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Abstract

We present several applications governed by geometric PDE, and their parametric finite
element discretization, which might yield singular behavior. The success of such discretization
hinges on an adequate variational formulation of the Laplace-Beltrami operator, which we
describe in detail for polynomial degree 1. We next present a complete a posteriori error
analysis which accounts for the usual PDE error as well as the geometric error induced by
interpolation of the surface. This leads to an adaptive finite element method (AFEM) and
its convergence. We discuss a contraction property of AFEM and show its quasi-optimal
cardinality.

1 Introduction

Besides its intrinsic interest in differential geometry [31, 30, 55|, the Laplace-Beltrami operator
(or surface Laplacian) has received a great deal of attention also in the applied and numerical
communities. Basic geometric partial differential equations (PDE) such as the mean curvature
flow and surface diffusion appear naturally in materials science modeling [53], whereas Willmore
flow is a building block in the dynamics of membranes governed by bending energy [34]. This
article is about applications, formulation, Galerkin approximation, and adaptivity for a PDE on a
surface v governed by the Laplace-Beltrami operator A, such as

—Aju=f. (1.1)

One of the major goals of this paper is the design and analysis of parametric adaptive finite element
methods (AFEM) for (1.1) of polynomial degree 1. Our discussion is based on [12].

The first FEM for the Laplace-Beltrami operator on parametric surfaces is due to G. Dziuk
[35], who also developed an optimal a priori error analysis accounting for the approximation of the
surface and PDE by piecewise linear polynomials. This seminal work was followed by parametric
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FEM for time dependent problems such as the mean curvature flow [36], capillary surfaces [2],
surface diffusion [4, 7], Willmore flow [7, 17, 37, 50], fluid biomembranes [16], and fluid membranes
with orientational order [9, 10]. The analysis of these methods is largely open, except for graphs
[5, 24, 25, 26, 27]. We refer to the survey by K. Deckelnick, G. Dziuk, and Ch. Elliott [27] for
some of the early work, including level set and phase field approaches.

A. Demlow and G. Dziuk gave the first a posteriori error analysis for piecewise linear polyno-
mials [29], and later A. Demlow extended it to higher polynomial degree [28]. This extension is
important in light of applications in fluid dynamics [2] and biomembrane dynamics [17, 16]. O.
Lakkis and R.H. Nochetto formulated an a posteriori error analysis for the mean curvature flow of
graphs in [44].

Even though adaptivity theory for linear elliptic PDE on flat domains in any dimensions and the
energy norm is now mature [21, 48, 47, 51], much less is known for elliptic problems on manifolds;
we refer to the survey [49] for the state of the art of AFEM on flat domains. For the Laplace-
Beltrami operator on graphs we mention the convergence theory of K. Mekchay, P. Morin and R.H.
Nochetto [46], whereas for general parametric surfaces and polynomial degree we are only aware
of [12]. We expose here results from [12] and restrict them to the particular case of polynomial
degree 1 for the sake of clarity.

The purpose of this paper is threefold. We first discuss in §2 several applications of the Laplace-
Beltrami operator we have recently developed. This serves as a motivation for the rest of the paper
as well as illustration of the significance of adequate formulations and discretizations of rather
complex problems which look seemingly untractable. We next discuss parametric FEM for (1.1)
on piecewise C! surfaces which are merely globally Lipschitz. This is inspired by singularities
observed in geometric flows, such as pinching [4, 6, 7, 17|, point defects [9], and line tension
[38]. This in turn makes it unfeasible to use the signed distance function as in [35, 29, 28]. Our
approach, developed in §3 and §4, allows for kinks aligned with the initial mesh, and yields optimal
convergence rates even for surfaces which are not piecewise C2. Our third goal is to present a
rather complete discussion of adaptivity theory for AFEM on surfaces. The algorithm reads

AFEM: Given an initial surface-mesh pair (I'g, 7o), and parameters g > 0,0 < p < 1, and w > 0,
set k = 0 and iterate

[7:7.T}] = ADAPT_SURFACE (7p, wex)
[Tk+1,Tk+1] = ADAPT_PDE (77:2 k)
Ekt1 = pek; k =k + 1.

AFEM consists of two main modules: ADAPT_PDE is the usual adaptive cycle for flat domains
driven by the a posteriori PDE error estimator, whereas ADAPT_SURFACE is a new module that
accounts for and controls surface interpolation error. In §5 we discuss the a posteriori error analysis
for (1.1) on parametric surfaces, with emphasis on C'* parametric representations X : Q — R+!
of v and their piecewise linear interpolants Fr : © — RYt! which describes the polyhedral
counterpart I' = F7(Q) of v; hereafter Q@ € R? is the parametric domain. This interpolation is
governed by the geometric error estimator

Ar = V(X = Fr)ll o). (1.2)

The module ADAPT_SURFACE guarantees that its output satisfies )\le < weg, with w a param-
eter small relative to 1. This is critical for ADAPT_PDE to contract, a fundamental property
of AFEM shown in §7. We embark on the study of cardinality of AFEM in §8: we first prove
that AFEM delivers the best asymptotic convergence rate possible for the given regularity of data
v, f and solution u (Theorem 8.3), and secondly we construct a greedy algorithm that realizes
ADAPT_SURFACE (Proposition 8.4). The role of w is crucial for the theory of §7 and §3. We
conclude in §9 with a computational investigation showing that w must be small indeed to achieve
optimal performance of AFEM.



2 Motivation: Geometric PDE

The Laplace-Beltrami operator is ubiquitous in applications involving surfaces that evolve and/or
are the domain of an underlying PDE. In order to motivate the study of this operator we mention
a few applications where it appears naturally.

2.1 Biomembranes: Modeling and Simulations

Predicting the shape of a cell bounded by a lipid bilayer membrane has inspired a significant
body of research in the past forty years ranging from purely mechanical descriptions to advanced
mathematical analysis. We consider the Helfrich model for geometric biomembranes [41], which
associates to a closed surface 7, describing the biomembrane, the bending (or Willmore) energy
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Hereafter H stands for the mean curvature of v and Hy is the spontaneous curvature induced by
the surrounding medium.

Fluid Membranes. We start with Hy = 0. The first variation (or shape derivative) of J(v),
subject to volume and area constraints, is given in strong form by [33, 55]

%JW):(Aﬂ¥+%H3—%J0u+(AHy+m0, (2.2)

where & is the Gaussian curvature of v, and A, p are the Lagrange multipliers for the area and volume
constraints, respectively. It is important to notice that 6,J(v) is a vector field perpendicular to
~ because v is the unit normal to v. A (geometric) gradient flow consists of deforming ~ in the
direction opposite to the shape gradient, namely prescribing a vector velocity v to v according to

v =—5,J(7). (2.3)

Figure 1: Evolution of an initial axisymmetric ellipsoid of aspect ratio 5x5x1. For each frame the picture
on the bottom is a 3D view of the surface mesh and that on the top is a 2D cut through a symmetry
plane. The equilibrium is characterized by the formation of an extreme depression of the center to the
point of almost pinching (red blood cell). During the evolution the thickening of the outer circular edge
occurs faster than the motion on the center, producing a depressed circular ring in between the outer edge
and the center (first frame). This in turn is responsible for the appearance of a center bump instead of
a depression. Later the evolution continues to squeeze this bump to a depression at the expense of more
thickening and rounding of the outer circular edge.

This flow decreases the energy J(y) while keeping area and volume constant, and thus leads to
equilibrium configurations such as that in Figure 1, which mimics a red blood cell. The simulations



in Figure 1 were performed with the finite element method of A. Bonito, R.H. Nochetto, and M.S.
Pauletti [17], which replaces H in (2.2) by the vector curvature H = Hv (see also §2.2).

We now consider the more physically realistic model that couples the membrane with a fluid.
In order to do this, we assume the simplest situation in which the fluid is Newtonian, and thus is
governed by the Navier-Stokes equation for incompressible fluids in the deformable domain 2,

pDyv —div (—pI + uD(v)) =0 in Q,

divv=0 in Q,

(2.4)

where D(v) = (Vv + Vv7) is the symmetric part of the gradient and ¥ = —pI + pD(v) is the
Cauchy stress tensor. The membrane interacts with the fluid only through the boundary condition,
which represents a balance of forces at the interface v = v = 04

Sw = ko, J(y), (2.5)

where k is the membrane bending rigidity coefficient. In [16] A. Bonito, R.H. Nochetto, and M.S.
Pauletti couple the FEM of [17] with a Taylor-Hood discretization of (2.4) in an ALE framework
involving a semi-implicit Euler method in time. Figure 2 displays the complex behavior of the
fluid membrane and quite noticeable inertial effects, which lead to a more singular pinching than
in Figure 1. We give a comparison in Figure 3.

Figure 2: Evolution of a fluid membrane with initial axisymmetric ellipsoidal shape of aspect ratio 5x 5 x 1
and final shape similar to a red blood cell. Each frame shows the membrane mesh and a symmetry cut
along a big axis. The fluid flow is quite complex, creating first a bump in the middle and next moving
towards the circumference and producing a depresion in the center with flat pinching profile. The inertial
effects are due to unrealistic physical parameters.
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Figure 3: Comparison of final configuration of the geometric biomembrane of Figure 1 and the fluid
biomembrane of Figure 2 with unrealistic (left) and realistic (right) physical parameters. For the latter the
inertial effects are not significant and the purely geometric evolution is similar to the fluid driven one. The
pinching on the left occurs with a much flatter and thinner neck in the center and thicker torus outside.

Director Fields on Flexible Surfaces. The orientation of the bilipids is about 32° relative
to the unit normal to v for living cells. In order to describe this situation we consider the simple
model introduced by S. Bartels, G. Dolzmann, and R.H. Nochetto [9], which is in turn inspired
on the model by M. Laradji and O.G. Mouritsen [45] for flat membranes. The starting point is to
modify the energy (2.1) to incorporate the effect of a director field n so that

1 A 1
J(v,n) = 5 /|div,yu — ddiv,n|? + 3 / |V n|* + R /f(n V), (2.6)
Y v v



with |n| = 1 everywhere in ~. Here div,,V, stand for the tangential divergence and gradient to
v, H = —div,v, and §, A > 0. We thus see that Hy = —ddiv,n acts as a spontaneous curvature
term induced by the director field n. The function f(x) := (2% — £2)? in the last term of (2.6)
penalizes the deviation of the angle between n and v from arccos §y. It is worth stressing now that
if this angle were constant everywhere on v, then the projection of n on v would have a constant
length, which in turn would lead to the creation of defects (or singularities) of n. This is due
to the topological obstruction that there cannot be a smooth tangential vector field with nonzero
constant length defined on a closed surface. Therefore the study of defects and their influence on
membrane shape becomes an intriguing matter.
This is precisely what has been accomplished in [9], via an L?-gradient flow (or relaxation
dynamics) for J(v,n):
v =—-0,J(v,n), o = —0,J (v, n), (2.7)

where v is the velocity of 7. The expression of d,.J(,n), the first variation of J with respect to
~ (or shape derivative) is now much more involved than (2.2), whereas d,,.J(y,n) is rather simple;
we refer to [9] for details. This dynamics involves again the Laplace-Beltrami operator A,.

We display in Figure 4 the evolution of a sphere v (first row) along with the director field n on
a plane cutting through north and south poles. The initial director field ng has a couple of defects
+e' of degree +1, which persist through the evolution and lead to the formation of cone-like
singularities at the poles, one pointing inwards (north pole) and the other outwards (south pole).
This configuration shows some analogies to echinocyte shapes observed in lab experiments [42].
We refer to [9] for other examples and discussion, including defects of degree +1.
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Figure 4: Biomembrane case with inward and outward pointing defects of positive degree one: Snapshots
of the surface and the director field along a (deformed) geodesic through the north and south pole after
n = 50, 500, 1400 time steps. The surface develops inward and outward cones at the poles while the director
field remains nearly unchanged during the evolution.

2.2 The Laplace-Beltrami Operator and Curvature

The Laplace-Beltrami operator makes yet another fundamental appearance in the definition and
calculation of curvature. If x is the identity on +, then the following relation for the vector curvature
H = Hv is well known in differential geometry [30, 31]:

H=-Ax (2.8)



This crucial formula was first used for computation by G. Dziuk [35] with piecewise linear finite
elements. In the context of geometric evolution of §2.1 we advance in time from ¢,, to t,41 via a
semi-implicit Euler method x,,11 = x,, + 7, Vn4+1, which keeps the geometry explicit,

H, 1 O—7, [ YV, vy1:V, ¥ :/ Vo Xp 0 Vo, 0. (2.9)

Tn In n

This equation for H,,;1 is coupled with the equation for velocity v,,t1, which comes from the
gradient flows (2.3) or (2.7), or the Navier-Stokes equations (2.4)-(2.5). Getting separate equations
for H,,+1 and v,,41 is effectively an operator splitting technique, introduced by G. Dziuk [36], which
has been used in a number of papers; see e.g. [2, 3, 5, 6, 7, 8,9, 16, 17, 32, 37, 38, 50].

The mean curvature flow of a surface «y is governed by V' = —H, with V' being the scalar normal
velocity of 4. On the basis of (2.8), this geometric PDE can be reformulated as a heat equation
for the position x on 7, following a seminal idea of G. Dziuk [36]:

Oox=Vv=-H=Ax

This allows for a simple and efficient finite element discretization [36]. The analysis of the resulting
FEM is still open, except for the case of graphs [24, 25, 27].

Expression (2.8) is also a crucial building block in the approach of E. Bénsch to Navier-Stokes
equations with free capillary surfaces [2]. On the free surface 7, the Cauchy stress tensor ¥ satisfies
the Young-Laplace equation

v =H,

which allows for the following simple and elegant weak formulation of the boundary term

/VEWT :/HWT = —/A.YXWT :/V.YX:V,YW, (2.10)
v gl v v

where w is a suitable test function. This leads again to a simple and efficient FEM [2].

2.3 Surface Diffusion and Epitaxial Films

Surface diffusion is a 4th order geometric driven motion of a surface with normal velocity propor-
tional to the surface Laplacian of mean curvature:

V = ALH. (2.11)

This PDE corresponds to the H~! gradient flow of the area functional J(vy) = fv 1, and has been
studied by J. Cahn and J. Taylor [20] among others. E. Bénsch, P. Morin, and R.H. Nochetto
proposed a parametric FEM upon combining (2.9) and (2.10) [4]. Other related schemes have been
developed by J. Barrett, H. Garcke and R. Niwrnberg [6, 7]. The analysis of this problem is still
open, except for the graph case [5, 27].

Surface diffusion may lead to singularity formation in finite time, depending on the initial
configuration. This is depicted in Figures 5-6 which display the evolution of an initial 8 x 1 x 1
prism [4]. This simulation shows that adaptivity is essential to approximate singular situations
produced by the flow.

Modeling the deformation of the free surface « of stressed epitaxial films leads to a variant of
(2.11). The stress accounts for the misfit between the crystalline structure of the substrate and
epitaxial film, and causes a plastic deformation of «. This morphological instability of the free
surface may eventually lead to crack formation and fracture, an issue of paramount importance in
Materials Science. The dynamics of v is governed by

V=A,(H+e¢),
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Figure 5: Pinch-off in finite time. Evolution by surface diffusion of an 8 x 1 x 1 prism at various time
instants leading to a dumbbell and cusp formation.
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Figure 6: Detailed view of the pinch-off produced by surface diffusion of the 8 x 1 x 1 prism. Adaptivity
becomes essential when approaching the pinch-off configuration.

¢ being the elastic energy density of the bulk enclosed by 7 (see [4, 5, 32] and the references therein).
Applications to material science are given in [3, 8].

Consider now a simplified situation where elasticity is replaced by the Laplace operator in the
bulk © enclosed between the free surface v and the substrate ¥ (see Figure 7). We let € = |Vu|?,
where u solves the problem

—Au=0 in Q, Oyu=0 on-,

and u = x on the bottom ¥ and lateral boundary. This yields interesting configurations including
mushroom-like formations, thereby leading to defects in materials such as inclusions [32].

2.4 Geometrically Consistent Accuracy Preserving Algorithm

The chief geometric identity (2.8) turns out to play an important role when performing mesh
modifications (refinement/coarsening/smoothing) on manifolds with incomplete information on
their geometry, yet preserving position and curvature accuracy. This is typically the case when the
surface v is unknown as in the examples provided in Sections 2.1 and 2.3: -~y is known only through
its approximation I'" and the approximation of its vector curvature H, still labeled H.

The naive approach when performing mesh modification consists of (i) apply the mesh modi-
fication to I'; (ii) compute the corresponding curvature H according to a discrete version of (2.8)



Figure 7: Domain dynamics governed by coupling surface diffusion with the Laplace operator in the bulk.
This leads to a mushroom-like free surface that gives rise to an inclusion in finite time.

ensuring geometric consistency (here X is the identity on I'). It turns out that the last step yields
loss of accuracy on the approximation of the curvature regardless of polynomial degree, which is
inherent to computing two derivatives numerically — an unstable process.

To circumvent this issue, A. Bonito, R.H. Nochetto, and S.M. Pauletti [15] propose a Geomet-
rically Consistent Accuracy Preserving Algorithm (GCAP) which reverses the above process: X is
dissociated from I" itself in that it is no longer the identity on I'. In essence, the GCAP algorithm
proceeds as follows: (i) the mesh modifications are performed on I' to give the new surface I'y; (ii)
the new approximation H, of vector curvature is obtained projecting the existing one H on I'y;
(iii) the approximation X, of the identity vector on I', is obtained by solving the Laplace-Beltrami
equation (2.8) discretely with the curvature H, given in (ii). We stress that the concatenation of
projection and inversion of (2.8) is numerically stable.

To compare the naive and GCAP algorithms, Figure 8 depicts the effect of a global refinement
on a square approximation I' of a circle ; here I'y = I'. We refer to [15] for similar results
for two dimensional surfaces, higher polynomial approximations, and coarsening as well as mesh
smoothing.

Figure 8: Refinement procedures on a uniform partition of the unit circle using piecewise linear curves.
The arrows on the piecewise linear curve represent the approximation of the curvature H, all scaled down
by the same multiplicative factor 0.3. We depict the starting approximation of the curvature (first), that
after one global bisection of the surface approximation using the naive approach (second), and that with the
GCAP method (third). In contrast with them GCAP algorithm, the standard algorithm does not preserve
the accuracy of the geometric approximations. The last picture (fourth) depicts the new approximation of
curvature over the surface parametrized by the vector X, obtained in step (iii) of the GCAP algorithm.

3 Parametric Surfaces

In this section we discuss both how to represent and interpolate a parametric surface. This is
instrumental for the design, analysis, and implementation of AFEM on parametric surfaces.



3.1 Representation of Parametric Surfaces

We assume that the surface 7 is described as the deformation of a d dimensional polyhedral surface
I'o by a globally Lipschitz homeomorphism Py : Ty — v C R4, If Iy = Ule ¢ is made up of I
(closed) faces T'Y,i = 1,...,1, we denote by Pi : Ty — Rt the restriction of Py to I'). We refer
to I'}) as a macro-element which induces the partition {y*}/_; of v upon setting

v := Py(T).

In order to avoid technicalities, we assume that all the macro-elements are simplices, i.e. there is a
(closed) reference simplex Q2 C R?, from now on called the parametric domain, and an affine map
Fi: RY — R4 such that T = Fj(Q); Figure 9 sketches the situation when d = 2. We thus let
X' := PioF}:Q — ~" be alocal parametrization of v which is globally bi-Lipschitz, namely there
exists a universal constant L > 1 such that for all 1 <i < 1T

L7Ya—g| < |X'@) - X'(@)| <Lz -9, V&ge. (3.1)

This minimal regularity of -y, to be soon strengthened out locally in each macro-element, implies
the more familiar condition, valid for a.e. & € ),

L Y| < VX (2)w| < Llw|  VweRY (3.2)

hence L > 1 is the Lipschitz constant of X* and so of 7. We further assume that Py(v) = v for
all vertices v of T'g, so that F¢ is the nodal interpolant of X* into linear polynomials.

Figure 9: Representation of each component ~* when d = 2 as a parametrization from a flat triangle Fé C R3 as
well as from the master triangle Q C R2. The map F§ Q2 — Iy is affine.

The structure of the map Py depends on the application. For instance, if v* is described on '}
via the distance function dist(z) to v, then

7' 3 & = — dist(z)V dist(z) = Py() VxeTy,

provided dist(z) is sufficiently small so that the distance is uniquely defined. If, instead, 7 is the
zero level set ¢(x) = 0 of a function ¢, then
; -, Vo(@) . 1y o o
Iyosr=2+ —— |z —2| = P, (2), Ve
is the inverse map of Py. In both cases, dist and ¢ must be C? for Py to be C*(T}). Yet another
option is to view 7' as a graph on '}, in which case P} is a lift in the normal direction to I'}j and



Py is CH(T}) if and only if 4 is; we refer to [46]. Notice that the inverse mapping theorem implies
(P)~1 € Cl().

The regularity of v is expressed in terms of the regularity of the maps X*. If s > 0,2 < p < oo,
we say that v is piecewise W3, and write v € W3 (o), whenever X% € [Ws(Q)]**!, i =1,...,1.
We denote the associated semi-norm by

I 1/P
|”Y|W;(Fo) = <Z |XZ|€V;(Q)> :

i=1

Note that this non-overlapping parametrization allows for piecewise smooth surfaces v with possible
kinks matched by the decomposition {v*}/_,. Similarly, we say that v € C**(Ty), 0 < a < 1,
whenever X? € [C1*(Q)]4F!, i =1,..., T and define

Vlere o) = igllaXI|Xi|cm(Q)-
Finally, we note that a function v : 4 — R defines uniquely two functions ¥ : @ — R and
v: Ty — R via the maps X* and Py, namely
o(2) == v(X(2) Vie and o(z) == v(Py(z)) VZeT§; (3.3)

we set 7 = X%(2) for all 2 € . Conversely, a function ¢ : 2 — R (respectively, v : I') — R) defines
uniquely the two functions v : v* — R and o : T}, — R (respectively, v : v — R and ¢ : Q@ — R).
We will always denote by v the two lifts ¥ or ¢ of v : v* — R.

3.2 Interpolation of Parametric Surfaces

The initial partition of I'y in macro-elements (or faces) induces a conforming triangulation 7 of
T'y. We only discuss the class of conforming meshes T(7) created by successive bisections of this
initial mesh 75. However, our results remain valid for any refinement strategy satisfying Conditions
3,4 and 6 in [14]. In particular, successive bisections, quad-refinement and red-refinement all with
hanging nodes are admissible refinement strategies. For more details, we refer to [14, Section 6].

Fo

Figure 10: Effect of one bisection of the macro-element Fo(2) when d = 2 (left). The parametric domain € is
split into two triangles in R? via the affine map ]-'51 (bottom), whereas v is interpolated by a new piecewise linear
surface I' = F(Q) (right), with F = Z7X the piecewise linear interpolant of the parametrization X defined in Q.
The superscript ¢ is omitted for simplicity.

Given 7y, we define a shape regular forest T(7p), and for each T € T(7p), a piecewise affine
approximation I' = T'(7") of v, and a finite element space V(7)) on I' as follows. Note first that

10



conforming graded bisections of each macro-element I'} induce a family of shape regular partitions
T(Q2) of the parametric domain Q C R%. Let V(7%(£2)) be the finite element space of C° piecewise
linear polynomials on 7%(Q2), and let Zr: : C°(Q) — V(T(Q2)) be the corresponding Lagrange
interpolation operator. Let Fr: = Zr: X* be the interpolant of X* in V(7%(Q)), T := F:(Q) and

T ={T = Fr(T) | Te T}

the set I'? is a piecewise affine interpolation of 4. The global mesh 7, piecewise affine surface T,
and parametrization Fr of I' are given by

T = U{ZlTi, P = U{:1Pi7 ]:T = {]:TI }521 .

We need a few properties before discussing shape regularity of T(7y) = {7 }. We define
V(T) = {V € C'(I) | V|pi is the lift of some V € V(T*(Q)) via Fr,

V =0 on JT, or/

V_Oifar_@},
T

and note that V(7) is not a subspace of V(7y), which is a lack of consistency we must account for.
Since most properties discussed below are valid independently of the superscript ¢, we omit it from
now on. Figure 10 depicts one bisection refinement for d = 2.

UTeT(Q) and T = Fr(T) € T, we define the geometric element indicator

Ar(T) == H@(X - fT)HLm@) , (3.4)

and the corresponding geometric estimator

Note that two different meshes giving rise to the same surface I' yield the same Ar, which is thus
of pure geometric nature; this explains the subscript I'. Moreover, A\r(7T') is evaluated in T, which
belongs to the parametric domain € instead of the polyhedral surface I'. The geometric estimator
may not decrease upon each refinement, especially in the pre-asymptotic regime, but the following
quasi-monotonicity property is valid instead: there exists a constant Ag > 1, depending on 7g, and

dimension d, such that
Ar, < AoAr (3.6)

for all conforming refinements 7, of T [12, Lemma 3.1]. This result is also valid elementwise.

We recall that T(7y) is the forest of all conforming refinements 7 of Ty, denoted T > Ty,
obtained by the aforementioned bisection procedure. We say that T(7y) is shape regular if there is
a constant Cy only depending on 7y, such that for all T e T(Q)

Colla —g| < |Fr(@) — Frp)| < Colz —g|  Va,5eT. (3.7)

Since the forest induced by bisection on the flat parametric domain  is shape regular [11, 49, 52],
we observe that (3.7) states that the deformation of T' € T () leading to T' € T does not degenerate.
We also point out that (3.7) implies the usual condition on the Jacobian VFr, valid for a.e. & € Q2

Cytw| < |VFr(@)w| < Colw|  Vw € RY, (3.8)
and that %]—'T happens to be constant on T for an affine map Fr [22].

We stress that a bi-Lipschitz parametrization satisfying (3.1) does not guarantee that T(7p) is
shape regular. This pathological situation is depicted in Figure 11. This issue has been tackled

11



by A. Bonito and J. Pasciak [18] assuming that the surface v is W2, and 7o is sufficiently fine.
We now present a similar result, invoking piecewise C'-regularity of v, which hinges on (3.6): the
forest T(7p) is shape-regular with Cy = 2L provided

1

)\1"0 S m, (39)

where L > 1 is the constant in (3.1) [12, Lemma 3.2]. Figure 11 illustrates an intermediate
degenerate situation in which a triangle 7' € T is split into two triangles 71, Ts € T, with Ap, (77) >
(2AoL)~! and (3.9) being violated. This thereby leads to refinement of 77, which opens up and
gives rise to nondegenerate descendents eventually satisfying (3.9).

T

P q Po(m)

Figure 11: Smooth surface leading to a degenerate triangle. The point Py(m) is (almost) aligned with p and gq.
When the triangle T' = pgr € T is split into pgm and rpm, the new elements of T, are Th = pqPo(m), T = rpPo(m).
The triangle T is degenerate and Ap, (T1) > (2A0 L)~ 1, thus violating (3.9). This forces ADAPT_SURFACE to refine
further, which in turn opens up 77 leading eventually to nondegenerate descendents of T7.

4 The Laplace-Beltrami Operator

4.1 Basic Differential Geometry

In this subsection we give a matrix formulation of some basic differential geometry facts. We
assume v to be piecewise C1, namely v* € C*(T) for all 1 <4 < I, and T to be piecewise affine.

Our first task is to relate the gradient V in the parametric domain 2 with the tangential
gradient V, on 7. To this end, let T € R(4+1)xd he the matrix

T:=T, = [hX,...,00X]
whose i-th column 51»2( € R4t is the vector of partial derivatives of X with respect to the ith
coordinate of 2. Since X is a diffeomorphism, the set {9;X}% ; of tangent vectors to v is well
defined, linearly independent, and expands the tangent hyperplane to each 7 at interior points

for all 1 < j < I. The first fundamental form of v is the symmetric and positive definite matrix
g € R4 defined by

g= (Q%ij)1gi,jgd = (8iXT8jX)1§i,jgd =T'T. (4.1)
Given 0(#) = v(Z), the tangent gradient V,v(Z) = Zle ai(:ﬁ)(/?\i)((i:) satisfies the relation
9;0(&) = Vyu(Z) 9;X(2) for 1 <i<d,

whence

Vi =VuT (4.2)
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and (o)L, = gfl(gif;)f:l. To get the reverse relation, we augment T to the matrix T €
REFDx(@+1) 1y adding the (outer) unit normal v = (vy,- -+, v411) € R to the tangent hyper-
plane span{0X;}%_; to 7 as the last column, namely

T:= [T,v7] = [0iX, ..., 0%, V7).
Since T is invertible, we let D = T~!. We thus realize that

V,o =V, TD = [V0,0]D = Vi D, (4.3)
where D € R?*(4+1) regults from D by cutting off its last row. Moreover, writing

~ 14 D DT Du”
I(d+1)x(d+1)—T1T—{V}[T ”T}—{VT T}

\2%

with v € R¥*! we deduce DT = Iy 4 and vT = 0 whence v is parallel to ¥ and v = v because
vvT = 1. Reverting the order of multiplication, we also infer that

o D
Lapyxrny =TT =[T o7 ] [ ,, ] =TD+v'v,

and TD = L1y 1) — v"v. This shows that TD is symmetric and
TDD"T” = TDTD = TD = L4y 1)x(a+1) — V' V, (4.4)

as well as
DD"TTT = DTDT = L.

Therefore, the first fundamental form g has inverse g=' = DD7. We let

q:=+/detg (4.5)

be the elementary area of v and point out the change of variables formula for w C Q2

Jo= ] v (4.6)

The discussion above applies as well to the piecewise affine surface I'. We denote the corre-
sponding matrices Tr = VF7 and Dr associated with 7 : Q — T', and get

Vrv = Vo Dr. (4.7)
The first fundamental form Gr of ' and its elementary area Qr are defined by
Gr := TL Tr, Qr := /det Gr. (4.8)

It is worth noticing that, since Fr is affine, Gp and Qr are constant on each T € T(Q) (T € T).

4.2 Variational Formulation and Galerkin Method

We now introduce basic Lebesgue and Sobolev spaces on the surface . Let
G- foerm] f1=0 1 or-)
¥

be the space of L? functions, with vanishing meanvalue whenever the surface  is closed, and

(7)== {v € L4() | Wy

i € [P, vl = vlhs ony Ny 1<, < T, v="0o0n 57},
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where V., and traces are well defined in each component +* due to (4.3). We define the weak form
of the Laplace-Beltrami operator A v for any function v € H;& () to be

1
—Av, @) Z/ V,YUV;F@ Yo € H;#('y), (4.9)

where (-, -) denotes the (H(7))*-Hy(v) duality product. In order to derive a strong form of A,
we now assume that X? is C? and v € H?(v%) for each 1 < i < d. In view of (4.3), integrating by
parts in (2 we obtain

1~ o S ~T .
/ VWUV$</7:/VUDDTVQD q*/ ——div(qV@gfl)gﬁq—i-/ qViog nlp,
i Q o 4 0

where 1 is the unit outer normal to 2. We thus discover that inside 4* the following expression for
the Laplace-Beltrami operator holds

1~ ~
A = =div(¢Vig™). (4.10)
q

The boundary term instead leads to jumps across the boundary 9+* with other pieces v/ of v and
can be equivalently written as

/mq%g—lﬁff@: ) V,on'p, (4.11)
i

where n in the unit outer normal to 4" in the tangent plane to 4. Combining (4.10) with (4.11)
yields

/ VWUV%O :/ A+ V.,vn'p, (4.12)

which is the Gauss-Green formula for C? surfaces.

Expression (4.11) is not obvious and, since it is quite important for the subsequent discussion,
we prove it now. Recall that Q@ C R is the canonical unit simplex and notice that a change of
variables in  dictated by a rotation leaves the left-hand side of (4.11) unchanged. We exploit this
property to assume, for convenience, that an arbitrary & € 99 belongs to the (d — 1)- subsimplex

S with outer normal given by i = [—1,0,---,0]. We observe that the affine function ¢(&) = 2n”
vanishes on S and Vo =n = V,¢T, accordmg to (4.2), whence

VipohX =—1, V,0X =0 2<i<d;

moreover, V¢ = |V,¢n. We now introduce the auxiliary matrix S € R(d+1)x(d=1)

S =[0oX, -+ ,04X], r=1/det(STS),

and point out that the quantity r is the elementary area associated with the subsimplex S at T.
Since the (d — 1)-dimensional space span{0; X 14, is tangent to the curvilinear simplex S = X(S9),

we can decompose 81)( orthogonally as follows
O X =an+Sb, acR, beR¥2
where b is the least squares solution b = (S7 8)~!1 879, X7 and |0, X|?> = o2 + |Sb|2. Hence,

1=V, X =alVyg| = a=—|V,¢ "
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We compute ¢? = det g using the expression for block matrices

a2 axs

= | 19 — detg =det(STS) (|1 X2 — 9, X S(STS) 1879, x7T),
g [STalXT STS] etg = det(S" S) (|01 X 1A S(STS) 1 X)

to infer that

P =r’d® = |V.Y<;5|:z — f=nT_.
q

q
To finally derive (4.11), we recall that TD = Lgs1yx(d+1) — vTv and observe that

/gq%@g_lﬁTtﬁ:/gq@f;DDTﬁTgA):/ng,vaTTTnTwz/gv,yvnTga.

We now build on (4.9) and write the weak formulation of —A-u = f as follows: given f € L% (),
we seek u € H%E (y) satistying

1
Z/unvfsﬁ:/f% Ve Hy(v). (4.13)
i=177" vy
Existence and uniqueness of a solution u € H;& () is a consequence of the Lax-Milgram theorem
provided « is Lipschitz. Combining (4.13) with (4.12) and (4.11) yields for each component ~*,
Aju=f 1<i<I, (4.14)
together with vanishing jump conditions at the interfaces v N ~7

J (u)

yirmi = Vyun'+ Vo un/ =0 V1<i,j<I, (4.15)

because f € Lf# (7) cannot balance this singular term otherwise.

We next formulate an approximation to the Laplace-Beltrami operator on a piecewise affine
approximation I" of v supported by a mesh T € T(7y). If Fr € Li(I‘) is a suitable approximation
of f, then the finite element solution U : I' — R solves

UeV(T): /vavlfvz/va YV ev(T). (4.16)
r r
To this end we choose Fr to be
q
Fr = f—, 4.17
T er (4.17)

because this specific choice of Fr satisfies the compatibility property

/FFF_Lf_o, (4.18)

whenever 7 is closed, and allows us to handle separately the approximation of surface v and forcing
f. In particular, (4.16) admits a unique solution U as a consequence of the Lax-Milgram theorem.

Since I' is piecewise affine, the quantities vU , Gr, Qr are piecewise constant, whence
ArUlr =0 vIeT. (4.19)

We refer to [12] where we account for piecewise polynomial I' and the fact that ApU|r # 0. The
formula (4.12) extends to every element T € T

/vavgvz/ —AFUV+/ VrUnkv YV e V(T). (4.20)
T T oT

15



5 A Posteriori Error Analysis

In order to study the discrepancy between v and U we need to agree on comparing them in a
common domain, say . Our goal is thus to obtain a posteriori error estimates for the energy error
Vy(u — U)l|12(+). This requires developing an a priori error analysis for the interpolation error
committed in replacing v by I' in (4.16), which is a sort of consistency error, and its impact on the
PDE error. We are concerned with these issues in this section and refer to [28, 29, 46].

5.1 Geometric Error and Estimator

We now quantify the error arising from approximating -, the so-called geometric error. To this
end we resort to the matrix formulation of §4.1 to relate the geometric error with the geometric
estimator Ar of (3.4).

Given T € T, we will deal with the regions 7' € T(2) and T € T (y) given by

T={F'@)|zeT} and T:= {X(g@)mef}. (5.1)
On mapping back and forth to f, and using (4.6), we easily see that

_ [ %
/Tv— Tvq. (5.2)

We are now able to quantify the consistency error alluded to at the beginning of this section.

Lemma 5.1 (consistency error). For all v,w € H'(v) there holds
/vpvvFTw — / VoViw = / Vo ErV, w,
r v v

where BEp € RUTDXA+Y) stands for the following error matriz

1 _ _
Er := gT(QFGrl —qg HTT. (5.3)
Proof. We first note that combining (4.2) with (4.3), we get
V,o=Vrv TrD and Vrv = V,v TDr, (5.4)
which together with (5.2) gives
/ Vro Viw = /VVU TDrDET? v;fw% Yo, w € H(y). (5.5)
r vy
Since (4.4) allows us to write
/V.Yv Viw= / Voo TDD'T" Viw  Vo,w € H'(v), (5.6)
g gl
which is a counterpart of (5.5), the assertion follows immediately from (4.1) and (4.8). O

Our next task is to estimate Er in (5.3), which entails dealing with g, Gr and ¢, Qr.

Lemma 5.2 (properties of Gr and Qr). The matrices g and Gr have eigenvalues in the interval
[L72,L? and [%L’Q, %LQ], respectively, provided the initial mesh Tqy satisfies

1

A, < ———. 5.7
o = 6A0L3 ( )

Moreover, the forest T(Ty) is shape regular, L=¢ < q,Qr < LY, and for all T € T(Ty)
g = Qrllpe(y) + 118 = Grllpe(y) S Ar (5.8)
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Proof. Since L > 1, (5.7) yields (3.9), which in turn gives shape regularity of the forest T(7p) and
(3.8) with constant Cy = 2L. Hence, using the definitions of g and Gr, we deduce ||g—Gr| 1 (y) <

3LAr. On the other hand, invoking (3.2) we see that elgt = ’VXEV for all £ € R?, whence
L72g)? < €7gt < L2
Since Ar < 517, due to (5.7) and (3.6), then the previous estimates readily imply

1 3
SLTIER < (L72 = 3LAr) € < €7Gré < (L2 + 3LA0) g < SL2Jgf?,

as well as L™% < ¢,Qr < L% because ¢? = det g, Q2 = det Gr are products of the d eigenvalues of
g, Gr. Moreover, since

detg — det Gr
¢g—Qr=—"—""7—""
q+Qr
it only remains to obtain an estimate for the numerator. The definition of determinant readily
yields | det g — det G| < L*¥~!Ap, and completes the proof. O

We stress that if Ty does not satisfy (5.7) but g9 < (6AgL3w) ™!, then the algorithm AFEM of
81 will first refine 7y to make it comply with (5.7) without ever solving the PDE. In this sense,
(5.7) is not a serious restriction for AFEM, although necessary for the subsequent theory.

Corollary 5.3 (estimate of Er). If A\p, satisfies (5.7), then we have for all T € T(Ty) and
corresponding I’
HEFHLoo(T) S Aan(T) VT eT,

where the hidden constant depends on To and the Lipschitz constant L of .
Proof. According to (5.3), and ||T|| e (4) = [T || (y) < L, we infer that

IEr|l oo 7y S [|@rGr' — 98 | oo ¢ -

The lower bounds on the eigenvalues of g and Gr imply ||g_1HLm(f), ”G;l”Lw(T) < L2, which
together with the expression

QrGr' —ag' = (Qr —q)Gr' + 4G (g~ Gr)g ™!
and (5.8) gives the asserted estimate. O

We now give a constructive expression for unit normals in R4+!, thereby generalizing the usual
vector product in R3, and next use it to derive an error estimate for Dr.

Lemma 5.4 (unit normal). Let {ej}‘jii

and x = X(T) € 7, let N(Z) = Zgill A;(Z)ej, where A; stands for the determinant

be the canonical unit vectors of R4, For each T € (Q,

A;(@) = det (e, X (T), -, DaX(T))

We then have |N(Z)| = ¢(Z) and the unit normal vector v(z) to v at x is given by v(z) =
N(E)/‘N(f)‘ Moreover, a similar result holds true also for I, upon replacing X by F, provided
Ar, satisfies (5.7), i.e., |Np(Z)| = Qr(Z) and vr(z) = Np(Z)/|Nr(Z)].

Proof. We fix T € Q and drop it from the notation. Since T is full rank, some A; must be non-zero
whence N # 0. Moreover, the vector N is orthogonal to the tangent hyperplane to v at x because

d+1
NG =3 Aje; 5.0 = det (X, DX, B 5a) =0

j=1

17



Hence, v = N/|N]| is well defined. To prove that [N| = ¢ recall that T = [51/"(', e ,5d2(] to write

d+1 d+1
IN? = A2 =" A;det (e;,01X, - ,04X) = det (N, 01X, -+ ,04X)
j=1 j=1
B T vz NTN 0 N?
- {det ([N,T] [N,T])} ={det |0 g = |N|q.
This implies |N| = ¢ because |[N| # 0. The same argument applies to T'. O

Lemma 5.5 (error of v and D). If (5.7) holds for the initial mesh To, then for all T € T(7)
[V = vrll ey + 1D = Drll e, < Ar- (5.9)
Proof. Lemmas 5.2 and 5.4 imply L= < |N(2)|, [Np(z)| < L? for all Z € 2, whence

N Np 1
N[ [Nr[ [N

1 1

V —Vr = .
IN| [N

(N—NF)+< )Np = |v—wvr| $LYN - Np|.

To estimate N — Np = Z‘jii (A; — Ar j)e;, we observe that each A; (resp. Ar ;) is a sum of

factors of the form 51-)( - €y, (resp. 51-]:7— - €n,), whence
|4 —Arj| SL% A = v —wvp| S
For the remaining estimate for D — Dr we recall the definition T = [T, v7T] to infer that
IT = Trll () < 1T = Trlloe(y) + [ = vrll () S Ars

We now show that D = T~ is uniformly bounded. To see this, we write Tw = Tw + wgy VT for
W = (W, wgq11) € R and recall (3.2) to get

L2 < 72w o+ fwga* < |TW]° < L2w]? + g < L7[w],
aswell as | T~ p (o, | Tr |z S L2 Since D—Dp = T~ (Tr—T) Ty, the desired estimate
follows immediately from the previous one for T — Tp. O

We finally point out the equivalence of norms on v and I' provided (5.7) is valid [12, Lemma
5.6]
””Hm(iﬁ) ~ |lvllL2(ys |U|L2(T) ~ |2y YT €T. (5.10)

5.2 Upper and Lower Bounds for the Energy Error

We now derive an error representantion formula leading to lower and upper bounds for the energy
error. Given T € T(7p), we let the usual interior and jump residual for V € V(7) be

RT(V) = FF|T+AFV|T:FF|T VTET,
TJs(V)=VrVT|s-nf+VrV |s-ng VSEeS,
where nJSr and ng are outward unit normals to S with respect to 7" and T, on the supporting
planes containing T and T~ respectively; T and T~ are elements in 7 that share the side

S € § where S denotes the set of interior faces of T € T. We stress that, in contrast to flat
domains, ng # ng because the vector may have different supporting hyperplanes. Similarly,
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VrV7T|s = @V*Dﬂg and VrV ™ |s = §V*Dp|§ are tangential gradients of V on T and T~
restricted to S, respectively. Note that, according to (4.14),

ArV]r = QFldiv(QrVVGi )|z =0 VT eT,

provided V' and T" are piecewise linear. We refer to [12, 29] for the case ArV|r # 0.
Subtracting the weak formulations (4.13) and (4.16), and employing (4.12) to integrate by parts
elementwise, we obtain for all v € H*(7):

/VV(U—U)'V,YU:Il-FIQ-FI& (5.11)
~

with

I = Z/TFF(U_V)_Z/SJS(U)(”_V)’

TeT Ses

I ::/VFU-VFU—/VVU-VW:/VVUEFV&J,
r ol Y

1 ;_Afv_AFFU.

The choice Fr = &f of(4.17) implies Is = 0 so that only I; and I> need to be estimated. Observe
that I; is the usual residual term, whereas I5 is the geometry consistency term studied in §5.1
which accounts for the discrepancy between v and T'.

We focus now on I;. The PDE error indicator is defined as follows for any V' € V(7))

1
nr(V.T)? = W |Feleiry + 5 D hellTs(Vliies) YT ET,
scor

where hy = |T0|% and T} is the preimage of T' in the initial triangulation 7y, ie. Ty = Fo 0.7’-'7_—1 (T).
This definition of hy guarantees the strict reduction property

hyr <2740y (5.12)
for all 77 obtained from T after b bisections. We also introduce the data oscillation
oscr(f,T) :=hp|Fr — Fr|2ry VT ET, (5.13)

where Fr stands for the meanvalue of Fr on T' € 7. Finally, for any subset 7 C T we set

nr(V,7)? = Z nr(V,T)?, and oscr(f,7)? == Z oscr(f,T)?,

Ter Ter

and simply write 77 (V') and oscr(f) whenever 7 = T.
Standard arguments [1, 54] to derive upper and lower bounds for the energy error on flat
domains can be extended to this case; see [29, 46, 12]. We thus sketch the proof.

Lemma 5.6 (a posteriori upper and lower bounds). Assume that Ar, satisfies (5.7). Letu € H'(v)
be the solution of (4.13), (I',T) an approximating surface-mesh pair, and U € V(T) be the Galerkin
solution of (4.16). Then there exist constants C1,C2 and Ay depending only on Ty, the Lipschitz
constant of v, and | f||L2(+), such that
IV (u = U720,y < Crng(U)? + AiAE, (5.14)
Conr(U)? < IV (u = U)||F2(,) + 0ser(f)? + AL AT (5.15)
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Proof. Our departing point is (5.11) with v € HJ(y) arbitrary and V' € V(T) its Scott-Zhang
interpolant, built over the parametric domain © [19]. Using interpolation estimates and (5.10)
yields

1| < 0 (U) Vvl -

Since ||VrU||L2(y) < I fll22¢y), invoking Corollary 5.3 gives
(L] S ArlVyollzecy-

Since I3 = 0 we obtain the upper bound (5.14). To prove (5.15) we resort to a local argument due
to R. Verfiirth [54]. Let T € T and br be corresponding cubic bubble. If v = Frby € H}(T), then

||V’YUHL2(T) S h;IHFFHB(T).

Therefore, inserting v into (5.11) and taking V' = 0 leads to
Pl S [ oo s bz (19200 = U)lliary + An(D) Prllzzcry.

This combined with the triangle inequality gives part of (5.15). It remains to deal with the jump,
for which we select an arbitrary side S € S with adjacent elements TF. Let bg be a piecewise
quadratic bubble with value 1 at the midpoint of S and 0 at any other quadratic node. Let
v=Js(U)bs € H}(ws) where wg = TT UT~. Replacing v into (5.11) and taking V = 0 yields

IO sy 5 [ T50)0 < (1930 = Vst + B ey + Mrlos)) V2200

To conclude the proof we invoke the property ||V v r2(ws) S h§1/2||J5(U)||L2(S) along with the
previous estimate for hs || Fr12(wg)- O

To prove optimality of AFEM we need a localized upper bound for the distance between two dis-
crete solutions. This bound measures ||V, (U —U)||12(y) in terms of the PDE estimator restricted
to the refined set and geometric estimator [12, Lemma 4.13].

Lemma 5.7 (localized upper bound). Assume that Ar, satisfies (5.7). For (T,T), (T.,T'x) pairs
of mesh-surface approzimations with T < T, let R := Ry_7+ C T be the set of elements refined
in T to obtain T*. Let U € V(T) and U € V(T,) be the corresponding discrete solutions of (4.16)
on I' and T's, respectively. Then the following localized upper bound is valid

IV (Us = D)2,y < Criir (U, R)? + A1 Ar(R)?, (5.16)
with constants Cv, A1 as in Lemma 5.6.
Proof. We start from the error representation formula (5.11) by replacing v by I', and taking as a
test function v = B, :=U — U, € H#(v)

||V’Y(U* — U)”%?('y) 2‘/F VF* (U* — U) . VF*E* =1+ 1+ Is.

To estimate I, we proceed as in the flat case [21, 49, 51]. We first construct an approximation
V eV(T) of E, € V(T.). Let w be the union of elements of 7 which are refined in 7, and denote
by w; one of the connected components of its interior. Let 7; be the subset of 7 contained in w;
and let V(T;) be the restriction of V(T) to w;. We now can construct the Scott-Zhang operator on
the corresponding flat domains &; = .7’-'7_—1 (w) and then lift them to I' via Fr. We denote these lifts
by P; : HY(@;) — V(T;). Let V € V(T) be the following approximation of the error E, € V(T):

V:=PFFE, inw;, V := E, elsewhere.
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By construction, V' has conforming boundary values on dw;, is continuous in T, i.e V € V(T) and
is an H!-stable approximation to E,. Since V = E, in I'\w we obtain by standard argument

|| < Cinr (U, R)||Vr Exl| 21y
To estimate I5, we first note that Ig|p\w = 0 because I' and T', coincide in the unrefined region
I'\w. Adding and subtracting [ V,UV,E,, with @ = X o F7'(w), we obtain

I :/;V,YUEpsz*—/;V,YUEF*VgE*.

Combining Corollary 5.3 with (5.10) and (3.6), in its elementwise form, we obtain
12| S (e (R) + Ar+ (R)) [IVr Eull 227y S (L + AD)Ifll 22 Ar(R).
We note that the choice (4.17) of discrete forcing terms Fr, and Fr implies I3 = 0. Finally,

collecting the estimates above we conclude (5.16). O

5.3 Properties of the PDE Estimator and Data Oscillation

As indicated in (5.14)-(5.15), we have access to the energy error ||V, (u—U)||2(,) only through the
PDE estimator 11 (U), the geometric estimator A\r, and data oscillation oscr(f). As is customary
for flat domains, (5.13) guarantees that oscr(f) is dominated by n(U) locally:

oser(f,T) < nr(U,T) VT eT. (5.17)

The main novelty in (5.14)-(5.16) with respect to flat domains, which is also the chief challenge of
the present analysis, is the presence of Ar. In this respect, we show now the equivalence of 77 (U)

and the total error .

Er(U, £) = (19 (u = 0)lar) + oser(f)?) (5.18)
provided Ar is small relative to n7(U). We refer to [21] for a similar result for flat domains.

Lemma 5.8 (equivalence of estimator and total error). Let C,Ca, Ay be given in Lemma 5.6. If

Cy
Mo< —Znr(U)? 5.19
b < e @) (519)
then there exist explicit constants Cs > Cy > 0, depending on C1,Csy, such that

Canr(U) < Er(U, f) < Csnr(U). (5.20)

Proof. Combining (5.14) with (5.19), we infer that

C
1V (e = O[3y < (Co+ 52 )mr (U2 (5.21)

This, together with (5.17), gives the upper bound in (5.20). We next resort to (5.15) and (5.19) to
obtain

C
Conr(U)? < [[V5(u = U)l[Z2y) + 0ser () + F0r(U)?,

which implies the lower bound in (5.20) and concludes the proof. O

It turns out that the usual reduction property of ny(U) [21, Corollary 3.4], which is instrumental
to prove a contraction property of AFEM, is also polluted by the presence of Ar as stated below.
The following result is proved in [46, Lemma 4.2] for any polynomial degree.
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Lemma 5.9 (reduction of residual error estimator). Let Ap, satisfy (5.7). Given a mesh-surface
pair (T,T), let M C T be a subset of elements bisected at least b > 1 times in refining T to obtain
T >T. If&:=1-— 27%, then there exist constants Ao and As, solely depending on the shape
regularity of To, the Lipschitz constant L of v, and || f||12(y), such that for any 6 >0

n7. (U)? < (1+6)(nr(U)? = Enr (U, M)?)

5.22
+ (L0 ) (M) V4 (U = U)|172(,) + A2AT). (5:22)

Proof. Let S € S, be an interior side and T+, T~ € T* be two elements sharing S. The component
of Vr, U, tangential to S does not jump, because U, is continuous across S, whence

|Ts(U.)| = |[Vr, U = Vi US|
where U = U,|p+. Therefore

|Ts(Us) = Ts(U)| < | Ve (U =UF)| + |V (U, —U)|
+|Vr,UT = VUt + |V, U™ = VU™ |.

Employing an inverse estimate together with (5.10), the first two terms can be bounded as follows:

hsl| Ve, (UE — U5y S 1V, (UF = U)oy = V5 (U2 = U],

For the next two terms we use (4.7), in conjunction with (5.9) and (3.6), to write
hs || Ve, U = VeU*| pas) S VU (Dr, = Dr)ll s, S Ars

where the hidden constant depends on || f||z2(-).
We now turn our attention to the interior residual. Let T € 7, and T = Fr o ]-"7?*1 (T,), T =
]-"7?*1 (T) be the corresponding sets in I' and (2. Since Fp = & f we infer that
|Qr — Qr.

[ [1meR] = [P S v

because of (5.8) and the lower bounds for Qr and Qr,, as well as (3.6).
Collecting the estimates above, we realize that we have derived the bound

17 (U < (L4 e (U T2 + (1467 (A V4 (U, = D)3, + A2}
It remains to deal with the set M, namely to prove

(U, T2)* < nr(U)? = Enr(U,M)?.

This is exactly the same argument as for flat domains because of the definition of meshsize hy and
(5.12) [21, Corollary 3.4]. This concludes the proof. O

Another difference with the theory of adaptivity for flat domains is the behavior of data os-
cillation under refinement. The usual situation is that oscy(f) does not increase upon refinement
from T to 7. [48]. This is no longer true because oscr(f) and oscr, (f) are defined on different
domains I' and T',. Instead, we have the following substitute.

Lemma 5.10 (quasi-monotonicity of data oscillation). Let Ap, satisfy (5.7). Let (T,T), (T«,T%)
be mesh-surface pairs with T < T. and discrete forcing functions defined according to (4.17). Then,
there exists a constant Cs > 1, depending only on Ty and the Lipschitz constant L of vy, such that

oscr, (f) < Csoser(f). (5.23)
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Proof. Let T, € T, and so in 'y, and let T' = Fr o ]-"1?*1 (T.) be the corresponding set in I', but
perhaps not in 7. Using (4.17) and the fact that Qr is piecewise constant, we realize that

/ ‘FF*_FF* /’fQ—F— QF QF* /‘FF_FF‘2QF <Cz/‘FF_FF ;
T. .

where C2 is the maximum of the ratios Qr/Qr,

7, for all T, € T, and is bounded by L??. O

6 AFEM: Design and Properties

Since Ar and n(U) account for quite different effects, the algorithm AFEM is designed to handle
them separately via the modules ADAPT_SURFACE and ADAPT_PDE:

AFEM: Given I'g, Ty, and parameters g > 0, 0 < p < 1, and w > 0, set k = 0.

1. [77c+,1—‘2] = ADAPT_SURFACE(T}, weg)
2. [Tet1, Thy1] = ADAPT_PDE('EJ,E;C)
3. epp1 =peps k=k+1

4. Goto 1.

We notice the presence of the factor w, which is employed to make the geometric error small relative
to the current tolerance ;. This turns out to be essential for both contraction and optimality of
AFEM, and is further discussed in §§7-9.

6.1 Module ADAPT_SURFACE

Given a tolerance 7 > 0 and admissible subdivision 7, [7+,T'"] = ADAPT_SURFACE(T,T, )
improves the surface resolution until
)\p+ <7 (61)
where Ar is the geometric estimator introduced in (3.4). This module is based on a greedy algorithm
[T+, "] = ADAPT_SURFACE(T,T, 7)
while M :={T e T |Ar(T)>1}#0
T := REFINE(T, M)
I':=Fr(Q)
end while
return(7.I)

where REFINE(7, M) refines all elements in the marked set M and keeps conformity; more details
are given in §6.2. To derive convergence rates for AFEM, we require that ADAPT_SURFACE is
t-optimal, i.e. there exists a constant C such that the set M™ of all the elements marked for
refinement in a call to ADAPT_SURFACE(T,T, 7) satisfies

#MT < Cor (6.2)

whenever v belongs to a suitable approximation class, B; with 0 < ¢ < 1/d (see §8.1). In §8.3 we
show that this assumption is satisfied provided that v € W, *4(T'y) for some tp > 1.

6.2 Module ADAPT_PDE

Given a tolerance ¢ > 0 and admissible subdivision 7, [T,U] = ADAPT_PDE(7 *,¢) outputs a
refinement 7 > 7 and the associated finite element solution U € V(7)) such that

nr(U) <e. (6.3)
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The module ADAPT_PDE is the standard adaptive sequence:

[7,T] = ADAPT_PDE(T, )
U = SOLVE(T)
{07 (U, T)}rer = ESTIMATE(T,U)
while nr(U) > ¢
M = MARK(T, {nT(Uv T)}TET)
T .= REFINE(T, M)
I':=Fr(Q)
U = SOLVE(T)
{n7 (U, T)}rer = ESTIMATE(T, U)
end while
return(7.I")

We describe below the modules SOLVE, ESTIMATE, MARK and REFINE separately.

Procedure SOLVE. This procedure solves the SPD linear system resulting for (4.16). For simplic-
ity we assume that the linear system is solved exactly. In this context, the approximate solution of
the discrete problem can be handled as in [51]. We refer to [43] for a hierarchical basis multigrid
preconditioner and to [18] for standard variational and non-variational multigrid algorithms.

Procedure ESTIMATE. Given the Galerkin solution U € V(7)) of (4.16) ESTIMATE computes
the PDE error indicators {n7(U,T)}re7. We emphasize that this procedure does not compute the
oscillation terms, which are only needed to carry out the analysis.

The equivalence stated in Lemma 5.8 is critical to deduce that the ADAPT_PDE strategy based
on the reduction of the error indicators ny(U) is successful in reducing the total error ||V, (u —
U)ll2(yy + 0scr(f). To see this we impose the constraint on the parameter w

[ C
w S Wi ‘= ngjxl, (64)

and observe that the input 7 to ADAPT_PDE as well as all inner iterates satisfy, in view of (3.6),

Cs

Since n1(U) > e, we deduce the validity of (5.19) whence that of (5.20) within ADAPT_PDE.

Procedure MARK. We rely on an optimal Dirfler’s marking strategy for the selection of elements.
Given the set of indicators {n7(U,T)}rer and a marking parameter 6 € (0,1], MARK outputs a
subset of marked elements M C T such that

nT(U,M) > 9777*(U). (6.5)

In contrast to [46], MARK only employs the error indicators and does not use the oscillation nor
surface indicators. We will see that quasi-optimality of AFEM requires that M be minimal and 0
sufficiently small.

Procedure REFINE. Given a triangulation 7 and a subset M of marked elements, the call 7, =
REFINE(T, M) bisects all elements in M at least b > 1 times while maintaining mesh conformity,
to obtain a new mesh T,. The new surface I', is obtained by piecewise linear interpolation of the
parametrization X via Fr, = 7, X, namely, I', = Fr. ().

To ensure conformity of 7, some additional elements of 7\ M need to be refined. The complexity
of the overall refinement algorithm is controlled in a cumulative way, as was proved by P. Binev,
W. Dahmen, and R. DeVore for d = 2 [11] and R. Stevenson [52] for d > 2; see also the survey
[49]. The precise statement of this result is in the following lemma.

24



Lemma 6.1 (Complexity of REFINE). Assume that Ty is suitably labeled (condition (b) of §4 in
[52]). Let {Ti} >0 be any sequence of meshes produced by succesive calls Tr+1 = REFINE(Ty, My).
Then, there exists a constant Cg solely depending on To and the refinement depth b such that

k—1

#To —#T0 < Cs Y _#M;,  Vk>1 (6.6)

Jj=0

It is worth noticing that the user parameter b > 1 only entails a minimal refinement, which
does not force an interior node property [48, 47] or an extra refinement to improve the surface
approximation [46].

Remark 6.2 (alternative subdivision strategies). For simplicity we only discuss the refinement
strategy based on simplex bisection. However, all the results obtained can be extended to any
strategy satisfying Conditions 3, 4 and 6 in [14], such as quadrilaterals with hanging nodes.

7 Conditional Contraction Property

The procedure ADAPT_PDE is known to yield a contraction property in the “flat” case. In the
present context, however, the surface approximation is responsible for lack of consistency in that
the sequence of finite element spaces is no longer nested. This in turn leads to failure of a key
orthogonality property between discrete solutions, the Pythagoras property. We have, instead, a
perturbation result referred to as quasi-orthogonality below. Its proof follows the steps of that for
graphs [46, Lemma 4.4]. In this section, we use the notation

e = Vy(u=U7)L2yy, B = VA (U = U7)|| L2,
W= (U7), (M) =0 (U7, MP), N = A,

where 77 are meshes obtained after each inner iteration of ADAPT_PDE, starting with 7° = 7,
and I'V, U7 are the corresponding discrete surfaces and Galerkin solutions.

Lemma 7.1 (Quasi-orthogonality). Let Ay > 0 be the constant of Lemma 5.9, which solely depends
on the Lipschitz constant L of v and ||f||12(yy. Then, fori= j,j+ 1 with j >0, we have

, 3 , , , 1 ,
(/)2 = S(B7)? = Ao (N')? < (e771)2 < (¢/)7 = S (BY)? + Aa(A)%, (7.1)
Proof. Since the symmetry of the Dirichlet form implies

(€ = (@) 4 (B + 2 [ 9, (u = UTHVE @I - ),

we just have to examine the last term. Combining (4.13), (4.16), and (4.17) with Lemma 5.1 yields
| [ Vo= UV = U £ i VB
.

which gives (7.1) after applying Young’s inequality. O

Remark 7.2 (validity of (7.1)). Relation (7.1) is also true for any pair of triangulations (7, 7),
with 7. > T, discrete solution U, € V(7) on the finer space, and any discrete function V' € V(7).

Theorem 7.3 (Conditional Contraction Property). Let 8 € (0,1] be the marking parameter of
MARK and let {77,179, U7 3’20 be a sequence of meshes, piecewise affine surfaces and discrete
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solutions generated by the procedure ADAPT_PDE (TP, ¢) within AFEM with tolerance ¢, i.e. \° <
we. Assume that the AFEM parameter w satisfies
3

w<wy = , (7.2)
Aov/3285(2A; + 1)

where £ =1 —27%4 s defined in Lemma 5.9. There exist constants 0 < o < 1 and 8 > 0 such that
(&) + B2 < 2((63')2 + ﬂ(nj)Q) VO<j<J (7.3)

Moreover, the number of inner iterates J of ADAPT_PDE is uniformly bounded.

Proof. Let 8 > 0 be a scaling parameter to be found later. We combine (7.1) and (5.22) to
write

(P4 80P < () + (= 5+ B+ 67 ) (BT
+ A2(1 + A1+ 5—1)) (V)2 + B(1 + 5)((nj)2 — &y (Mi)?).

Here M7 is the set of elements in 77 marked for refinement at the j-th subiteration. To remove
the factor of E? we now choose 5 dependent on §, to be

B(1+5 Ay = % = B(1+6) = (7.4)

i
and thereby obtain
(712 + B2 < ()2 + Ao (14 B+ 87 ) W)2 + B(1L+9) ()2 — &P (M0)?).
Invoking Dérfler marking (6.5), we deduce
(17)? = &n? (MI)? < (1 - €60%)(P)*.

Since the initial mesh 7° comes from ADAPT_SURFACE we know that A\° < we < wn’ for all inner
iterations 1 < j < J of ADAPT_PDE. Using (3.6) yields M < Agwn’, whence

(&) + B0 <()? — (1 +0) S (1)

+ B((l n 5)(1 - %) n A2(1 " 2%3) Agﬁ‘*’Q)(na')Z’.

Applying the simpler upper bound (5.21), which is valid for the inner iterates of ADAPT_PDE, and
replacing 8 according to (7.4), we obtain

(712 + B0 < ar (9)(e)? + aa(8)8(n’

with

2.9 _ s 2._ _@ e Afw?
041(6) =1 54[\3037 ag((S) = (1+6) (1 B +A2 1+2A3 B

It remains to prove that ¢ can be chosen so that as(8)? < 1. We then fix the parameter ¢ so that

£6? R
(1+5)(1_7)_1_T = 0= e
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Now, according to (7.4), we obtain 8 = ﬁfge% > % and since w < wo we infer that

AQ( 1 ) AJw? _ 4As(2h5+1)

14—

2
A% < 82
25 0 =g

B £0? B
Hence a3 < 1 — % < 1, and the choice o := max{a1, @z} < 1 yields the desired estimate (7.3).

The contraction property (7.3) guarantees that ADAPT_PDE stops in a finite number of itera-
tions J. To show that J is independent of the iteration counter k of AFEM, take & > 1 and note
that before the call ADAPT_PDE(T,",e)) we have

Ek Agw
e =07 (Uk) < g1 = e A = Ar, < AOAFI—I < %Ek-

We next combine (5.22), with 6 =1, and (7.1) to get
777—;(U1j)2 S+ XN+ IV, U - Uk)”%?(y) S+ N+ 1V (u— Uk)||2L2(7)7
where the hidden constants depend on As, As. The bounds on 7, Ak, together with (5.14), yield
(1°)? = 07+ (U)? S g + A% S ek

Since the stopping condition of ADAPT_PDE is n” < e, (7.3) implies that J is bounded indepen-
dently of k, as asserted. O

That J is uniformly bounded dictates the complexity of ADAPT_PDE because the most expen-
sive module SOLVE is run just J times. However, this property is not required for the study of
cardinality of §8.

8 Optimal Cardinality

In this section we study the cardinality of AFEM, which is dictated by the regularity of w, f and .
We first discuss in §8.1 the best approximation error achievable with piecewise linear polynomials
for both surface and PDE solution. We show next in §8.2 that AFEM delivers the best convergence
rate provided the procedure ADAPT_SURFACE is t-optimal, namely it satisfies (6.2). We conclude
in §8.3 with a greedy algorithm for ADAPT_SURFACE that is t-optimal.

8.1 Approximation Classes

We define classes of functions and surfaces in terms of decay rate of the approximation error as a
function of the number of degrees of freedom N. Let Tny C T := T(7p) be the set of all possible
conforming triangulations, generated on v with at most /N elements more than 75 by successive
bisection of 7Tp:

Ty :={T €T |#T —#To < N}.

Given v € Hy(v), f € L*(y), the notion of total error E(V, f)? = ||V, (v — V)Hiz(,y) +oscr(f)? is
defined in (5.18). In view of Lemma 5.8 and the fact that AFEM is driven by n7(U) and Ar, we
assess the quality of the best approximation (v, f) with N degrees of freedom in terms of

N: — inf inf .
o(Nsv, f,7) Tlélnvaé3<T>gT(‘/’f>

This is consistent with the approach taken for flat domains in [21, 49]. For s > 0, we define the
nonlinear (algebraic) approximation class As(y) to be

As() = {0, ) [ 0. fla. = sup (N* 0(N:0, 1,7)) < oof.
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We emphasize that the approximability of the surface v only appears implicitly by measuring the
errors on 7. In fact, the definition of data oscillation (5.13), and in particular the specific choice
of Fr, implies that OSC%—( f) entails the approximation of f by piecewise constants on - but does
not include the approximation of v by I'; this is quite different for higher order approximations of
v, as is shown in [12]. On the other hand, the generic range of s is dictated by polynomial degree,
namely 0 < s <1/d.

An alternative and useful definition to (u, f) € As(y) is as follows: given € > 0, there exists a
mesh 7. € T(7p) with 7: > 7o and a discrete function V. € V(T;) so that

IV (u = Vo)l[3a(y) +o0ser ()2 < €2 #Tc—#T0 < |u, fli e (8.1)

I'. = F7.(92) might not be a good approximaton of . In fact, approximations of (u, f) and v are
handled separately. The characterization of A4(7y) in terms of Besov regularity is an open issue.
Similarly, for surfaces and ¢ > 0, we define the approximation class as follows:

IB%::{ e Wl = sup Nt inf A\p < }
t Y 0o | |FY|]Bt Nuzpl TIEDTN T 0

This means that surfaces in B; are parametrized by Lipschitz maps X : Q — R4+ which can in
turn be approximated with rate N=% in W1 over Q with N degrees of freedom. In section 8.3,
we give a constructive greedy algorithm that realizes this rate provided v belong to a suitable
Sobolev space in the nonlinear scale of WL . The generic range of exponents ¢ for linear elements,
or equivalently polyhedral surfaces T', is 0 < ¢t < 1/d.

8.2 Convergence Rates

We now prove that AFEM achieves the asymptotic decay rate min{s, ¢}, dictated by the classes
As(v) and By, but without ever using either s or ¢ in its formulation. We establish the link between
the performance of AFEM and the best possible error by adapting a clever idea of R. Stevenson
[51] for the Laplace operator, further extended by J.M. Cascén et al [21] to general elliptic PDE,
in flat domains; we refer to the survey [49] for a thorough discussion. The insight is that

any marking strategy that reduces the total error relative to its current value must contain
a substantial portion of the error estimator, and so it can be related to Dorfler Marking.

(8.2)

Exploiting next the minimality of Dérfler marking enables us to compare meshes generated by
AFEM with the best meshes within T. The approach of [21, 49, 51] does not apply directly in the
present context because of the consistency error due to surface interpolation. We account for this
discrepancy below upon making the parameter w of ADAPT_SURFACE sufficiently small. Let

g =G (1 - 9—2)i (8.3)
Aov/3hs + 24, 270 62) A,

be two thresholds for w to be used next and 6, be a threshold for the Dorfler parameter 0
Cy

0, = \/ﬁ; (8.4)
since Cy = \/m and Cy < (4, we see that 0, < 1.
Lemma 8.1 (Dorfler marking). Let Ap, satisfy (5.7), and the parameters 0 and w satisfy
0<0<6,, 0 < w < min{wy,ws}, (8.5)
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where 0., w3 are defined in (8.3), (8.4), and wy in (6.4). Let p = 1(1— 92) and (T, T,U) be the
approzimate surface, mesh and discrete solution produced by an inner iterate of ADAPT_PDE. If
(Ts, T, Us) is a surface-mesh-solution triple with T, > T, such that the total error satisfies

Er.(Us, [) < pér(U, f), (8.6)
then the refined set R := Ry_1, satisfies Dorfler property with parameter 6, namely
n7(U,R) = Onr (U). (8.7)

Proof. We proceed as in [21, Lemma 5.9] using the notation e(U) = ||V, (u — U)| 12(). Since
w < wi, we combine the lower bound of (5.20) with (8.6) to write

(1= wCinr(U)* < (1= p)(e(U)? + oser(f)?)
e(U)? = e(Us)* + oscr(f)? — oser. (f)*.

We now estimate separately error and oscilation terms. According to (7.1) and (5.16), we obtain

<
<

3 3 3
e(U)? —e(U,)? < §||V7(U* —U)|l72(y) + A20F < 5OmT(U, R)? + (§A1 + AQ) M.
On the other hand, the data oscillation terms verify

oser(f)? — oser. (f)? < oser(f,R)* < 7 (U, R)?

because they coincide over T\R and the estimator dominates the oscillation locally (see (5.17)).
Since (I', T) is produced within ADAPT_PDE, we have n7(U) > ¢ and Ar+ < we, whence

AF S AO)\I“+ S AowE S AowT]T(U)

Collecting these three estimates, and using that w < ws, we infer that

3 3 C?
(1430 ) @R = (0= 02 = 83 (G148 ) ) ur(0)2 2 (1= 20 G (0
Finally, the asserted estimate (8.7) is a consequence of the definition of 6., u and 6 < .. O

Lemma 8.2 (cardinality of M). Let Ap, satisfy (5.7) and the procedure MARK select a set M
with minimal cardinality. Let the parameters 0 and w satisfy

0<6<0,, 0 < w < min{wy,ws} (8.8)

with 0., wq, w1 given in (8.4), (8.3), and (6.4), respectively. Let u be the solution of (4.13), and let
(T, 7T,U) be produced within ADAPT_PDE. If (u, f) € As(y), then

EM S Ju, fI3 Er(U, f)*

Proof. We set
5 = 87 (U, 1) = (eV)? + oser(1)?).

for 0 <p<p=3(1- Z—z) < 1 sufficiently small to be determined later. Since (u, f) € As(y),
there exists a pair (I's, 75) with 75 > 7o and a V5 € V(T5) such that

BT —#To S |u, F1567F, e(Va)? + oser (f)2 < 62 (8.9)
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Let T. =T @ Ts be the overlay of T and 75, which satisfies [21, Lemma 3.7], [49]
#Te <HT +#T5 = #7To- (8.10)

Let U, € V(T.) be the corresponding Galerkin solution. We observe that 7. > 75, 7T, and invoke
the upper bound of (7.1) in conjunction with (5.23) to write

e(U.)? +oser. (f)? < e(Vs)? + AadE + C2 oser; (f)%

We recall that A\p < AgAr+ < Agwe, in view of (3.6) and (6.1), and n7(U) > € because of (6.3).
Combining this with (5.20), we arrive at

22
_ Ajw

2 o Aj” -
ileh

r = 042 (52.

A

(e)? +oser(1)?)

Using the fact that C5 > 1 and w < w4, we choose i = 555 to end up with
5

(U2 +osers (17 = (24 HRED) S (e + s ().

We thus deduce from Lemma 8.1 that the subset R := Ry, 7. C T satisfies Dorfler property (8.7).
Since the set M C T also satisfies this property, but with minimal cardinality, we infer that

1
HM < HR < HT, —#T <HT5 = #To S lu, fl5 57+
The asserted estimate finally follows upon using the definition of §. O

The quasi-optimal cardinality of AFEM is a direct consequence of Lemma 8.2 and Theorem
7.3. We prove this next.

Theorem 8.3 (convergence rate of AFEM). Let v € B, and (u, f) € Ag(7y) for some 0 < t,s <n/d.
Let g9 < (6wAoL3)~! be the initial tolerance, and the parameters 0,w satisfy

0<6<0,, 0 < w < wy := min{wy, wa, w3, wa}, (8.11)

where O, w1, -+ ,wy are given in (8.4), (6.4), (7.2), and (8.3), respectively. Let the procedure
MARK select sets with minimal cardinality, and the procedure ADAPT_SURFACE be t-optimal on
the surface ~v. Let u be the solution of (4.13) and {T'y, Tk, Uk}tr>0 a sequence of approximate
surfaces, meshes and discrete solution generated by the outer loop of AFEM.

Then there exists a constant C, depending on the Lipschitz constant L of vy, | f|lr2(y), the
refinement depth b, the initial triangulation Ty, and AFEM parameters (0,w, p) such that

e(U) +oser, (f) + w 'Ar, < Cju, fI7, +w " lg,) (#Tk — #70) (8.12)
with r = min{s, t}.

Proof. We start by noting that since wey < GA();LS the first output of ADAPT_SURFACE fulfills
Arg < ﬁ which is (5.7) and implies that T(7,") is shape regular.

There are two instances where elements are added, inside ADAPT_SURFACE and ADAPT_PDE.
For ADAPT_SURFACE we make the assumption (6.2) of t-optimality:

+ 1 1 _1
#ME Swrlg,er "

For ADAPT_PDE, Lemma 8.2 yields

#M, S [u f17 (WD) +osers () T 0<j <,

w =
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with j denoting the inner loop iteration counter. Since the inner iterates of ADAPT_PDE satisfy
Theorem 7.3 and ‘ ‘ ‘
o(U}) + oseps (f) = e(UZ) + s (U)),

we deduce that

wle

J—j—1

Sa s (e(UkJ*l)—l—nTkal(f)) <a = € °

(e(U,g’) +0sc (f))

This implies

1

J—1 J—1

: 1 _1 J—j— 1 _1
STHML S u flie Y o Sluflie
j=0 j=0

To do a full counting argument, we resort to the crucial estimate (6.6), which combined with
the estimates above and the relation ;1 = pey, of step 3 of AFEM gives

k—1 J—-1 k—1
#Th—#To < Co ) (#MF + > #M]) S Co(w I, + 1w f17) De 7
i=0 j=0 i=0

L k—1

. . . k-1 -1 i -
where r = min{s, ¢t}. Since p < 1, we obtain Y ;_j &, " =&, > ip PT S €, whence

IR 1y -1
#T = #To S Co(w i, + 1w 17, )er
Moreover, the stopping criteria (6.1) and (6.3) guarantee that
e(Uy) + oscr, (f) + w A, < Cey,

which implies the desired estimate (8.12). O

Besides the condition w < w, in (8.11), the right-hand side of (8.12) suggests that w should not
be too small to optimize this bound. An optimal choice of w for the case s = ¢, which unfortunately
is not computable, appears to be

w = min {w*; |’LL, f|As|FY|]§31}'

8.3 Greedy Algorithm

To conclude we show that ADAPT_SURFACE is t-optimal provided « belongs to Wp“‘td, which is
just above the nonlinear Sobolev scale of W1 for polynomial degree 1 in dimensions d:

d d
sobWl)=1-—=1< sob(Wthd) =1l4+td—— = tp>1.
S p

Proposition 8.4 (greedy algorithm). Let y be piecewise of class Wyt (Ty), with tp > 1,t < 1/d,
and globally of class WL . Then module [T+, "] = ADAPT_SURFACE(T,T,7) terminates in a
finite number of steps and the set M of marked elements satisfies

+ 1/t —1/t
#H#MT L C|’7|Wp1+td(ro)7— )

I ip 1/p
where |'7|W1}+td(1—‘0) = (Ei:l |X W;HP(Q)) . Moreover, v € By and

|7|Bt < |7|W;+fd(r0)-
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Proof. We first observe that W+ c W1 C C° so that the Lagrange interpolation operator Zy
is well defined. In addition, for an approximation pair (I', 7') local interpolation estimates give

A (T) S Wp|X|yrveaiy, VT €T =T(I), (8.13)

for r = sob(W, ) — sob(W2,) = td — % > 0. This shows that ADAPT_SURFACE terminates in
finite number of steps, say m.

To prove that ADAPT_SURFACE is ¢-optimal, namely to show (6.2), let M+ = MoU---UM,,,_1
be the set of marked elements. We organize the elements in M™ by size in such a way that allows
for a counting argument. Let P; be the set of elements T of M™ with size

9—(+1) <|T| < 9= o 9-(t+1)/d < hp < 9—i/d,

We recall that |T| is the measure of T, the preimage of T in the initial triangulation 7y. We proceed
in several steps.

We first observe that all T7’s in P; are disjoint. This is because if 77, T5 € P; and 1011 N fg £ (),
then one of them is contained in the other, say 77 C T3, due to the bisection procedure. Thus
|Ty| < £ |T|, contradicting the definition of P;. This implies

D P < Ty = #P; < |Do| 2L (8.14)
In light of (8.13), we have for T’ € P,

7 < Ar(T) < 2—<J’/d>T|X|Wp1+td@).

Therefore 77 #P; < 2-0/drp Z |X|Z‘;V1+td <2 U/drp )P whence

(T) Wyt (ro)
TEP;

#P; S 7P/ Dre |y P (8.15)

Wl+td F )
The two bounds for #P; in (8.14) and (8.15) are complementary. The first is good for j small

whereas the second is suitable for j large (think of 7 < 1). The crossover takes place for jy such

that

Ylip 1+td
Go+1 _ _—po—jorp/d| P jo o ——1/t W (T0)
2007 Do| = 77P277° |X|W;+td(ﬂ) = 2=7 7|1_‘0|1/tp

We now compute

#MF = Z#Pg S DVl + 77" Wlpase ) D @7

Ji<jo J3>Jjo

Since R 200, 3, (27reldyT S o= e/ dio — 9170 we can write

J3<jo

+ < (—1/t —p,—1/t+p 1-1/tp |1/t ~ L/t 1—1/tp |1/t
#M N(T +7 0T )|F0| |'Y|Wp1+td(F0) T ITol |7|Wp1+td(ro)-

Upon termination, Ap+ < 7 and # M+ < 771ty 1/t1 a, ., which is valid regardless of the
~ wlit (F )
p 0

input 7 of ADAPT_SURFACE. If we take 7 = 7y and invoke Lemma 6.1 we deduce that

- 1 t
#T+ - #To ST 1/t|’7|vé:1+td(Fo) = Ar+ (#T+ - #76) N |7|W,}+‘d(1“0)7
and that v € B;. This concludes the proof. O
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9 Asymptotics: Role of w

In order to analyze the role of w in the convergence rate of AFEM and its performance, we solve
the problem

-Ayu =1, inv, u=0, on Jv,
where 7 is the graph of class C1® given by

14+«

z(z,y) = (0.75 — 2% — y2)+ ,

over the flat domain Q = (0,1)?, and consider two cases o = 3/5 and « = 2/5.
It turns out that z € W, +2/(Q) for t < (a + %)/2. Moreover, to enforce the gap sob(W, %) —

sob(W,) > 0 with sob(W,; %) =142t — 2 and sob(W,) = 1 we need tp > 1. These conditions
can be achieved provided (see §8.3)

a=3/5: t=1/2, p>2, = ze By
a=2/5: t<2/5 p>5/2, = z € By, Vt<2/5.
On the other hand (u, f) € A% in both cases. This is a consequence of the fact that Ayu = f

can be written in the parameter domain ) as %cﬁ:/(qgflﬁTu) = f, with coefficient matrix A =
gt e CHYNWHQ) and 1 < p < —_: see (5.5). Extending v and ¢f by odd reflection and

l1—a’
A by even reflection to the unit squares around €2, u is a solution to —div (AVTu) = qf on the
ball B centered at (1/2,1/2) and radius 1, with coefficient A € C* and right-hand side in L. By

Theorem 3.13 in [40] this implies Vu € C®(B), and thus
A : D*u= f+divA - Vu € LP(B).

Applying Calderén-Zygmund theory we obtain u € W7 () [39, Theorem 9.11], whence (u, f) € A
[49, §5.4].
In the following, we use the notation ny := 07, (Uk), and Ak := Ap,.

1
2

9.1 Case a=3/5

We recall that in this case v € By /5. Since the pair (u, f) € A/, we expect a decay of ny + Ap/w

proportional to Nk_l/2, where N = #Tr — #7o. In Figure 12 we plot ng + A\i./w (left) and nx + A
(right) versus the number of elements in logarithmic scale for w = 0.1, 1, 10, and observe that in
the three cases both notions of error decay (asymptotically) as N —1/2,

In Figure 13 we show the behavior of the different indicators 7, A\x/w and their sum, for the
three values of w considered above. We observe the following:

w = 0.1. At the beginning 7, < A\i/w, thus A\ in ADAPT_SURFACE guides the refinement initially,
and 7y, decreases very slowly because ADAPT_PDE exits without refining. The indicators ny,
and A\ /w are of comparable size when the number of elements is around 2 - 10°, when the
refinement starts to occur due to both A, and 7, and both quantities decrease as N~

w = 1. At the beginning 7, < Ax/w and the behavior is similar to the case w = 0.1. When the
meshes have about 10 elements the curves for 7, and \z/w meet and they both start to
decrease at the optimal rate N 02,

w = 10. At the beginning \;/w < 7, and the situation is opposite to the case of w small. The
refinement is initially guided by 7, in ADAPT_PDE, and A\, decreases very slowly because
ADAPT_SURFACE exits without refining. The two curves for 7 and \;/w meet when the
meshes have about 10% elements, and they both start to decrease at the optimal rate N 9.

In Figure 14 we show three meshes after 10, 20 and 30 refinements have been performed, with
192, 1216 and 5564 elements, respectively.
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Figure 12: n + My /w (left) and n + Ay, (right) versus the number of elements in logarithmic scale for w = 0.1, 1, 10.
We observe that 7y + A\ /w decays as N~9-% right from the beginning, whereas 7y + \;, shows the same decay after
the meshes have some refinement, depending on the value of w. Our theory predicts the decay of N~9-% for both
notions of total error if w is sufficiently small, but the best relation between the error ng + Ax and #DOF's is obtained
for w = 1, which is not so small.

oS
——n+No|

Figure 13: ng, A\ /w and ny, + A\ /w for w = 0.1 (left) w = 1 (middle) and w = 10 (right).

Figure 14: Meshes after 10, 20 and 30 refinements have been performed, C'-6-surface, with w = 1. They are
composed of 192, 1216 and 5564 elements, respectively.

9.2 Case a=2/5

We recall that in this case v € Bo.4, whereas the pair (u, f) € A;/3. We thus expect a decay of
Nk + A /w proportional to N~%4. In Figure 15 we plot 7y + A\, /w (left) and 7y, + \i. (right) versus
the number of elements in logarithmic scale for w = 0.1, 1, 10, and observe that in the three cases
both notions of error decay (asymptotically) as N 04,

In Figure 16 we show the behavior of ng, Ax/w and their sum, for the same values of w. We
observe the following:
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Figure 15: np +\g/w (left) and ng + A, (right) versus the number of elements in logarithmic scale for w = 0.1, 1, 10.
We observe that 1y, 4+ A\, /w decays as N =94 right from the beginning, whereas 1y, 4+ A, shows the same decay after
the meshes have some refinement, depending on the value of w. Our theory predicts the decay of N4 for both
notions of total error if w is sufficiently small. The best relation between the error 7, + A\g seems to occur for w =1
and w = 10.

Figure 16: ng, A\ /w and ny, + A /w for w = 0.1 (left) w = 1 (middle) and w = 10 (right).

w = 0.1. At the beginning 7, < Ai/w, thus A\ in ADAPT_SURFACE guides the refinement initially,

and 7 decreases very slowly because ADAPT_PDE exits without refining. The asymptotic
regime starts when both indicators have a comparable magnitude, and both quantities de-
crease as N~ 04, This instance is reached when the meshes have more than 10° elements,
because A, /w decreases more slowly than in the previous example, and takes longer to reach
the initial value of ny.

w = 1. This case is similar to the previous one, with the change of behavior occuring when the

meshes have 10* elements.

w = 10. The situation now is opposite to the previous cases of w small. At the beginning the

refinement is initially guided by 7, in ADAPT_PDE, and )\, decreases very slowly because
ADAPT_SURFACE exits without refining. It is interesting to notice that 7, decreases as N ~0-°
in this transient initial phase. When the meshes have about 103 elements both indicators
are of comparable size, and the overall rate seems to be a little bit better than N~%%. This
happens because \j is divided by 10 and its effect is not so visible in the picture. In the long
run the decay cannot be better than N 04,

It is also interesting to notice that Ay does not decrease monotonically, mainly because the
strongly curved part of + is not aligned to the grid. This behavior is consistent with (3.6) and,
in fact, shows that we cannot expect monotonicity of A\p(7) upon refinement, thereby justifying

(3.6).
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10 Conclusions and Comments

We finish the paper with the following remarks about this and related work.

Coupling PDE-Geometry: This is a new feature in adaptivity and leads to separate handling
of geometry and PDE resolution with specific relative tolerances. The current algorithm is
different from that for graphs [46] studied by K. Mekchay, P. Morin, and R.H. Nochetto. The
present paper studies polynomial degree 1, but the theory for parametric surfaces extends to
higher polynomial degree [12].

Convergence rates: We show optimal convergence rates in the energy norm

IV(u = U)oy S # Tk — #T0) ™"

provided this is the rate of the best approximation of u in H! and that of v in W1 . This
optimal result is consistent with that derived for flat domains by R. Stevenson [51] for the
Poisson equation with data in H~! and by J.M. Cascén et al [21] for elliptic PDE with variable
coefficients. None of them involve coarsening as the seminal paper [11] by P. Binev, W. Dahmen
and R. DeVore. The present estimates extend those in [21] to the Laplace-Beltrami operator.

Weaker conditions on f: We refer to A. Cohen, R. DeVore, and R.H. Nochetto [23] for
convergence rates of elliptic PDE in flat domains with f € H~! and A piecewise constant:

div (AVu) = f. (10.1)

Paper [23] shows that approximability of u is sufficient for a complete theory. Whether this is
true for the Laplace-Beltrami operator is still an open question.

Weaker conditions on v: We assume 7 is W]D2 with p > d, which implies v is C'. In the
flat case, this corresponds to piecewise continuous A. We refer to A. Bonito, R. DeVore, and
R.H. Nochetto [13] for optimal convergence rates of AFEM for (10.1) with weaker regularity
assumptions on A. This could be especially relevant to perform adaptivity on problems where
the singularity location is not known beforehand, such as those in §2.
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