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Other explanations for the case of repeated roots of char-
acteristic equation (section 3.4)

In section 17 we gave a “physical explanation” why the second independent solution for the second
order homogeneous equation has a form te*, considering the case of repeated roots as a limiting
case of the case of distinet real roots. Now we give two other explanations for this fact.

Factoring differential operator

1. Recall that the characteristic equation of a linear homogeneous equation with constant
real coefficients
ay’ +by +cy =0 (1)
is
aX +bA +ec=0. (2)
Assume that b
D=0 —dac=0= A = Ay = ——.
2a
Set A := A;. So, we found one particular solution y;(t) = e™.
2. How to find a second particular solution y, such that the set {y;,y.} will be fundamental,
Le. Wiy, ya) # 07

The method actually works both for distinet and repeated roots.

If Ay and Ay are roots of the characteristic equation (2), then V[!{’,, 0‘.@ G}{; ! QUJJ%‘ |
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Then use “factorization” (in Leibnitz notation): { "

d¥ dy d? d
" ' _ Uy Yy - - - — —_ =

Yy +by+cy~adt2+bdt (adt2+bdt+c) [y] = a( )\1) [( ) y]]
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Reduction of order (part of section 3.4

4. Consider second order linear homogeneous equation with arbitrary coefficients:

¥+ p(t)y' +a(t)y =0 (3)

Assume that we already know one of its particular solutions, y;(¢). How to find another
solution to get a fundamental set?

Step 1. Look for a second solution in the form

y(t) = v(t)yn(t).
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‘Step 2. Set v/ = w to reduce order and solve the obtained first order linear homogeneous
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5. Note that the method can be also applied to linear nonhomogeneous ODE
y" + p()y + gty = g(1).

6. Consider the equation with constant coefficients
" i
ay’ +0y +cy =0

such that the discriminant D = §? — 4ac is equal to zero. Assume that ) is the ( repeated)

root of the characteristic equation. We now that y, (f) = e is a solution of this equation.
Find the second independent solution, using the method of reduction of order.
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REMARK 1. Note that in the case of second order equation we also con use the Abel
theorem to find the second independent solution of (3) from the knowledge of one solution

W1 (t)
EXPLANATION:




