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Answer all questions. Write your name and page number in the upper right corner of each page.
Start each problem on a new sheet of paper, and use only one side of each sheet.

Notation. R denotes the real numbers, andR
n denotes Euclideann-dimensional space.Sn−1 is

the unit sphere centered at the origin inR
n.

1. Let X be a Hausdorff topological space.

(a) Show that every locally compact subspace ofX is the intersection of two subsets ofX,
one of which is open and the other closed.

(b) Show that ifX is locally compact, thenX is completely regular.

2. A continuous functionf : X → Y is calledperfect if f is closed and the setf−1(y) is
compact for eachy ∈ Y . Prove that iff : X → Y is a perfect mapping ontoY , thenf−1(Z)
is compact for each compactZ ⊂ Y .

3. Let A be a connected subset of a connected spaceX, andB ⊂ X −A be an open and closed
set in the topology of the subspaceX − A of the spaceX. Prove thatA ∪ B is connected.

4. If a collectionF of subsets of a spaceX is locally finite andA is compact for eachA in F ,
then eachA ∈ F intersects only a finite number of elements ofF .

5. Let Mn be a smoothn-dimensional manifold.

(a) State the definition of a smoothn-dimensional manifold. Define the tangent bundle
of M .

(b) Mn is parallelizable if there existn vector fields onM which are independent at each
point ofM . Prove thatSn−1 × R is parallelizable for alln.

6. Let (X, ρ) be a metric space.

(a) Show thatX is compact if and only if every sequence inX has a convergent subse-
quence.

(b) Assume thatX is compact. Letf : X → X be anisometry; that is, ρ(x, y) =
ρ(f(x), f(y)) for all x, y ∈ X. Prove thatf is a mapping ontoX.
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7. Give an example of an immersionf : R → R
2 that is not an embedding. (Full justification

is required: prove that your example is an immersion, but notan embedding.)

8. Consider the smooth mapF : R
3 → R

3 defined by

F (x, y, z) =
(

(x − y)2, (x − y)(y − z), (y − z)2
)

.

(a) What is the maximum rank thatF achieves?

(b) At which points(x, y, z) ∈ R
3 is the rank ofF less than the maximum?

9. Assume that all functions are maps of Euclidean spaces.

(a) State the Inverse Function Theorem.

(b) State the Implicit Function Theorem.

(c) Assume that the Inverse Function Theorem holds, and prove the Implicit Function The-
orem.

10. Let T 2 denote the two-dimensional torus with the standard structure as a differentiable man-
ifold.

(a) ProveT 2 admit a flat metric; that is, a metric with Gauss curvature identially zero.

(b) Use part (a) and the Gauss-Bonnet Theorem to complete theEuler characteristic ofT 2.

(c) DoesT 2 admit a metric that is not flat with Gauss curvatureK ≥ 0? (Justify your
answer.)

11. Prove Cartan’s Lemma: LetM be a smooth manifold of dimensionn. Fix 1 ≤ k ≤ n. Letωi

andφi be1-forms onM . Suppose that the{ω1, . . . , ωk} are point-wise linearly independent,
and that0 =

∑k

i=1
φi ∧ ωi. Prove that there exist smooth functionshij = hji : M → R such

that for alli = 1, . . . k, φi =
∑k

j=1
hij ωj.

12. Prove that a Lie group admits a global framing.
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