(B) Alabama Paradox 1s @ Ir
(C) Population Paradox 1s JE

1. An increase in the total number of %&ﬁs causes a shift in the

apportionment of existing states.
II. A state loses a seat as the result of an increase in the house size.

1. The number assigned to each represented unit must be the standard
quota, ¢,, rounded up or rounded down.

IV. A reapportionment causes a state to lose a seat to another state even
though the percent increase in the population of the state that loses the seat
is larger than the percent increase of the state that wins the seat.

2. Round the following numbers using the geometrlc mean.

?95 /01_0 Z#—- = 3. Y6/
0.39 rounds to 3.47 rounds to 2

3. Use the Webster method of apportionment to distribute 12 scats on a
city council to three districts with the populations shown below.

75,000 -
5‘: —’TI—- 6250

flesl™

d/ = J_ 5™ oses
District | Population | 24« [2] i | i
North 130,000 2222~ =4¢ | 5 |54 ° 32222 GGG Y
Central | 10,100 |22 = [.Gl6 | 0 |557 = 6733
South |34,900 [ife = 555Y C MW&&L! e m——
15,00¢ ST R
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4. A school is offering Gothic literature, Hispanic literature and Women
writers. There are enough teachers to teach 10 sections of literaturc. We
know that 58 people signed up for G, 20 for H and 42 for W.

(a) Use Hamilton’s method to determine the number of sections of each
class that will be taught.

(b) Use Jefferson’s method to dg;germme the number of sections of each
class that will be taught. 5~ e~ =/2

HW"" 7/ | L }

1) ( T4 -
H ao 2% 2 1G2)| 2 e

w( 42 ‘%:3
lzof

Jefpesen

G |55 7% =48
U o 160
W | Y3 235

t/eeq’ Criticaf _
veof Apviser 2(0-5



