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Abstract

We proved a realization theorem for rational functions of several
complex variables which extends the main theorem of M. Bess-
mertnyı̆, “On realizations of rational matrix functions of several com-
plex variables," in Vol. 134 of Oper. Theory Adv. Appl., pp. 157-
185. Birkhäuser Verlag, Basel, 2002. In contrast to Bessmertnyı̆’s
approach of solving large systems of linear equations, we use a
more theoretical operator approach based on the theory of Schur
complements. This leads to a simpler and more “natural" construc-
tion to the realization problem as we need only apply elementary
algebraic operations to Schur complements such as sums, prod-
ucts, inverses, and compositions. Our results leads to a solution
of the realization problem that is more natural within linear systems
theory especially for those models associated with electric circuits,
networks, and composites. Our alternative construction provides
a different view point to several open problems (e.g., pertaining to
realizability, synthesis, and inverse problems) and motivates an al-
gorithmic process.

Main Result

Every rational Ck×k-valued matrix function f (z1, . . . , zn) of n-
variables can be represented as a Schur-complement

f (z) = A(z)/A22(z)

of a linear matrix pencil,

A(z) = [Aij(z)]i,j=1,2 = A0 + z1A1 + . . . + znAn,

where detA22(z) 6≡ 0.

Moreover, the following functional relations are true:
a) f (λz) = λf (z) if and only if one can choose A0 = 0.

b) f (z) = f (z) if and only if one can choose Aj = Aj, for all j =
0, . . . n.

c) f (z) = f (z)T if and only if one can choose Aj = AT
j , for all j =

0, . . . n.

d) f (z) = f (z)∗ if and only if one can choose Aj = A∗j , for all j =
0, . . . n.

e) f satisfies any combination of the a)-d) if and only if one can
choose the Aj to have simultaneously the associated properties.

Construction of the proof

Figure 1 generally outlines our proof that systematically structures the re-
alization process. Let f (z) = f (z1, . . . , zn) be a rational Ck×k-valued matrix
function of n complex variables z1, . . . , zn. Then there exists a nonzero scalar
polynomial q(z) and a polynomial Ck×k-valued matrix function P (z) of these
n-variables such that

f (z) =
1

q (z)
P (z) .

Using the Kronecker product ⊗ (iii) [and treating q(z) as a polynomial C1×1-
valued matrix function], we can rewrite this as

f (z) =
1

q (z)
⊗ P (z) .

After checking the invertablility of P (z), in reference to figure 1, we then
use algebraic operations of Schur complements on both 1

q(z) and P (z) [or an
equivalent form with det 6≡ 0] to deduce the existence of realizability.

Proof Flow Diagram

Schur Complement Algebra and
Operations

The following is a list of the lemmas and propositions we proved for
the proof of our main result:

• Scalar multiplication of a Schur complement

• Sum of Schur complements

• Shorted matrices are Schur complements

• Direct sum of Schur complements

• Matrix multiplication of Schur complements

• Inverse of Schur complement

• Kronecker product of a Schur complement with a matrix

• Kronecker product of two Schur complements

• Kronecker products of linear matrix pencils

• Realizaion of the product of two independent variables

• Realizability of Monomial zα

• Compositions of Schur complements

These above lemmas and propositions have an algebraic nature
that the functional properties of a)-e) are preserved.

Open Problems

The main open problem is that for a positive real function, f (z), that
there exists realization f (z) = A(z)/A22(z) in which A(z) is a linear
matrix pencil which is also positive real. The hope is the results
we’ve proven will allow us to attack the open problem. For more on
this open problem and related open problems, see:
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