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Abstract

This solution heavily depends on the textbook itself and . I verified all the writings in this document,
however, I do not claim (and should not claim) any originality on these solutions. Please use it at your

own risk.
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Ideals

. Let b € A such that ab =1 in A/I. Then, ab =1+ ¢ for some ¢ € I. Since c is nilpotent, ab =1+ ¢

is unit; thus there exists d € A such that abd = 1. So a is unit, whose inverse is bd. (If ¢" = 0, then
d=1+(=c)+ (=)’ +--(=0"7")

. Ideals of product ring is product of ideals in each ring. Let I = I; X --- x I,, be an ideal of A = H?:l A;.

Then, A/I =]}, A;/I;. Suppose that two of {I;}, are proper, for example, I # Ay and I # As.
Then, A/I contains aa = (0,a,---) and bb = (b,0,---) for some nonzero a and b, hence aa - bb = 0.
This implies that A/I is not integral domain. Thus, if I is prime, then only one summand is proper.
So we may assume that I = ([[}; A;) x I;. Then A/I = A;/I;, so I is prime if and only if J; is prime.

(a) Let I =ker f. Then B = A/I. Thus, V(I) = SpecB, which implies all maximal ideals of B has
its preimage in A. Thus, if € radA, then z in all maximal ideals containing I. Thus, f(x) is all
maximal ideals of B, which implies f(radA) C radB.

Counter example: A =7, B = Z/4Z. Then, radA = 0,radB = (2).

(b) If A is semilocal, let mq,--- ,m, are maximal ideals. Suppose that if 1 < i < s for some s < n,
then m; D I. Otherwise, m; 2 I. Then, let y € rad B. By surjectivity, 3z € A such that f(z) = y.
Thus, = € ﬂle m;. Then, x is a sum of products of form z; - - - 4 such that x; € m; for each i.
Now, I +m; = Aif j > s, thus let 1 = a; + b; where a; € m; and b; € I for each s +1 < j <n.
Then, x1 -+ x5y =21 XsQ541 - ap + b for some b € I. Thus, z € H?:Imi + 1. Letz=2"+b
where 2’ € [[}_, m; and b € I. Then f(z) = f(2). Thus, f(radA) D radB.

. Let A be UFD. Take z be an irreducible element. Then by definition, ab € (x) implies ab = cx for

some c¢. Now take unique factorization a = ay---an,b = by -+ by, c = c1--- ¢, where each a;, b;, ¢;
are prime element. By uniqueness of factorization, a; - - - a,by - by, = €1 -+ - ¢, thus by definition of
UFD, = = a; or b; for some i. Thus, a € (z) or b € (z). This implies (z) is prime. Moreover, let
(a1) C (az) C --- be an ascending chain of principal ideals. Let a; = p'' - --pi». Then, a; € a; implies
a; = 1011/1 e pil/" for i; < z; Thus, this sequence stabilizes after finitely many steps.

Conversely, the ascending chain condition implies that every nonzero nonunit can be expressible as
product of irreducibles; to see this, suppose x cannot have such product. Then = = ab for a, b neither
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irreducible nor unit. Then either y and z also cannot have such product. By applying the same
argument, we have infinite ascending chain of principal ideals, contradiction. Then, since irreducibles
are prime, using the argument in the book p.5, it has a unique factorization.

The fact that (), Py is an ideal is clear. To see it is prime, let xy € (1], Px but both x and y are
not in the intersection. Then, x € Py, and y € P,. Since it is totally ordered, we may assume that
Py, D Py, without loss of generality. Then, there exists Py, which does not have x and Py, which does
not have y. By the total order, without loss of generality we may assume Py, 2 Py,, thus, Py, does
not have = too. Hence it does not have xy by prime property. This implies zy & [, Pa, contradiction.
Thus at least one of = or y is in the intersection. Hence it is prime.

For the second statement, let P := (), p, Pr- We claim that it is also a prime ideal containing I and
it is the minimal element. Ideal is clear. Since the set of all prime ideals containing I is still totally
ordered, P is prime by the first statement. Now, if there is a prime ideal contained in P, then it should
included in the definition of P. Thus it is minimal.

Do induction. If n = 1, done. Suppose n > 2. By inductive hypothsis, we can choose x; € I\ U;él P;.
If one of x; is not in P;, done. Otherwise, let x = x1---x,_1 + x,,. We claim it is not in any P;. First
of all, if z € P; for ¢ < n, then since z; € P;, x,, € P;, contradicting the construction of z,,. If z € P,
then x1---x,_1 € P,. f n =2, x = x1 4+ x2, thus z; € P», contradiction. If n > 2, since P, is prime,
one of z; with 1 <4 <n — 1 should be in P,, contradiction.

Modules

In the proof of Theorem 2.5, by tensoring A/m, we get

and

F®A/m=(A/m)"

Y(M)RA/mBPK@A/m= (M) A/md K A/m=M/mM & K/mM

Lastly, since F' and M has the same cardinality of minimal bases, by tensoring A/m, F/mF = M/m as a
k-vector spaces. Thus,

M/m=F@A/m=M/mM& K/mM

which implies K = mK.
In the proof of Lemma 2, p.11, the meaning of “in view of what we have seen above” is came from the
condition a; & Zj# Aaj. This shows 1 — ¢;; and ¢;; are not units.

1.

4.

Let M = I. Then, by NAK with M = IM, we have a € A such that ¢ =1 mod I and al = 0. Thus
let a =1 —e for some e € I. Then, (1 —e)l =0 implies el = I. Also, since e € I, Ae C I. Conversely,
if fel,then (1—e)f =0 implies f =ef € Ae. Hence, Ae = I. Thus I is generated by e. Moreover,
e(1 —e) = 0 implies €% = e.

If 2 € ann(M/IM), then M C IM. Thus as a map x : M — M, theorem 2.1 gives 2" + a;z"~! +
<+ ap_17+a, =0 as amap M — M. Hence, (" + y)M where y = 12"t +---+a,_12+a, € I.
Thus, (2" +y) —y € ann(M) + I, therefore x € \/ann(M) + I. Conversely, if z € ann(M) + I, then
x —y € annM, hence (z — y)M = 0 implies aM = yM C IM. Thus, € ann(M/IM).

Second isomorphism theorem of module gives (M + N)/N = M/(M N N). Since M + N is finite,
(M + N)/N is finite, therefore M /(M N N) is finite, and since M N N is finite, M is finite. Thus, N
is finite.

(a) For the first question, let m be a maximal ideal of A, and let ¢ : A™ — A™ be an isomorphism
as A-module. Then, 1® ¢ : (A4/m)Q A™ — (A/m) Q) A" is also an isomorphism as A-module. If
A A
we let k = A/m, a residue field, then (A/m) @ A™ = (A/m)™ = @~ , k = k™ and by the same
A
argument (A/m) Q) A™ = k™. And we already know that k™ = k™ as a vector space if and only
A

if n = m, using argument on the basis.
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(b) Assume m = r + 1. Then, from the given condition that (r + 1) x (r + 1) minor exists, n > m.
Suppose m column vectors are linearly independent. Then, we may find m rows of C' whose minor
is nonvanishing, from the definition of the rank as the largest k such that there is a nonzero k x k
minor. This contradicts to the fact that all m X m minor vanishes. So m columns should be
linearly dependent.
Now, suppose ¢ : A™ — A" be the isomorphism. Then we can represent ¢ as a n x m matrix. If
n > m, at most m rows are linearly independent since other minors do not exists; thus n rows of
¢ are linearly dependent. Hence, we have a nonzero element b in A™ such that ¢(b) = 0. This
implies ¢ has a nonzero kernel, contradiction. Thus, n < m. Do the same argument on A™ — A™
we have the desired answer.

(c) Suppose B = {vy, -+ ,v,} be a minimal generator of A" = @ ; Ae;. (From the standard
basis {e;}I'_;, we knows that B has cardinality n.) Then, each v; = Z;.l:l a;;e; for some a;;, by
construction of A™. Thus, by theorem 2.3.(iii), A = (a;;) is an invertible matrix. And observes
that each column matrix is nothing but v;.

(a) Let a: F — L and 8 : F/ — N be a surjection from free modules F' and F’. Then,

——sF—— FQF —— F —— 0
0

L M N

and all four maps except F'® F' — M are surjection. (The map F ® F' — M determined by
Horseshoe lemma in Homological algebra, since we may regard o and 8 be a map inside of a
projective resolution of each L and N.) Then, five lemma gives F @ F’ — M is surjective. Hence,
M has finite presentation.

(b) Again, let a: FF — L and 8 : F/ — M be surjective maps with canonical embedding, i.e., sending
canonical basis to set of generators. Then, we can induce ¢ : F — F' as follow; since g : L — M
is injective, for each generator &; of L, if g(&;) = Y_¢_, a;w; for some a; € A and generating set
{w;}1_ of M, we let ¢(e;) = (a1, -+ ,a4). So we may have

L

which is a commuting diagram. Now, take cokernel of ¢, then we have a commuting diagram of an
exact sequence

— I

;

—

¢

0 F F’ coker¢p — 0
I
0 L M N 0

where coker¢) — N is defined by (a1, ,aq)+¢(F) — > ¢, a;f(w;) where f is the map M — N. This
is well-defined, since if (ay,--- ,aq) + ¢(F) = (a3, -+ ,a;) + ¢(F), then (ay, -+ ,a,) +b= (a3, ,a;)
for some b € ¢(F'), thus sending b through FY — M — N is zero, therefore both (a1,--- ,aq) and

(a},--- ,al,) are sent to >7 ; a; f(w;).

Now apply five lemma again to conclude that coker¢p — N is surjection, therefore F’ — coker¢p — N
is composition of surjection, thus surjection. Thus N is finitely presented.

Chain Conditions

3.1.(1): if ng € N, then ng + NoN M’ =ny + Ny N M’ from ¢(Ny) = ¢(No, thus n:=ngs —ny € NoNM' =
N1 N M’ implies no = n + ny; € Ny. Hence, Ny C Ny, which implies Ny = Nj.



(ii): Given ascending (or descending) chain M;, take nq such that M; N M’ stabilizes from Noetherian (or
Artinian) of M’, and take ng such that M;/M;NM’ stabilizes from Noetherian (or Artinian) of M" = M /M.
Then for n > max;=1 2 n;, the assumption of (i) holds.

(iii) Use induction on 0 — A — A" — A"~1 — 0.

In the proof of theorem 3.2, NAK can be applied as a contrapositive of the corollary in this textbook.
Also, M /p; is finite dimensional, since M and Mp,; are Artinian module, and every vector space with infinite
dimension does not have Artinian property.

For theorem 3.7, (ii), I B where I is an ideal of A is actually a right ideal of B. Also, for (iii), I B has two
sided ideal structure since for any ab € IB and ¢ € B, cab = acb = a(cb) since I C A C Z(B), the center of
B.

1. Let ¢: A —» @ A/, as a— (@,--- ,a). Then, ker ¢ = 0, since ker ¢ = (), I;. Thus, A = ¢(A) as an
A-module. Since direct sum of Noetherian modules are also Noetherian, A is a Noetherian A-module,
which implies A is Noetherian ring since all submodules of A are just all ideals.

2. Let ma : Axg B — A, g : A X¢ B — B be a natural projection. First of all, these are surjective;
to see this, let a € A. Then, for f(a) € C, 3b € B such that f(a) = g(b) by surjectivity of g. Thus,
(a,b) € A x¢ B, which implies m4(a,b) = a. Likewise, g is surjective by surjectivity of f. Then,
think ker w4 and ker m5. We claim that ker w4 Nker mp = (0). To see this, if (a,b) € kerma Nker 7p,
then m4(a,b) = a = 0 and 7p(a,b) = b = 0, thus (a,b) = (0,0). Moreover, A xc B/kermy = A and
A x¢ B/ kermp = B are Noetherian. Thus, by 3.1, A X B is Noetherian.

3. Let I be a nonzero ideal. Then, I C m = (m). Since I is nonzero, there exist n € N such that m™ D T
but m™*t! 2 I. To see this, first of all, when n = 1, I C m, done. For n = 2, there are two possible
cases, whether I C m? or not. If I is inside of m?, increase n. Otherwise, set n = 2. By this procedure,
if this procedure does not stop at finitely many time, it means that I is contained in all powers of m,
which implies I = 0, contradiction.

Now, from m"*! 2 I, let a € I\ m™*L. If such a does not exists, then I\ m"*! = () which implies
INnm™tt = I, thus I C m™*! contradicting the assumption that m”** 2 I. Then, a € m®, thus
a = rm™ Now r € A\ m, otherwise a € m™*! contradiction. Since A is local, r is unit, thus
(a) = (m™). This implies (m™) 2 I. Thus, by assumption, (m™) = I.

Hence, every ideal I is finitely generated since it is power of the maximal ideal, thus it is Noetherian.

4. Since II-!' = A, thus 3 finitely many z; € [ and y; € I~! such that 1 = > | 2;5,. Now we claim
that I = > x;A. To see this, since I is A-submodule, I 2 Y z;A is clear. Conversely, for any = € I,
r=x-1=3 " x- z;y;. Thus, z is sum of zz,y; = (vy;)z;. Since x € I, y; € I"', zy; € A for any i,
thus (zy;)z; € > x; A therefore z € )" z; A.

5. Let I be an ideal of A. Since A C K, definitely [ is a A-submodule of K, and I is definitely fractional
ideal since for any a € A C K, al C A. Now suppose [ is invertible. Then, by 3.4, I is finitely
generated, say I = (a1, -+ ,a,) C A. Now we claim that I=! := (1/a)A, where a = h.c.f{a1, -+ ,a,}.
To see this, first of all, definitely a;/a € A, thus 1/a € I~!. Conversely, if b/c € I~!, where b and ¢
are coprime, then a;b/c € A for all 4 implies a;/c € A for all i, thus ¢ divides a, hence a = ¢r for some
r € A, thus b/c =br/cr =br/a € (1/a)A. Now,

It =(a1/a, - ,a,/a) = A.

by invertibility of 7. Thus, there exists b; € A such that 1 = Y7 | (b;a;)/a. Thus, a € I. Since
a;/a € A, this implies (a) D I. Thus, I = (a), which implies that I is principal.

6. Suppose ker¢ # 0. Let I, = {a € A : ¢"(a) = 0} and Iy = 0. Then, I; = ker . We claim that for
each 1 > 0, I;11 2 I;. For ¢ =0, it holds by the given assumption. For i > 0, suppose it holds for all
0 < j <. Then, I; # 0. We claim that for any a € I; \ I,_1, $*(a) € I;. Suppose there is b € I; such
that ¢(b) = a. Then, 0 # ¢'~1(a) = ¢*(b) = 0, contradiction. Thus, ;11 2 I; since b € I;;1, done.

Thus, {I;}72, form an infinite ascending chain of ideals, contradicting the fact that A is Noetherian.
Hence, ¢ is injective. Thus, ¢ is bijective, meaning that it is automorphism of A.



7. Let M be a finite A-module. Then we may assume that M = Z?:l Aw; for some w; € M,n € N.
Then, we have a map A™ — M by (a1, ,a,) — > ; a;w;. This is surjective by construction, thus

0—>kerp - A" - M — 0

is a short exact sequence. Since ker ¢ is a submodule of A™, which is still Noetherian since it is a
submodule of a direct sum of Noetherian module A, ker ¢ is finitely generated, say ker¢ = > 7" | A(;
for some (; € A™. Then, we can have a map ¢ : A™ — ker ¢ by sending (a1, ,a,) into > .- a;¢;.
This is surjective. By identifying ker ¢ as a submodule of A™, this induces a sequence

A™ Z5 Am 2 M 0.
We claim that it is exact. Notes that Im ¢ = ker ¢, and Im ¢ = M, which is a kernel of the zero map

M — 0. Thus, it is exact. Hence, M is finitely presented.

Conversely, if A is not Noetherian, then there is an ideal I which is not finitely generated. Let M = A/I.
Then, we have a natural exact sequence

0—>I—-A—A/I=M—0.

And A is finitely generated. Thus, contrapositive of theorem 2.6 says that since I is not finitely
generated, M is not finitely presented.

4 Localisation and Spec of a ring

For Corollary 3 in p.24, take B = Ag. Corollary 4 is special case of corollary 3. If f : A — B, then
®f : Spec B — Spec A.

In the proof of theorem 4.10 (ii), you can choose suitable D(a) by (i). Also, the meaning of “applying (i)
with » = 0” implies that take Uy for K, then p € Uy, thus V = Uj is an open neighborhood of p such that
Ky=0forallqgeV.

1. Let I be primary. Then, suppose zy € v/I. This implies 2"y" € I for some n € N. Since I is primary,
" € I or y"™ € I for some m > 0. Thus, z € /T or y € VI by definition of radical. Thus, /T is
prime.

Now suppose A D I O m". Then, VI D vm? = m implies v/ = m. This implies m 2 I D m?. Now
suppose xy € I but x ¢ I. Since I C m, there are two cases.

Case 1: If x ¢ m, then y € m, thus y* € I.

Case 2: If z € m\ I, then there are two cases; if y ¢ m, then ¥ € I implies that zy satisfies primary
condition. If y € m, then still ¥ € I, thus zy satisfies primary condition.

Hence, in any case, I satisfies the condition (2) of the definition of primary ideal.

2. Let a € P"Ap N A. Then, by letting f : A — Ap, f(a) = a/1 € P™. Thus, a/1 = p"/s for some
p € P"and s € A\ P. Thus, ta € P* C P for some t € A\ P. Since t ¢ P, this implies a € P. Hence,
P"ApN A C P. Moreover, if a™ € P"Ap N A, then o™ € P by the same argument, thus a € P since P
is prime. Hence, vV P*"Ap N A C P. Conversely, a € P implies a™ € P", thus f(a™) € P™Ap, therefore
a” € P"ApN A, thus P C /P"Ap N A. Hence, VP"ApNA=P.

Now notes that I = P"Ap is an ideal containing power of maximal ideals of Ap, thus it is PAp
primary by Exercise 4.1. By the correspondence (Theorem 4.1), thus PAp N A is primary.

3. By Theorem 4.1, we have a one-to-one correspondence between Spec(S!A) and S™'1X = {p €
Spec(4) : pN S = (0} given by “¢ (contraction) and extension of prime ideal, where let ¢ : A — Ag.
To show homeomorphism, since we already knows that “¢ is continuous, we want to show that “¢ is
also closed map. Let V(a) be closed set in Spec(S~!A) for some ideal a of S~*A. Then,

“G(V(a)={p*:peV()}={geSX:q2¢ (a)} =V(¢ '(a) NST'X.

Thus, if a is proper, then ¢~!(a) is also a proper ideal, thus V(¢~1(a)) N S™1X is closed in S71X as
subspace topology. This shows that ¢ is closed map, thus homeomorphism.



. From the section 1, we already knows that V' (I) and Spec(A/I) has one-to-one correspondence. More-
over, this correspondence is from “¢ where ¢ : A — A/I canonical ring morphism. Thus, “¢ is
bijective continuous, thus it suffices to show that “¢ is closed. To see this, for given ideal @ of A/T
from a € Spec(A),

“¢(V(@)) = {p € Spec(A4) : p 2 a} = V(a)

thus done.

. Given an open covering {Uy}aea, let V(I)) = SpecA \ Uy for some ideal I. (This is possible since all
closed sets in SpecA are of form V(I) for some ideal I.) Then,

SpecA= | JUx= | VU = (ﬂ V(IA)> = [ VU =0

AEA AEA AEA AEA

by De Morgan’s law. Thus, from p.24, (yca V(Ix) = V(O sea In) = 0. So > ycp In = (1). Hence,

1=37"_, ajix, for some n € N, a; € A, iy, € I); and A; € A. Hence,

(&

0=V I)= (V) = SpecA= | V(L) ]| =]V
Jj=1 Jj=1 j=1 j=1

Hence, the given cover has a finite subcover {U,,}"_;, done.

. If X = Spec(A) is disconnected, then there is two disjoint clopen sets whose union is X = Spec(A).
Thus X = V(I)UV (J) for some ideal I and J with V(I)NV (J) = 0. Thus, V(I+J) CV(I)NV(J) = 0.
Hence I+ J does not lie in any prime ideal, thus it cannot be a proper ideal; otherwise it has a maximal
ideal containing itself. Thus I +J = A. Also, X = V(I)UV (J) = V(IJ). This implies I.J is contained
in any prime ideal, hence IJ C nil(A). Also, from the coprime condition of I and J, IJ = INJ (see
2)[p.7].)

Now let a € I,b € J such that a+b = 1. (Notes that a, b are nonzero and not 1.) Then, ab is nilpotent,
thus In € N such that a™b™ = 0. Now think about (a + b)?". Then, we can let

2n 2n—1 n+lpn—1 n—1pn+1 2n—1 2n
—_— (] (] b A (] b —_— ) b AR AR ]b b .
“ <1) (’I’L—l) 12 <7’L+1> (2%—1)

Then, e; + e + (?)a”b" =e; + e =1 and e;e; = 0 since every term in ejes contains a”b™. Hence,
e1(1—e1) = 0 implies e (e; — 1) = 0 thus €2 = e;. Similarly, e2 = e5. Also we know that e; € I,e5 € J
thus they are nontrivial idempotent.

. Notes that any ideal of A x B can be identified as I x J, since for given ideal @ of A X B, 74(Q) form
an ideal of A, since for any (a,b) € Q and (da/,V') € A x B, (a,b) - (a’,b') = (ad’,bb’) € Q implies for
any a € m4(Q), ' € A, ad’ € 74(Q).

Now given a prime ideal I x J, let I is proper. Then, we claim [ is prime of A and J = B. To see this,
if aa’ € I, then (aa’,b) € I x J, thus (a.1) - (a’,b) € I x J implies (a,1) € I x J or (a/,b) € I x J. In
any case, a € I or a’ € I, thus I is prime.

Moreover, A x B/I x J =2 A/I x B/J. However, direct product of integral domain is not integral
domain, since (0, s) x (¢,0) = (0,0). Hence, J = B since I is proper.

. D is clear. To see the other side, let a € Ng N N§. Then, a = n/s = n’/s’ where n € N,s € S
and ' € N,s’ € S. Thus, n(ts’) = n'(st) for some t € S. Thus, n(ts’) € N N N’'. This implies
a € (NNN')g, since a =n(ts')/s(ts').

. Before proving this, we claim
V) DV(J) < VICVJ.

This came from the fact that /T = Npev () b- (p-3 of the textbook.)



Now, given a descending chain of closed sets in SpecA can be denoted as
V(L) 2V(I2) 2.

This induces Iy C /I C ---, which is an ascending chain of ideals in A, which is Noetherian, thus
stabilizes at some points. Hence, the chain V(I;) D V(I2) D --- also stabilizes at some point.

10. Suppose V(p) = V4 U V5 for some closed set V3 and V2. By definition of Zariski topology, we may
assume V4 = V(a) and Vo = V(b) for some ideal a and b. Now, let ¢ € V(p). Then, g Dpand gD a
or q 2 b. Thus, g 2 anb. When q = p, then p O anb. Since p is prime, this implies one of a and b is
contained in p. WLOG, assume p 2 a. Then, V(a) 2 V(p), thus V(a) = V(p). This shows that V(p)
is irreducible.

Conversely, suppose V' be an irreducible closed set. Again, by definition, V' = V(a). We may assume a
is radical. Suppose that a is not prime. Then, Ja,b € A such that ab € a but a,b ¢ a. Now, we claim
V(a) =V ({a,a)) UV ({a,b)). To see this,

V({a,a)) UV ({a,0)) = V({a,a) N (a,b)) = V((a,a)(a,b)) = V(a).
Moreover, (a,a) # a, (a,b) # a, which shows that V'(a) is not irreducible, contradiction.

11. See Hartshorne, Proposition 1.5.

12. By 4.10 and 4.11, since V(1) is a closed set in SpecA, V(I) can be written as a finite union (J!, V (p;)
for some prime ideals p;. Now we may assume that any two of prime ideals p; and p; are not contained
in each other. (If it was, then get rid of the smaller one.) Now we claim {p;}? ; is a set containing all
minimal elements in V' (I). Suppose a prime ideal P € V() is minimal. Then, from V(I) = |J;_, V(p:),
P € V(p;) for some i, thus P D p;. By minimality of P, P = p;. Thus all minimal elements are in
{p:}_,. Hence V(I) has only finitely many minimal elements.

5 The Hilhert Nullstellensatz and first steps in dimension theory

In Example 1, to see that every PID A which is not a field is 1-dimensional, suppose that; then since it is
not a field, definitely it has nonunits, thus one may form a nonzero maximal ideal. Moreover, since PID is
integral domain, (0) is prime. Thus, dim A > 1. Now let p be a nonzero prime ideal. Then p = (a). Now
take maximal ideal m = (m) containing p. This implies a = mb for some b € A. Since p is prime, whether m
or b should be in p. If m € p, then a = m, done. If b € p, then b = ac for some ¢ € A, thus a = mac. Thus,
a(l —me) = 0. Since A is domain, this implies 1 = me, so m is unit, contradiction.

In the proof of theorem 5.5, one may identify that {m : m D I'} as a set of all algebraic zeros of I. Thus,
if f is in the righthandside, then f vanishes on all algebraig zeros of I, thus Nullstellensatz implies that
feVI

In the proof of theorem 5.6, the residue class of X is not algebraic over k, otherwise there exists
f(X)1) € P._1, which implies that P._; NS # (), contradiction.

In the proof of theorem 5.8, X,, is complement of U, _1, since U, D U,_; for any r.

1. Let k be a field, R = k[X1,--- , X,] and let P € SpecR. Then htP + cohtP = n.
The proof follows the argument in the hint.

Proof. Let z; be the image of X; in R/P. Then R/P = k[zy,--- ,z,] is an integral domain. Then
theorem 5.6 says that cohtP = tr.deg,k(zy,---,z,) where k(z1,---,zy) is the field of fraction of
R/P. By following hints, let r = tr.deg,k(x1, - ,2,). Then, we may assume that {z1,---,z,} is
a transcendence basis of k(z) over k. Notes that by the assumption Xi,---,X, ¢ P. Moreover,
S =k[Xy, -+, X,]—{0} is disjoint with P as subsets of R since z1,--- ,z, form a transcendence basis.
Thus, Rp =2 S7'Rg-1p since R\ P D S. This implies

Xy, Xalp 2 E(Xy, - X)) [Xg1, -, Xnls-1p.



By the 1-1 correspondence of prime ideals, S~ P is still a prime ideal and htP = htS~'P.

If r = 0, then xy,---,x, are algebraic over k. Thus, the kernel p; of the map k[Xy, -+, X,] —
klxy, - xi, Xit1, -+, Xn] gives the strictly increasing chain of prime ideals 0 C p; € --- C p, = P.
This shows htP > n. Also, by the corollary of theorem 6, ht P < n. In case of r > 1, just do the same
argument on the z,41,---,x, to get the same conclusion. O

2. A zero dimensional Noetherian ring is Artinian.
The proof follows the argument in the Atiyah-Macdonald.

Proof. Let A be a zero dimensional Noetherian ring. By theorem 6.5, Ass(A/0) = Ass(A) is finite.
Hence, (0) has finitely many minimal prime ideals. Since dim A = 0, these are all maximal ideals. Thus,
Supp(A) = Ass(A) = {m;}£_, for some k < co. Therefore A has only finitely many prime ideals. By
p-3 of the textbook, nil(A) = ﬂle m; is the intersection of all prime ideals which are finitely many.
Let (21, ,2,) = nil(A). Then, there exists N > 0 such that ¥ = 0 for all i = 1,--- ,n by taking
N be the maximal ¢ such that 2! = 0 for some ¢ > 0. Thus, nil(A)"¥*! = 0 since for any element
x € nil(A), y = Y, agz; for some a; € A, thus y™N =37, o v e )i = 0 since
one of j; > N by the pigeonhole principle. Hence, nil(A) are nilpotent. By abuse of notation, let
N = nN + 1 such that nil(A)" = (0). Then,

Then consider a chain

ADm; Cmmy C --- Cmymy - - - my Qm%m2~-~mk g...gmfl\’m{\’...mlfc\’:o
Then, each fraction of incident two elements forms a vector space over A/m; for some i. Since each
m; is finitely generated (from the Noetherian condition) all vector spaces arised in the fraction are
finite dimensional. Hence, we can add a submodule between them which lift such vector spaces. This
gives a composition series with a finite chain. Hence, [(A) < oco. This implies A has a descending
chain condition, since for any chain of ideal, we can make another chain by intersecting with the finite
composition which stabilizes. O

6 Associated primes and primary decomposition

In proof of Theorem 6.2., Noetherian assumption is needed; if p is infinitely generated by {a;}, then this
implies that ¢;a;2 = 0 since P is Assa,(M). So, without Noetherian assumption, []#; may not exists since
it is infinite product.

In proof of Theorem 6.3, for P € Ass(M), let P = ann(z). Then N = Ax gives desired N. Moreover, we
need one more claim;

Claim 1. If N C M be a submodule, then suppose P € Ass(M) and P = ann(z) for some x € N C M.
Then, P € Ass(N).

Proof. Suppose not. Then P’ € Ass(N) such that P’ 2 P. Then, let P’ = ann(y) for some y € N C M.
Then, P ¢ Ass(M) since P is not maximal element anymore, contradiction. O

For Theorem 6.6,
Claim 2. If M is finitely generated module, \/ann(M) = (\peassar) P-

This is needed for V(P) = P = /aun(M/N)



Proof. One inclusion is clear. For the other inclusion, suppose = € ﬂpeASS(M) P. Then, we claim M, = 0.
Suppose not; then by Theorem 6.1(i), P € Ass(M,) for some prime ideal P. Then, from Theorem 6.2, P €
Ass(M,) = Ass(M) N Spec(A,). Thus, there is an associate prime of M do not containing z, contradiction;
hence for any m € M, existsn,, € N such that 2"mm = 0. Since M is finitely generated, suppose {m;} are
generator. Then x2=i ™mi € ann(M), done. O

For Theorem 6.7, M — M /N @& M /N’ induces the injective map M/N NN’ — M/N & M/N'.
For Theorem 6.8, proof of (ii), we use below claim

Claim 3. If QQ is Py-primary then Q : M is primary of P;.

Proof. Let zy € (Q : M) = ann(M/Q). Suppose y & (Q : M). Then, zy(M/Q) = 0 but y(M/Q) # 0, thus
if we let ¢, : M/Q — M/Q by m > x - m, then

éwoq—sy:&zyzo-

Since ¢, is nonzero, ker ¢, 2 Im@y) # 0. Hence ¢, has nonzero kernel, thus z is zero divisor of Q. Since

Q is primary, In € N such that ¢,» = 0. Thus, "M C @, which implies 2™ € (Q : M). Thus (Q : M) is
primary. O

Moreover, PY M C N; for some v are came from the proof of Exercise 3.3, or, you can use Proposition 7.14
of [2]. For the last sentence, y ¢ Ny, thus for any a € A, if ay € Ny, then a? M C Nj for some v. However, in
this case, ay € Ny means that ay = 0 since (),_; N; = 0. Thus, it implies that ann(y) C \/ann(M/Ny) C P;.

1. Find Ass (M) for the Z -module M =7 & (Z/3Z).

Proof. ann((z,y)) = (0),ann((0, z)) = (3) for any nonzero = € Z, z € Z/3Z and any y € Z/3Z. Hence,
Asspyr = {(0),(3)}. Or use 0 = Z — Z @ Z/3Z — 0 with Theorem 6.3. O

2. If M is a finite module over a Noetherian ring A, and M7, My are submodules of M with M = M; + M,
then can we say that Ass(M) = Ass (M;) U Ass (Mz)?

Proof. No. For example, given M in above exercise, set M1 = M, My = Z & 0. Then, M1 + My = M
but Ass(M;) = {(0)} for both i. O

3. Let A be a Noetherian ring and let x € A be an element which is neither a unit nor a zero-divisor;
prove that the ideals zA and ™A for n = 1,2... have the same prime divisors:

Assa(A/xA) = Assy (A/z™A)

Proof. First of all, if P € Ass(A/x™A), then P = ann(y/xz™A) for some y € A. Thus, Py C 2" A C zA,
thus P = ann(y/xA). This implies Ass(A/z™A) C Ass(A/xA) for any n. Thus it suffices to show the
other inclusion.

Next, 0 — ker¢p — A/z"A 2, A/xA — 0 is exact. We knows that ker ¢ is the ideal z(A/z™A) of
A/x"A. We claim ker ¢ = A/z" 1 A; to see this, think the map A — 24 — z(A/2™A) where the
first morphism is just multiplication by x and the second one is canonical morphism. Then, if a is in
the kernel of the composition of maps, then xa = x™b for some a,b € A. Since x is not zero divisor,
x(a — " 'b) implies @ = 2"~ 'b. Hence, the kernel is 2" 1A. Then apply the first isomorphism
theorem.

Hence, 0 — A/z" 1A — A/a"A 2, A/xA — 0, is an exact sequence. Theorem 6.3 implies Ass(A/2™A) C
Ass(A/x" "t A) U Ass(A/zA). Apply induction; if n = 2, done. Suppose it holds for less than n. Then,
again, this implies Ass(A/x"A) D Ass(A/zA) . O

4. Let I and J be ideals of a Noetherian ring A. Prove that if JAp C IAp for every P € Asss(A/I) then
JclI
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Proof. Suppose not; then (I + J)/I # 0, hence there exists P € Ass((I + J)/I) C Ass(A/I). Thus,
PAp € Assa, (I + J)/I)p =0 since (I +J)/I)p = (IAp+ JAp)/IAp = 0, contradiction. O

. Prove that the total ring of fractions of a reduced Noetherian ring A is a direct product of fields.

Proof. First of all, prime divisors of the zero ideal is are associated primes of A/(0). Thus, all minimal
prime ideals associated to A/(0) is of form ann(z). Thus, the set of all zero divisors D are union of
all minimal associated primes of A/(0). Let S = A\ D. Then, the total ring of fraction is S™1A,
and Spec(S~1A) consists of the extensions of all minimal associated primes of A/(0). Thus, they are
coprime in S~! A because a minimal associate prime ideal do not contain the other. Moreover, all prime
ideals are maximal. Denotes them as P;S~!A; for some i = 1,2,---n. Thus, by Chinese Remainder
theorem, we have an isomorphism.

STTAJT — @ STIA/(PSTA))
where I =/, ,S™'A4; = 0. Here, S~ A/(P;,S™14;) is a field since P,S™'A; is maximal. O
. (Taken from [Nor 1], p. 30.) Let k be a field. Show that in k[X,Y] we have
(X2, XY) =(X)N(X%Y) = (X)n (X* XY, Y?)

Proof. (XQ, XY) >2((X)N (XQ, Y) 2(X)N (Xz, XY, Y2) ) (XQ, XY) by comparing their generators.
O

. Let f: A — B be a homomorphism of Noetherian rings, and M a finite B module. Write *f :
Spec B —> Spec A as in $4. Prove that ¢ f (Assg(M)) = Assa(M). (Consequently , Ass4 (M) is a finite
set for such M)

Proof. *f (Assp(M)) C Asss(M) is clear since A acts on M via f and the contraction of the prime
ideal is prime. Now, suppose P € Ass4(M). Then, P = ann(m) for some m € M, in other words,
for any a € P, f(a)m = 0. Now let @ = annpg(m). We claim @ = P°; @Q 2 f(P) is clear. For any
c € P¢ c=3%"bf(p) for some p; € P, b; € B, thus ¢cm = 0, which implies ¢ € Q. Lastly, suppose
that Q" € Assp(M) such that @' D Q. Then, *f(Q') 2 P. Since P is maximal, P = f(Q’). This
shows P €® f (Assp(M)), done. O

. An A -module M is coprimary if Ass(M) has just one element. Show that a finite module M # 0
over a Noetherian ring A is coprimary if and only if the following condition is satisfied: for every
a € A, the endomorphism a : M — M is either injective or nilpotent. In this case Ass M = {P} where

P =+ann M.

Proof. Suppose M is coprimary. From claim [2| P = /ann(M). Hence, for any a € P, a is nilpotent.
For any a ¢ P, a is injective.

Conversely, if a : M — M is either injective or nilpotent for all a € A, we knows that \/ann(M) can
classify elements of A. Now we claim M is coprimary. It suffices to show that y/ann(M) is prime; if
ab € \/ann(M) but a,b & \/ann(M), then both a and b are injective, contradiction. O

. Show that if M is an A -module of finite length then M is coprimary if and only if it is secondary.
Show also that such a module M is a direct sum of secondary modules belonging to maximal ideals,
and Ass(M) = Att(M).
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Proof. Since M is of finite length, M is both Noetherian and Artinian by Theorem 6.8 of [2]. Thus,
we claim that a : M — M is injective iff surjective. If a : M — M injective but not surjective, (a‘*M)
form a descending chain, thus there exists n € N such that a®M = a"*'M. Now pick m € M \ aM.
Then, a"m = a™ 'm/ for some m’ € M, thus a(m — am’) = 0. By injectivity of a, m = am’ € aM,
contradiction. Conversely, suppose a : M — M is surjective but not injective. Thus, ker(a’) form
an ascending chain, thus there exists n € N such that ker(a") = ker(a"*!). Now pick m € ker(a"),
then m = am’ for some m’ € M by the surjectivity of a. Thus, m’ € ker(a"*!) = ker(a™), hence
a" 'm = 0. This implies m € ker(a™~!). Since m was arbitrarily chosen, ker(a"~!) = ker(a™). By the
same argument, one can see ker(a) = ker(a?) = --- = ker(a"). Lastly, if m € ker(a), then m = am’,
which implies m’ € ker(a?) = ker(a), thus m = 0, this shows ker(a) = 0. The first statement comes
from this claim.

For the second statement, replace A with A/ann(M), then ann(M) = 0. Since ann(M) lies inside of
any associate prime ideal, thus Ass(M) is not changed. Moreover, M is a faithful Artinian module
over A with finite length. Thus, by claim [4] A is Artinian. Hence, A has finitely many prime ideals,
which are all maximal. Thus, if M = N; 4+ ---+ N,, is a minimal secondary representation of M, then
the attached prime ideals are att(M) = {Py,---, P,} where P; = \/ann(N;) by Theorem 6.9. These
are all maximal ideals. Now we claim M = Ny + --- + N, is direct sum by induction. If n = 2, then
P NP, C y/ann(M) = /0, and /0 is the maximal ideal since A is Artinian. Thus, one of P;, say P
wlog, should be v/0. However, in that case, Ps 2 /0 since annihilator of M is also annihilator of Na.
Therefore P, = 1/0, contradicting the fact that n # 2. Now suppose the direct sum holds for all cases
when |att(M)| < n — 1. Now suppose M is of the such module with att(M) = {Py,---, P,}. Then,
from its minimal representation M = Nj+---+ N, the inductive hypothesis shows that Ny +--- N, _1
is the direct sum. Also, N; + N,, is direct sum by the inductive hypothesis for any i € {1,2,--- ,n—1}.
Hence, M is the direct sum. And these are all belong to the maximal ideals, since A is Artinian.

Now it suffices to show that Att(M) = Ass(M). Before doing this, we claim that for M of finite
length with coprimary property, Att(M) = Ass(M) = {\/ann(M)} first. Let P be an attached prime
ideal of M. Then there exists a proper submodule N C M such that M/N is P-secondary, i.e.,
P = \/anu(M/N). Now, if x € P, then 2™ € ann(M/N) for some n > 0, thus z"M C N. Hence
x" : M — M is not surjective, therefore it is nilpotent by the assumption that M is secondary. Hence,

x € ann(M). Thus, P C y/ann(M). Conversely, P = y/ann(M/N) D y/ann(M) clear from the
definition. Thus, Att(M) = Ass(M).

Therefore, for general M of finite length with the minimal representation M = Ny +- -+ N, Att(N;) =
Ass(IV;) for all i. This shows Att(M) = Ass(M), since claim 5] shows that the associate prime of direct
sums are union of those of summands. O

Claim 4. If there exists M a faithful A-module of finite length, then A is Artinian.

Proof. Since M is of finite length, M has finitely generated, say my,---,m;,. Then, ¢ : A — M™ by
r — (rmy, -+ ,rmy) is an injective map since ker(¢) C ann(M) = 0. Hence, A is a submodule of
Artinian module, hence Artinian. O

Claim 5. For the commutative ring A with modules My and My, Ass(M; @ M) = Ass(M;)UAss(Ma).

Proof. Let P € Ass(M; @ Ms). We may assume P = ann(my + mg) by Theorem 6.1. Thus, P C

ann(mq) Nann(msz). Conversely, if a € ann(mq) Nann(msz), then a(mq +msz) = 0, thus P = ann(m) N

ann(msz). By Proposition 1.11 ii) of [2], either P = ann(m;) or P = ann(ms). Thus, P € Ass(M;) U

Ass(Ms). This shows Ass(M;) U Ass(Msy) D Ass(M; @ Ms). The other inclusion came from Theorem

6.3 with the exact sequence 0 — My — My & My — My — 0. O
7 Flatness

For (3),(4) of the Transitivity, the faithfully flatness is crucial. For example,
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proof of (8) and (4). (3): To show B is flat over A, let a sequence of A-module § is exact. Then, S®4 M is
exact by flatness of M over A, thus (S®4 B) ® g M is exact, therefore faithfully flatness of M over B shows
S ® 4 B is exact.

(4): To show B is faithfully flat over A, let a sequence of A-module S is exact. Then, S ® 4 M is exact
by flatness of M over A. Hence, (S®4 B) ®p M is exact. Faithfully flatness of M over B shows (S®4 B) is
exact. Conversely, if (S® 4 B) is exact, then (S®4 B) ® p M is exact by flatness of M over B, thus (S®4 M)
is exact, and faithfully flatness of M over A implies S is exact. O

For the proof of Theorem 7.2 (3) = (2), we want to show Az ® M # 0 if M # mM. The contravariant
of this statement is that if Az ® M = 0 then M = mM. To see this, notes that Az ® M = A/ann(z) ®
M = M/ann(z). Since € M/mM # 0 and a canonical surjective map M/ann(z) — M/mM implies
M/ ann(z) # 0.

(2) = (1), Im(go f) — N” is an injective map, thus “by flatness” of M, Im(go f)@ M — N" @ M is
injective. Hence, Im(g o f) ® M is submodule of N” ® N, and by the comparison with Im(gys o far) we can
conclude that Im(go f) ® M = Im(gas o far). Also, H® M = ker(gas)/ Im(far) can be shown by taking the
tensor on exact sequence 0 — Im(f) — ker(g) - H — 0.

In p.47, to show

{P € Spec(B) : P D pBand PN f(S) =0} = {P € Spec(B) : PN A = p},

PD>pB = PNADp,andforany z € PN A, f(z) € f(S) = f(x) € f(p), thus z € p, which implies
PNACH.

For the proof of Theorem 7.3, PBp is the Jacobson Radical, and that’s why PMp = PBpMp # Mp
from Mp # 0.

In p. 48, in the quote “If this happens then by Theorem 2, or Theorem 3, (ii),” Theorem 2 means
Theorem 2 (3) by replacing M with B as A-module. Also, “we see that it is equivalent to say that f is flat
or faithfully flat” means that “f is flat” = “f is faithfully flat and vice versa. f may not be flat, though.

For Theorem 7.6, “if the above conclusion holds for the case of a single equation (that is for Y= 1), then
M is flat.” actually means that “if the above conclusion holds for any cases of a single equation, then M is
flat «

To see Tor‘f‘(]%7 A) = 0, think about the projective resolution --- — P, — P; — Py — M; then
Tor{(M,A) = Hy(--- — P, = P, = Py — 0) = 0.

In Theorem 7.11, both are left exact since ® 4B is exact due to flatness of B.

In Theorem 7.12, C,, is zero since Homy , (M,,, —) is exact because M, is free (thus projective.)

1. Suppose B®4 M is B-flat. Let S be an exact sequence of A-modules. Then, since B is flat A-module,
B ®4 S is exact, thus

(BRAxM)®4S=((Bos M)®pB)®4S=(B®sM)g(B®4S)

implies (B®4 M) ®4 S is exact. Conversely, if M is A-flat, let S be an exact sequence of B-modules.
Then,
(BRIAM)pS=M®@sBpS=M®®4sS

thus M ® 4 S is exact as sequences of A-module because of the flatness of M. Also, it is exact as
sequences of B-module, by tensoring B, which does not change the sequences but still exact because
B is faithfully flat over A. Hence, (B ® 4 M) is B-flat.

For faithfully cases, suppose B ® 4 M is faithfully B-flat. Then, suppose M ®4 S is exact for some
exact sequence of A-modules. Then, B4 M R4S = (B4 M)Rp B®4S is exact since B is faithfully
flat over A, and by faithfully flatness of B ®4 M, B ® S is exact, which implies S is exact since B
is faithfully flat over A. Conversely, if M is faithfully flat, take (B ® 4 M)gS is an exact sequence of
B-modules. Then, M ® 4 S is exact, thus S is exact as sequences of A-modules. Thus, B®S =S is
exact as sequences of B-module since B is faithfully flat over A.

2. For b € B, b is element of the field of fraction of A, thus b = y/x for some y,x € A. Then, bx =y €
xB N A. By Theorem 7.5 (ii), (x)BN A = (x). Thus, y € (), therefore y = ax for some a € A. This
implies a = b in the field of fractions, thus b € A.
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3. Let M’ = @&)Amj, be an A-submodule of M. Then, 0 - M’ - M — M/M' — 0 is exact. By
tensoring with B, which gives an exact, 0 = B4 M’ - B&s M — B®4 (M/M’) — 0 is exact, thus
B®y (M/M')=0. By Theorem 7.2 (2), M/M' = 0.

4. Let M =[], Mx. We use Theorem 7.7; we try to show I ® M — IM is injective for every finitely
generated ideal I. (Since A is Noetherian in this exercise, all ideals are finitely generated.) Let
I = (a;)?_,. Then, define f : A™ — A such that f(r1,---2,) =D a;x;. Then, 0 > ker f - A" — A
is exact, thus 0 — ker f ® My — (M))™ — M, is exact for all A.
Now, pick an element Z?:l a; ®&; € I ® M such that a;&; = 0. Then, since each §; can be represented
as coordinate in the direct product, & = (--- , &, -+ ). Thus, a;§; = 0 implies that a;& = 0 for all \.
Thus, ({1x, -+ ,&nx) € ker f @ M), for any A.

Since A is Noetherian, ker f = 25:1 ApB; for some B; = (B1j, -+ ,0Bnj) € ker f C A™ for some r.
Therefore, choosing suitable a;» €A,

r

Gixsn&an) = D diBi@min = (diBimin, -+ aiBumin) = O aiBimin.-- Y aiBninin)
=1 =1

Jj=1 Jj=1

as element of ker f @ My as element of My

since 55 @ mix = (B1jnjn, -+ BnsMin) in (My)™. (Notes that this is not true in ker f @ M)y since you
do not have 1 in ker f. ) Hence,

.,
Eix =Y d;Bijmja

j=1

Now, for the economy of notation, let b;; = a;ﬂij. Then,

s
§ix = Z bijnix.
j=1

Moreover, since a;ﬂj € ker f, Z?Zl a;b;; = 0 for any 1 < j < r. Thus,

G= () bigmin,-) =Y _bijn
=1 =1

where n; = (- ,m;x,---) € M. Thus,
n n T T n
dai®&G=> ai®) bym=y ((Zaibi]’) ®77j> =0.
i=1 i=1 j=1 j=1 \ i=1

Since formal power series A[[z1,---,x,]] is an infinite direct product of A as A-module, it is flat
A-algebra.

5. Since a is A-regular, 0 — A % A is exact, therefore 0 — N % N is exact by the flatness of N, thus
ax # 0 for any x € N. This shows a is N-regular.

6. Let -~ — Oy 25— C; — -+ be Cy. Then,
0— Imdl — kerdi_l — HI(O.) —0
is exact, Now, since N is flat, — ® N is exact functor, thus

(1) OHImd2®N%kerdl_1®N%HZ(C.)®N%O
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However, Imd; ® N = Im(d; ® 1y) since both 0 = Imd,® N = C; @ N and 0 = Im(d; ® 1) —» C; @ N
are injective, and for any a ® b € Im(d; ® 1n), a® b € Im(d;) ® N and vice versa. Do the same thing
on the kernel, we have

(2) 0—Im(d; ®1y) — ker(dz;l ® 1N) — H;(Co®@N) =0

with four isomorphisms between components in (1) and (2). Apply the five lemma to get the desired
result.

7. Take projective resolution P®* — M. Then, since B is flat over A, P* ® B - M ® B is also the
projective resolution.

Tor(M,N)®4 B=Hy(Piy1 @4 N - P&y N = P,_1 @4 N)®4 B
= Ho(Pit1®AN®4B —P,@aN®sB— P,_1®4N®yB)

Exercise 7.6

and
TorP(M@B,N®B) = He((P;11®4B)@p(B2aN) = (Pi@4B)@p(BRaN) = (Pi—1®4B)@5(B@4N)).

Now observes that P, ®4 N ®4 B = (P, ®4 B) ®p (B ®4 N) by property of tensor product.
For Ext, apply Theorem 7.11 on the injective resolution of M for each side.

8. Tensor product does not commute with infinite direct products. To construct the counter example,
let {p;} be the set of all prime numbers. Then, (), p;Z = 0 However, (,(p:Z ® Q) =(),Q = Q. To
see the last equality, notes that for any p;a ® b/c for some a,b,c € Z with ged(b,¢) =0, pija® b/c =
1®piab/c = p; ® p;ab/cp; as an element of Z ® Q for any j, thus any p,Z® Q = p;Z ® Q = Q for any
1, 7.

9. Suppose [ is an ideal of A. Then, IBN A = I by Theorem 7.5. Thus, for any ascending chain
I, C Iy C --- of ideals of A, the ascending chain I1B C I,B C --- eventually terminates. Say,
I,B = I,1B. If a € I,41, then f(a) € I,11B = I,B, thus a € I, BN A = I,, which implies
In = In+1.

For example 2 of pure submodules, if M = P®Q then 0 - PQF - M@ F = (P®FE) ® (Q ® E) shows
the statement.

For example 3, suppose N N'mM = mN for all m > 0. Then, for any 0 #n®a € NQZ/mZ,n ¢ mN =
NNmM, thus n € mM, which implies n®a # 0 in M ®Z/mZ. Conversely, if 0 - NQZ/mZ — MQZ/mZ is
exact, then for any 0 # n®a € NQZ/mZ, n ¢ mM NN nor n ¢ mN. Hence, (N\mN) C (N\ (mMNN)).
Conversely, if n € (N \ (mM N N)), then n® a # 0 in M ® Z/mZ, thus it is nonzero in its submodule
N ® Z/mZ, thus n ¢ mN. This shows the equality.

In the proof of Theorem 7.13,

Zl'i e = Z Zaijmj ®e = Z Z(m] ® a;j€;) = Z Z(m] ® aij€;) = Z(m] & Z(aijéi))

For the reversing preceding argument means that, if you pick an arbitrary element of N ® E, then it forms
r=>,2;0¢ € N®OFE withz; #0in N C M. If z is zero in M ® E, then, from z; # 0, z = Zj Y@, aije;
for some y; € N. Then, by the above equation, z; = Z;Zl ai;;m;j, hence by the assumption z; = Zj aijY;-
Thus, z =), Z;Zl a;jm; ®€; = 0 by the above equation, again.

8 Completion and the Artin-Rees lemma

To see addition and subtractions are continuous, notes that (— +b)"Y(z+M)) ={a € M :a+b € z+ M,},
thus a = x — b+ m for some m € M)y, therefore we claim (— + b)~1(z + M)) = (z — b) + M. To see this,
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(—+b)"Yxz + My) C (z —b) + M, is clear by construction, and for any a € (z —b) + My, a =  — b+ m for
some m € M, thus a+b € x+ M. This shows the equality. Hence, (+) : M2 — M is separately continuous.
Now, to see + is continuous, it suffices to show that for all subbasis of M2, the preimage is continuous. Take
x + M) in the subbase of the linear topology. Then, (+)~!(z + M,) = {(a,b) : a +b = x +m for m € M,}.
This preimage contains the arbitrary union of ((z — b) + M) x (b + My)) for all b s.t. there exists a s.t.
a+b=z+m. Conversely, for any (a,b) € (+)~(z+ M,), (a,b) is contained in the cover, thus the preimage
is open. Hence + is continuous. By the similar reasoning one can show — is continuous. Moreover, the scalar
multiplication a : M — M is open, since (a-—)" (z + My) = {b € M : ab € x + M,}, thus it is arbitrary
union of (b+ M,) over {b € M : ab = z}, which shows the continuity. Multiplication is similar.

For the Hausdorff condition, refer |2][Lemma 10.1]. Also, ¢ is continuous by thinking the inverse limit
in the category of topological space, which is complete and cocomplete. To see ¢(M) is dense, pick an open
neighborhood U of & € M as U = M N [1x,ga(@x + M) L2, (22 + My,) for some finitely many n. Now, we
may decompose U as union of open sets {U, NU},ea such that U, = M N (ITyzp (@x + M)) x (2 + M,,) for
fixed p. Then, we can take a preimage « € M such that T = Z, for all ¢ € {\;}7—; U{u}. Then, z € U, NU.
Since p was arbitrarily chosen, Z is a limit point of ¢(M). This shows ¢(M) is dense.

And, to see the linear topology of {M;} coincide with the topology of M?*, just recall that 7~ 1(M3) is
the basic open sets of the product topology.

In the proof of Hensel’s lemma, deg hw; < deg F' implies deg w; < deg g since deg F' = deg hg. And, limit
exist because A is m-adically complete.

For the proof of Theorem 8.3, the separatedness property of M was used for the last line, () M) = 0.

For the Artin-Rees lemma, C is not clear since a™m € I" M N N does not implies a®m € I°M N N. Also,
>, uji(a)w; € I%M N N by construction of J,.

For the Theorem 8.7, the author did not prove that the completion commutes with direct sum. To see
this as below form, for M and N are A-module,

(tim M/ (170) ) @ (UmN/ (I"N) ) = lim(M & N)/ (I"(M & N)),

take a map (1im M/ (I"M)) @ (lim N/ (I"N)) — (M @ N)/(I"(M ® N)) by mu((@1,+) ® (y1,-+)) =
Tpn D Un, check it is well-defined, and use the universal property to get the isomorphism, since the kernel is
(N, I"M) @ (N,, I"N) = 0 in the lefthandside.

In proof of Theorem 8.10 (i), M /M’ should be changed as M'/M.

Theorem 8.14 (1) is just the Krull’s intersection theorem (i).

Theorem 8.14 (2) = (3) uses Theorem 7.3. (ii).

Notes that for {a; : a; € I"}, {Z;:l a;} is Cauchy sequence for I-adic linear topology.

1. Notes that (I +J)?" C I" + J" since all multiple from (I + .J)?>" has exponent greater than n for I or
J. Thus, if we have a sequence x1, - - - , such that z,, 1 — z, € (I +J)?*, then z,, 11 — z,, = uy, + v, for
some u,, € I, v, € J". Thus, {z,} converges to z1 + Zfo Uu; +Zf° v;, which is unique since A is I and
J-complete. Moreover, this can be shown for arbitrary sequence by regarding elements of (I + J)2"+!
as those of I"™ + J". Hence, A is (I + J)-complete.

2. If {z,} is a Cauchy sequence of J-adic topology, then x, 1 — x, € J". Since I D J, {x,} converges
to x in I-adic topology. To see that z is also a J-adic limit, for an arbitrary i, take m large enough
to get * — x,, € I'. Thus, 2, —* = T, — Ty + Ty — = € J® 4+ I’. Since i was arbitrarily chosen,
z, —x € ();(J"+1") = J", where the equality came from Theorem 8.10 (i). Thus, z is also the unique
J-adic limit.

3. Let a be the generator of aA such that o = > a&; for a; € a and & € A. Let I be an ideal of
definition of A. Then, we may take z; € A such that & — x; € TA. Let a = > a;xz;. Then, a € a, and
aA C aA + IaA since a = Yo aixi+ (O, ai(& — x;). This implies aA = aA + IaA since the right hand
side belongs to the left hand side by construction. By the Nakayama lemma, with the assumption that
I C rad(A) by definition of Zariski ring, and aA/aA is a finite module (because of Notherianity), we
get aA = aA. Hence, a = aANA=aA.
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10.

In this case, notes that (1), /¥ = I = eA. Thus, it suffices to show that y € (X — e)A[[X]] for any
y € I. We may write y = ey’ for some ¢y’ € I. Now we claim y = y/(e — X)(e + eX +eX? + --+) since
(e—X)e+eX+eX?+---)=e.

Notes that for any proper prime ideal pAg, its maximal ideal m in A contains I; otherwise, m+ [ = A
implies that mAg is not proper; contradiction. Hence, I C rad(Ag). Thus, by Theorem 8.14, Ag with
I Ag-adic topology is the Zariski ring.

Now, using Theorem 8.12, if we let I = (ay,--- ,a,), then TAg is also generated by a1/1,--- ,as/1,
thus

Ag = Ag[[X1, -, Xull/ (X1 — a1, , Xn —an), AZA[Xy, -, Xu)]/(X1 —a1, -, X —an)

Thus, definitely, there is a canonical embedding A — Ag. Moreover, for any (1+a;) € As[[X]]/(X; —
a;)j-y, which is unit in Ag, its notes that (1+a;)- (327 o(=1)’ X/) = 1in Ag where 3372 (1) X] € A,

which implies that (1 + a;) € A is also unit in A. Hence A = Ag.

Let {f,} be a Cauchy sequence of (IB + X B)-adic topology, i.e., fni1 — fn € (IB+ XB)". We may
write it as fni1 — fn = (Z::Ol ain X))+ > bi Xt where a;,, € I",b;,, € A. Thus, {f,} converges
to f=fi+>,(>, ain)X" since > a;, converges in A for each i, from the fact that A is I-adic
complete. Moreover, this f is unique since each )  a;, is unique by the I-adic completeness of A.
Hence, A[[X]] is (IB + X B)-complete.

By Theorem 8.6(b) in [2], A/m™ is Artinian local ring. Thus, by d.c.c., there exists ¢(n) > 0 such
that a;,,) +m" = a; +m" for all j > t(n). Moreover, by renumbering if needed, we may assume
t(n) <t(n+1)<---.

To get the contradiction, suppose a;y £ m” for some 7. Then, take a, € ay,y \ m”. Now pick a,1 €
Ay(r41) St arp1 —a, € m”, and proceed in the same way that taking a; € ay;) s.t. a; —a;—1 € m'™!
for i > r. Then, a = lim; a; exists since A is complete. Moreover,

a=a+ar+ (_ar + a7'+1) + (_a7‘+1 + a7'+2) +eee <_ai—1 + Cli) +---=a+a, mod m",

which implies —a; = a, mod m”, thus each a; & m". Therefore, a € m", since by Theorem 8.14, m".
However, this implies 0 = a,, mod m”, contradiction.

Just replicate the proof of the Artin-Rees lemma (Theorem 8.5) with multi-homogeneous polynomials.

First of all, Ap is a Noetherian local ring with the maximal ideal PAp. Then, by Theorem 8.9, by
letting N = (1,5 (PAp)", there exists a € Ap such that a = 1 mod PAp, and aN = 0. Since PAp is
the Jacobson radical, so a is unit, by Proposition 1.9 in [2]. Hence, aN = 0 implies N = (0). Now, by
the given condition, there exists a nonzero z € Ap such that xtPAp = 0. Hence, x € PAp. And since
x is nonzero, x € (PAp)© for some integer ¢ > 0. Thus, for any ideal Ip C P¢, T # 0 in Ap/Ip, and
Z(P +1)/1 =0, which implies P € Ass(Ap/Ip) C Ass(A/I) by Theorem 6.2.

Let m = (X,Y) C k[X,Y] and A = k[X,Y]n. Then, let p(X) := ;" a; X" € k[[X]] be transcendental
over k(X). (One can take such element, i.e., Y, z%; no f(z)/g(x) € K(X) can be solution of }, z* = 0.)
Set a, = (X**LY — 7  a;X"). Clearly, a,4+1 = Xa,, thus {a, }is d.c.c. Moreover, none of a, is not

contained in m2.

Now we claim (), a, = 0. To see this, notes that a, = j 7 ((y—p(X))k[[z, y]]+ (z,y)"k[[z, y]]) where j :
[z, ylm — k[[z,y]] the canonical inclusion. Thus, (), a, = 7N, ((v — @)k[[z, y]] + (z, y)"k[[z, y]])) =
i Y (y — p)k[[z,y]]). Thus, it suffices to show that there is no preimage of (y — ¢)k[[z,y]]; to see this,
let h € k[[z,y]] such that h(y —¢(X))h is equal to a rational function R(x,y). If such a function exists,
then its numerator should be in preimage. Now, we choose p(X) as transcendental over k(X), and
R(z,¢(z)) = h(p(X) — ¢(X)) = 0. Therefore, the equation R(x,y) should be equal to 0, since by
definition, no nonzero polynomial in k(X)[Y] has transcendental element as its solution. Thus, only 0
is in the preimage.
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9 Integral extensions

In the first remark, to see A/p; is integrally closed domain, localize it by some prime ideal P pick = be an
element of its ring of fraction s.t ™ + ay2" ' +--- +a,, = 0. Then, (z,0,---,0) is in the ring of fraction
of Apyajpsx--xa/p, and (2,0,---,0)" + (a1,0,---,0)(2,0,--- ,0)" " +--- + (an,0,---,0) = 0. Hence, by
the normality of A, (,0,---,0) € Apxa/p,x...xA/p, Which implies x € Ap. Hence A/p; is integrally closed
domain. Conversely, the direct product of finite number of integrally closed domain is normal, since its spec
is just disjoint union of sets homeomorphic to spec of each component, (See Exercise 1.22 in [2]) therefore,
any localization is of form a localization times the original component.

For example, 1, Let a be a root of a monic polynomial f(z) over a UFD. We can express a as §
with a,b € A, and using unique factorization we may assume that no irreducible of A divides both «a
and b.If f(x) = 2" + ¢,_12" "1 4+ -+ + ¢o, then plugging in o and multiplying through by b" we obtain
a™ + cp_1ba™ ! 4 -+ cob™ = 0. Now, c,—1ba™ ' + -+ + ¢ob™ is divisible by b, hence a™ is divisible by
b. Since no irreducible of A divides both a and b, it follows that b must be a unit by unique factorization.
Hence a € A.

For example 2, t is solution of f(z) = X? — 2. For example 3, see Proposition 5.12 of [2] for details. For
Example 4, since a® = f, a = 5 and % = l in K(«), thus we may change every rational in K («) as of form
x + yo.

For proof of Theorem 9.5, Bp: is faithfully flat over A, by Theorem 7.3. (iii).

1. By localizing with p, B, is integral over A,. Hence, by Theorem 9.3, there exists a prime ideal of B,
which lies over p. Definitely, this includes pB, C PB,. However, by the given assumption, PB, is the
only prime ideal lying over pA,. By lemma 2, PB, is the unique maximal ideal of B,. Thus, B, is
the local ring whose maximal ideal is PB,. Moreover, this implies that B\ P are unit in B,. Hence,
pBy, = PB,, which implies that Bp = B,,.

2. dim A < dim B by Theorem 9.3. (i) and Going up theorem; (from sequence of prime ideals of A, get
a prime ideal of B lying over the minimal prime ideal of the sequence by 9.3(i), and use going up
theorem to get the sequence of prime ideals of B with the same length.) For dim A > dim B, suppose
that there exists a sequence of prime ideals of B with inclusion. Then, for distinct P and P’ in the
sequence, PN A # P’ N A by theorem 9.3(ii). Thus, taking intersection with A gives the sequences of
prime ideals of A with the same length.

3. Replace A and B by A, and By. Then, p is maximal in A. Let k = A/p. Then, k®4 B = B/pBis a
finite k-module. From Exercise 8.3 of |2], B/pB is Artinian, hence has finitely many maximal ideals,
which all lying over p.

4. Actually, © € K implies = a/b for some a,b € A with nonzero b. Since x is integral over A, suppose
the degree of monic polynomial over A having x as as zero is n. Then, 2" can be written as linear
combination of {1,z,---,2" 1} over A, thus we only need to find a € A such that az® € A for all
i < n. Take a = b", we are done.

Conversely, let z is almost integral over A with az™ € 0 for all n, then let M := lA Then, A[z] C

to see this, notes that a’z™ = M = 1a'ax € M for any a’ € A. Therefore, since A is Noetherlan

then M is also Noetherian (smce it is finite module over Noetherian module) thus its submodule is
finite. Hence, the subring A[z] is a finitely generated A-module. Now Theorem 9.1 assures that z is
integral over A.

5. Actually, this holds to the polynomial ring. Let f be an element of the field of fractions of A[X]
(resp. A[[X]]) and suppose that there exists a non-zero element g € A[X] (resp. g € A[[X]]) such that
gf™ € A[X] (vesp. gf™ € A[[X]]) for every integer n > 0. If K is the field of fractions of A, A[X]
(resp. A[[X]]) is a subring of K[X] (resp. K[[X]]). Also, both K[X] and K[[X]] are PID, which is a
special case of UFD, thus they are integrally closed (see below claim.) Moreover, they are Noetherian
by Hilbert Basis Theorem (Theorem 7.5 in [2]). Thus, by the Exercise 9.4, K[X] and K[[X]] are
completely integrally closed. Thus, f € K[X] (resp. f € K[[X]]).
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10.

11.

Now, assume f = Z?:O ap X" where aj, € K and g = Zzozo b Xk, If all aj, € A, done. Otherwise, pick
the least [ > 0 such that a; ¢ A. Then, let f':= ic_:lo apX*. Thus, g(f — f')" € A[[X]] (or A[X]) for
all n > 0. Now, set j > 0 be the least index such that b; # 0. Then, g(f — f')" € A[[X]] (or A[X])
has the least nonzero term bja? X7+™ which is in A[[X]] (or A[X]). Hence bja} € A for all n. Thus,
ay is almost integral over A. Since A is completely integrally closed, a; € A, which contradicting the
assumption that a; € A.

Claim 6. For a field k, k[X] and k[[X]] are PID.

Proof. For k[X], use division algorithm. For k[[X]], if I is nonempty ideal, let n(I) := min¢cr ord(f).
Then, pick g € I such that n(I) = ord(g), then g = X" gy with ord(gg) = 0, which implies go is unit
(since its constant is unit.) Hence, I = (X"). O

Let f = gh for some monic g,h € K[X]. Now, roots of g are roots of f, thus they are integral over
A. Hence, the coefficients of g are integral over A. Since A is integrally closed, g € A[X]. Similarly,
h e A[X].

Notes that Z is integrally closed in Q. (To see this, use the rational root theorem.) Let z € Q[\/m]
such that x is integral over Z. We may write * = a + by/m, and (z — a)? — b*m = 0 implies that
f(x) = 2% — 2ax + a® — b*m is the minimal polynomial of x over Q. Now, for the minimal integral
polynomial of z, f(z) should divide it in Q[z], thus by the Exercise above, f(x) has integer coefficients;
thus 2a € Z,a®> —®m € Z. If a = %/ for some odd a’, then b = b'/2 for some odd ¥'; otherwise
a® — b®>m ¢ Z. Hence, (¢/)? — (/)>m = 0 mod 4. Since both a’ and ¥’ are odd, (a/)> =1 = (¥/)?,
thus m = 1 mod 4. Therfore, Z[1, V™1 contains the integral closure. Now we claim that Z[H%/E]

2
is contained in the integral closure, since all (a/ + b'y/m)/2 are in Z[H%/m ], by subtracting or adding

1 or \/m properly. Conversely, if x is in the integral closure, then x = a + by/m has integer a,b or
1+\/E]
1

a=a'/2,b="V'/2 with nonzero odd o', b". In any cases z € Z|

Otherwise, if a is integer, b>m € Z, which implies b € Z. This holds for all m regardless of m mod 4.
Hence, Z[/m)] is the integral closure.

Suppose pg S -+ € p, = p be the chain of prime ideals giving the height of p as n. Now suppose
Py € --- C P, = P be the chain of prime ideals giving the height of P as m. If m > n, then
PhNnAC---C P, NA =p is the chain of prime ideals of p. By the height of p, there exists at least
onei € {1,2,--- ,n} such that P,N A = P;;1 N A. However, this contradict Theorem 9.3 (ii) that there
are no inclusion between two prime ideals of B lying over the same prime ideal of A.

Again, let pg C --- C p, = p be the chain of prime ideals giving the height of p By the going down
theorem, we have a chain of prime ideals Py C --- C P,, = P. Hence, the height of P is greater than
or equal to that of p.

First of all L[X] is a free-module over K[X] since L is an extension of K. Therefore, the going down
theorem holds by Theorem 9.5. Thus, by Exercise 9.9, height of P is greater than or equal to height
of p. This can be extended for any polynomial ring over L[X] and K[X].

If L is algebraic over K, then L[X] is integral over K[X]. To see this, notes that any a € L has monic
polynomial y™ + a1y™ ' + -+ + a, = 0 where a; € K C K[X]. Also, X € K[X]. Since sum and
multiplication of two elemens integral over K[X] are also integral over K[X] (see Corollary 5.3 in [2])
L[X] is integral over K[X]. Also, this holds for all finite number of indeterminates. Hence, by Exercise
9.8, The equality holds.

Next, if f, g have a common factor a(X) in L[X] then set P = (a(X)), so that ht P =1 (Use Corollary
11.17 (Krull’s principal ideal theorem) in [2]). Hence ht p < 1. But f, g € p, so that ht p = 1. Hence,
there is an irreducible divisor h of f in p and p = (h) so h | g.

For (i), if there is an embedded prime ideal of (0), say P, then P = ann(x) 2 p, for some fixed i. Pick
a € P\ p;. Then, in A;,, (a/1) is a unit and nonzero divisor, hence A,, = 0. Since zero ring is not an
integral domain, contradiction. Hence, no such P exists. Therefore, (i) holds.
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For (ii) the intersection is equal to nilradical follows from (i). Lastly, for (iii), notes that p; cannot
contain the intersection; otherwise, by Proposition 1.11(ii) of 2], p; contain another minimal prime
ideal, contradiction. Thus there exists z € ([, p;)\pi- Then, there exists y € A such that zy = 0 € p;,
thus y € p;. Moreover, for any y' € p;, 2y’ € ();p; = V/(0), thus (zy’)% = 0 for some d > 1.

Now, suppose that p; + (ﬂ#i p;) € m # A for some maximal ideal m. Then, in Ay, it suffices to show
that 2/1,y/1 are nonunits and nonzeros. Nonunits are easy; if they are, then t(xs — s) = 0 for some
t,s € A\ m, which implies that zst = st. But ast € p; C m while st € A\ m, this is contradiction.
Same argument can be applied for y/1. Also, they are nonzeros; if they are zero, then 3t € A\ m such
that ¢(x — 0) = 0. This means that at € p,. However, since x & p;, t € p; C m, contradiction. Hence,
Ay, is not the integral domain, contradiction.

Then, (ii) and (iii) with Chinese remainder theorem gives us the desired result.

10 General valuation

To see R C R’ C K implies R’ is valuation ring, let € K \ R’; then 2=! € R C R’. For proof 10.5,
(B) is came from that; if none of Z; ¢ <7, then for each i, we may find finitely many F;; € &/ such that
Z;N ﬂj F;; = 0 for all 4, hence (U;Z;) N; (N;F;j) = 0, contradiction. Also, in the last paragraph, if 1 ¢ I,
then it resides inside of the maximal ideal containing I, then apply 10.2 on A[[] to get a valuation ring
whose maximal ideal containing I, i.e., containing I".

In p.75, to see G is totally ordered set, let x # y € K. If za € xR but za ¢ yR, then we have za/y ¢ R
(otherwise y(za/y) = xa € yR. Thus, y/xra € R = y/x € R. Hence, z -y/x =y € xR, thus yR C zR.

Claim 7. Suppose a field K has two valuations v : K — H and v' : K — H' with the same valuation ring
R, = R = R,. Then, there exists an order isomorphism ¢ : H — H' such that v' = pv.

Matsumura did not write the surjectivity condition of v and v’, but we need this; otherwise, we may
create distinct valuations.

Proof. ¢ is canonically defined as v(z) — v'(x). First of all, this is well-defined; if v(x) = v(z’) for some
z,2’ € K, then by the homomorphism v(z) —v(z') = v(x) +v((z')~!) = v(x(2’) 1) = 0 implies that z(z") "1
is unit in R, Hence 0 = ¢/(z(2’)~!) = v'(z) — v'(2’). Next, ¢ is surjective; for any t € H', t = v'(z) for some
x € K by surjectivity of v, thus ¢t = p(v(z)). Lastly, ¢ is injective. If ¢(t) = 0 for some t € H, t = v(z) by
surjectivity of v, thus ¢(v(z)) = 0 implies v'(x) = 0, thus x € R is unit, hence v(z) = 0. O

In the proof of Theorem 10.6, the injectivity came from the given condition that there exists n such that
n(y —y') > x. Now pick 10" such that n < 10".

In the last paragraph of proof of Theorem 10.7, nR is m-primary, since its radical is the intersection of
all prime ideals containing it, but R has the unique prime ideal m.

1. Suppose I is generated by aj,--- ,a,. Then, since the set of all ideals of the valuation ring is totally
ordered by inclusion, there exists the maximal element of {(a;)};, say a1. Hence, I = (a1).

2. From Theorem 7.7, it suffices to show that M is torsion-free iff every finitely generated ideal I of R has
the injective canonical map I ® g M — R ®p M. From the exercise above, we always this condition is
equivalent that (a) ® M — R ® M is injective for any nonzero a € R. To see this, suppose M is flat.
Then, (a) ® M — R ® M is injective; this means that for any m € M, a ® m — am # 0. This holds
for arbitrarily nonzero a, so M is torsion free. Conversely, if M is torsion free, then a ® m — am # 0,
hence if ab® m — 0, then abm = 0 implies ab = 0, thus ab® m = 0. This shows the desired injectivity.

3. Point is choosing p containing (m4,y) instead of yA[y].

Write B’ for the intersection of all valuation rings of K dominating A, so that by the previous theorem
we have B’ D B. To prove the opposite inclusion it is enough to show that for any element z € K
which is not integral over A there is a valuation ring of K dominating A but not containing z. Set
271 = y. The ideal (m, y)A[y] of Aly] does not contain 1: for if 1 = ajy+ asy®+- - +apy™ with a; € A
then = would be integral over A, contradicting the assumption. Therefore there is a maximal ideal p of
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10.

Aly] containing (m,y)A[y], and by Theorem 2 there exists a valuation ring R of K such that R D A[y]
and mpN Afy] =p,and mrNA=pNA=my. Nowy=2"1 €mpg, sothat v ¢ R

Let 0 C p1 C p2 be a strictly increasing chain of prime ideals of R and let 0 #£ b € py1,a € po —py. Then,
b/a™ € R, otherwise a” /b € R thus b-(a™/b) = a™ € py, contradiction. Take f = >"7° u; X" to be root of
fP+af+X =0. Then u; = —a~!, u? +aus = 0 implies uy = a3, 2uguy +aug = 0 implies uz = 2a~°,
and so on; thus (Z;:ll Uity i) + au, = 0 implies that u, € ¢~ 2+H1-2(0=O)+H1-1R — (=2n+1R Thuys,
bf(X) € R[[X]] but f(X) ¢ R[[X]]. This shows that R[[X]] is not integrally closed.

If there exists a ring R’ such that R C R’ C K, then R’ is also a valuation ring of K and mp C mp
by Theorem 1. Since R has Krull dim. 1, mg = 0 which implies R’ = K. Conversely, if R is the
maximal proper subring of a field K and R is not a field, then by Lemma 1 of Section 9, (by thinking
A=R,B=K) K is not integral over A, otherwise R is field by the Lemma, contradiction. Thus, the
integral closure of R in K is proper ring of K containing R. By the maximality condition of R, R is the
integral closure of R in K. For any « € K \ R, we knows that R[x] = K by the maximality of R, hence
27! € R[z], thus 27! = ag + @12 + - - - + a, 2™, which implies that 27"~ —aga™" + -+ + a,, = 0, thus
2~ ! is integral over R, thus z—! € R. Therefore, R is a valuation ring. If dim R > 1, then there exists a
prime ideal p distinct from (0) and from mg, thus R, is intermediate between R and K, contradicting
the the maximality of R.

It suffices to show that v(a + 8) < min(v(a),v(8)). WLOG, suppose v(a) > v(8). Let R be the
valuation ring with the maximal ideal m. Then, a/f8 € m since v(a/B) = v(a) — v(5) > 0. Hence,
1+ «/f is unit, Thus, v(a + 5) = v(B(1 + a/B)) = v(F). This shows the equality.

If n = 2, then co = v(0) = v(a1 +a2) = min(v(a), v(8)) implies « = f = 0. Suppose it holds for n — 1.
Then, the inductive hypothesis shows that v(a; + - + «,) = 0 implies oy = ap or o; = o for some

distinct i,5 € {3,--- ,n}. In any cases, the statement holds.
Choose nonzero z1,...,ze € L such that v(x1),...,v(z.) represent the different cosets of G’ in G,
(we may not choose 0 because there is no zero-field.) and y1,...,ys € S such that their images in &

are linearly independent over k’. Now we claim that {%iy;}iele).jery) 18 linearly independent over K
suppose not; then
agot+ -t aeyp =0

where o;; = a2y, for some a;; € K. Moreover, by multiplying suitable elements of S, we may assume
that a;; € R and a,;2;; € S for all 4, j. Then, rewrite the equation above as ZZ(ZJ a;;y;)x; = 0.

(&

Now, by applying the co = v(a + ) = a = =0 etimes on 0 = >7;_, (>, ai;y;)z:, We may
assume Zj ai;y;z; = 0 for all i. Now, by choice of z;, ; # 0, thus in S, which is domain, we may
assume » . a;;yj. Then, 37 a;;y; = 0. Now take a quotient by mg (since S is a valuation ring, thus
it is already local, therefore S = Su) we have 3 @;5; = 0 in k. Since {y;} is linearly independent

over k', and @;; € k' (since a;; € R), @;; = 0. Thus, a,;; € mp.

Now, applying co = v(a+5) = a = =0 f-timeson 0 = 2521(21 a;jx;)y;, we have (3, a;j2;)y; =
0 for each j. Again, by choice of y;, we knows that y; is nonzero. Thus, (}_, a;j2;) = 0. By applying
the co = v(a+ ) = a = =0 e-times on (>, a;;2;) = 0, v(a;z;) = oo for all i. Since x; # 0,
a;; = 0. Since ¢ and j were arbitrarily chosen, a;; = 0 for all 4, j. Hence, {x;y;} is linearly independent
over K.

If S C S; then by Theorem 10.1 (iii) the residue field k; of Sy contains a valuation ring A = S/mg, # k;
such that S is the composite of S; and A. Since mg D mg,, we have k C A C ky, but by the previous
exercise, kj is an algebraic extension field of k, thus k; is integral over k, hence integral over A. But
by Theorem 10.3, A is integrally closed, therefore A = k1, a contradiction. In case of S; C S, do the
same thing.

Let v/ : K — H U {00} such that v'(a/b) = v(a) — v(b) for any a,b € A. Then, for any a,b,c,d € A
with nonzero b, d,

e V'((a/b) - (c/d)) =v(a) 4+ v(c) — (v(b) + v(d)) = v(ac) — v(bd) = v'(ac/bd)
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e V'((a/b)+(c/d)) = v'((ad+be)/ed) = v(ad+be)—v(ed) > min(v(a)+v(d), v(b)+v(c))—v(c)—v(d).
If v(a) + v(d) < v(b) + v(c), then this equals to v'(a/c), otherwise, it equals to v'(¢/d), thus
min(v(a/c),v(a/d)).

e v'(0) = v(0) = co. Conversely, if v/(a/b) = oo, then v(b) # oo since b # 0, thus v(a) = oo, which
implies a/b = 0.

Thus v’ is the additive valuation. If s : K — H U {oo} is another extension of v, then, v(a) = s(a) =
s((a/b) - b) = s(a/b) + v(b), thus s(a/b) = v(a) — v(b) = v'(a/b). Thus v’ is unique.

11. Notes that, by taking a > 1 or @ < 1, we may have a term order on tuples of indices such that
(n,m) < (n/,m') iff n + ma < n’ +m'a and for any (p,q) € N2, (n,m) + (p,q) < (n',m') + (p, q).
Hence, by using this term order, v(fg) = v(f) + v(g) is clear. Also, v(f + g) > min(v(f), v(g)) is also
clear. Lastly, by definint min()) = oo, we have all three conditions of additive valuation. Extend it
using the above exercise.

11 DVRs and Dedekind rings

In the proof of Theorem 1, (2) = (1), 7 should be changed to v. In the remark, ¢ is unit in S (since g is
not zero in R, a DVR of k. ) That’s why we need f, fg~!,--- to generate mp since in R, g~! is not a unit.
In the proof of Theorem 2, (1) = (4), R is normal, since it is integrally closed in its field of fraction
(that is the property of valuation ring) and it is reduced, i.e., there is no nilpotent elements except 0.
In p.81,

Claim 8. For a fractional ideal I over R, every R-linear map from I to R is given by multiplication by some
element of K.

Proof. If I = 0, clear. Otherwise, let ¢ be the given R-linear map. for all b/c € I, we have b € I and
¢(b) = ¢(c(b/c)) = cp(b/c), so
p(b/c) = o(b)/c.

Now fix ag € I N R non-zero. Let x = b/c € I. Then
app(z) = Plaow) = ¢(aob/c) = bp(ag/c) = be(ao)/c.

So
o(x) = (d(ag)ag )z, Va €I

Honestly, in the proof (2) to (1), nonzero \;s are finitely many because of the dual basis theorem

Definition 1 (. Dual basis). Given a R-module M, dual basis of M is a set of functions {f;} C Homp(M, R)
and a set of elements {m; : i € I} where m; € M such that

1. Vme M, {ieI: fi(m)+#0} is finite
2.Vme M, m=>", fi(m)m,.
Theorem 1 (Dual basis theorem). An R-module M is projective if and only if it has a dual basis.

Proof. If it has dual basis, then let g : @, R — M by e; — m;. This is R-linear by construction, and
surjective. Let f: M — ©rR by x> Y, ; fi(w)e;. Then, go f(x) = >_,.; fi(r)r; =  Hence, 0 — ker g —
D, R Jy M — 0 is split exact, hence M is direct summand of a free module, thus projective.

Conversely, if M is projective, let g : F — M be a surjective map from a free module with basis
{ei}icr- Then, we have a section h : M — F such that gh = 1p. Then, h(z) = >, fi(x)e;. Then,
fi : M — R is in Homg(M, R). Also, by the definition of basis, for each x, f;(x) = 0 all but finitely many,
and x = gh(x) = >, fi(z)x;. O

22



For the proof of Theorem 11.3 (1) = (3), one of a;b; must be outside of P, otherwise 1 € PRp,
contradiction. Hence, a;b; is unit in Rp. Then, for any x/y € Ip with z € I,y € R\ P, z/y = a;b;(x/y)
since a;b; is unit, hence x/y = a;(b;x)/y C a;Rp. Conversely, a;Rp C Ip, which implies a;Rp = Ip.

In the proof of (i) of Theorem 11.5, P is a prime divisor of aR, which means that there exists b € R/(a)
such that P = ann(b). Hence, aR : b = P. Then, in Rp, bPRp C aR, implies aRp : b = PRp = m.
Thus, ba~'m = a " 'bPRp C a 'aRp = Rp. This implies ba~' € m~'. Moreover, ba~! & Rp, otherwise
PRp D ba"'PRp = Rp, contradiction. Also, determinant trick means Theorem 2.1. Also, Rp is integrally
closed since R is normal.

In the proof of (ll) of 11.5, aRp, N R \Z/ (R_Pi)qimﬂ]géiRPf; NR= (R—Pi)qiﬁR:qi.

Proposition 4.8 in [2]

In the corollary, the necessity comes from this; suppose R is normal. Then, (b) is from Theorem 11.5.
(a) is from Theorem 11.2(4). In the sufficient condition, if a is integral over R, then it is integral over all
Rp with height P, hence a is in Rp with all height 1 primes by (a), thus a € R.

In proof of Theorem 11.6, (2) = (1), when R is 1-dimensional Noetherian normal domain, the for
every maximal ideal P, Rp is 1-dimensional Noetherian local normal domain, thus by Theorem 11.2 (3),
Rp is DVR as well as PID. Also, PRp is principal. Then, if (x/y)Rp = PRp, then xtRp = PRp since y
is unit, hence (z) = P. Thus all maximal ideals of R are principal. Now, R is one-dimensional domain,
thus all prime ideals are principal. Hence, by the below claim, R is PID. Lastly, to see R is Dedekind ring,
we will use Theorem 11.3 by showing that every finitely generated fractional ideal I is principal when it is
localized by any maximal ideal. Let I be a finitely generated fractional ideal. Then, Ip is also a fractional
ideal of Ry, thus there exists a € Rp such that alp C Rp. Thus, alp is a submodule of Rp. Hence, alp
is a principal ideal (maybe non-proper), so we may say alp = (). Then, Ip is generated by (5/«a), hence
principal fractional ideal.

Claim 9. For an integral domain R, PID is local property; in other words, the followings are equivalent.
1. R is PID
2. all elements of Spec(R) are principal.

Proof. Since (1) = (2) is obvious, I just show (2) == (1). Let N be collections of all nonprincipal
ideal ordered by inclusion. Suppose R is not PID. Then, N is nonempty. Also, for an ascending chain
a; Cap C -+, let a=();2; ;. Then, ais an ideal; to see this, for any a € a, a € a; for some 4, thus aR C a.
Also, it is closed under addition. Moreover, a is not a principal; if it was, then we may say a = (b) for some
b € R. Then, b € a;, thus (b) C a; C (b) implies a; is principal, contradicting the assumption that a; € N.
Hence, by Zorn’s lemma, N has maximal elements. Let a be such a maximal element. Then, it is not a
principal, thus by (2), it is not a prime. Hence, there exist b,c € R such that b,c & a but bc € a. Then, let
b := (a,b),c := (a,c¢). Since both contains a, thus they are not in N, thus principal; let b = (8),¢ = (7).
Then, let P = (a : 8). First of all, P contains a by definition of ideal, thus P is principal; say P = (f').
Then, 5’8 € a, hence Pb C a. Conversely, both P and b contains a, thus Pb D a, which implies Pb = a,
contradicting the assumption that a is not principal. O

In the proof (1) = (3), J should be changed to I. And, if I = IP, Ip = IpPRp, thus by NAK,
Ip = 0. Thus, I=0, which lead contradiction that zero ideal is also a product.

In step 2 of (3) = (1), a?R+ P = I? = (P +aR)?. In step 3, if P; is just prime ideal, then we have
an ideal I strictly greater than P;, then step 2 implies [P; = P;, and P; is invertible, since bR is invertible.
Thus, by multiplying P, ' both sides, get I = R.

In the Krull-Akizuki theorem, the remark can be derived from Proposition 2.8 of [2], a vector space
version of NAK.

In the proof of Lemma, such ¢ € A exists since n®1 = >""_, a;§ ® 1/b; in M ®4 K, thus we may let
t = [I; b;. Also, each p; maximal implies that the chain is actually a composition series, hence length is m.
Also, the inequality [(M/aM) < I(E/aFE) can be derived by letting n > m. Lastly, B/P is Artinian since
[(B/P) <I(B/pB) < oo, thus descending chain condition already holds. Lastly,

Claim 10. If R is an Artinian Integral domain, then R is a field.
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Proof. Given z € R, (z*) gives us descending chain of ideals, thus from Artinian, (zV) = (zV+1) for some
N > 0. Then, zV*ly = 2/ for some y € R. Thus, 2" (zy — 1) = 0 implies y is inverse of =, since it is
integral domain. Hence every elements has its inverse. O

1.

Let B be a valuation ring of K dominating A, and G its value group. Then for & € mp we have
Va € mp because y/a € K and vg(y/a) > 0, so that G has no minimal element.

Moreover, given a € mp, « is algebraic over A, thus Y.} a;a' = 0 for suitable n. Thus, (3.7 iv(a;))v(a) €
v(K*). Hence, a multiple of v(a) belongs to v (K*) 2 Z. Thus, we may assume G be a subgroup of Q,
hence G is Archimedean. By Theorem 10.7, B is of 1-dimension. Moreover, for any m € N, we may
take /o € B for any nonzero a € my, hence v(a)/m € G for any m. This shows that G = Q. Hence,

G is strictly bigger than Z, which implies that B is non-discrete valuation ring.

If B is a valuation ring of L dominating A, then by Krull-Akizuki theorem, B is a Noetherian local ring
of dimension 1 (since mp is cannot be zero due to the fact that B dominates A, i.e., mpNA=m4 #0
by construction) Now, we will use Theorem 11.2 (3) to show that B is DVR. (Remark; it seems difficult
to use (4) since there are no clues to show that B is normal.) Since B is Noetherian, mp is finitely
generated, say mp = (a;)?, for some n > 0. Now, wlog, we may assume v(a;) < v(a;) for all 4 > 1.
Then, v(a;/a;) > 0 implies a;/a; € B, thus mpg = (a;), thus principal.

Suppose (t) = m 4. Notes that in the completion of DVR, the valuation of Cauchy sequence {b;} of A is
determined as v({b;}) = lim,,_,oc v(by). To see this converges, notes that every Cauchy sequence {b;} is
of form {b; = 22:1 a;j} where a; € m* C A. In our cases of DVR, let a; = u;t* where u; is unit or zero.
Thus, let k be the minimal index such that u; # 0. Then, for i > k, b; = upt® +upp tF 1 4+ fut’ =
t*(up + t(--+)). Since A is local ring, (ug + t(---)) is unit, thus b; € (t¥) for all i > k. Hence,
lim;, oo v(by,) = k. Thus, the function v is well-defined. Moreover, v({b;}{c;}) = v({b;}) + v({¢;:})
since multiplication of the smallest nonzero t-term induces the sum of two smallest ¢t-term in each
Cauchy. Likewise, v(z +y) > min(v(z),v(y)) and v(z) = co <= z = 0 is clear. Hence, A is DVR.

Suppose an open ball B,(«) by d at a € K with radius ¢". Then, 8 € B.(«a) iff v(a — 8) < r. Let
a € R. Then, B, (O)NR={ € R:v(-B) <r}= mgj. Moreover, for any a € R, B.(o) N R =
{a+peR:v(-p)<r}=a+ ng. Hence, the base of subspace topology of R coincide with m-adic
topology on R.

From Theorem 5.7, the ideal I is generated by at most sup{u(p, I)+cohtp : p € Supp(I)} where u(p,I)
the dimension over k(p) = A,/pA, of I ® k(p). Here, cohtp < 1 by Theorem 11.6. Also, if p is a
maximal ideal containing I, then A, is DVR, which means that I, = (pA,)" for some n > 0, thus
I®k(p) = 0, which implies p(p, I) = 0. Otherwise, if INA—p # 0, then I, = A,, hence I®«x(p) = k(p),
thus p(I,p) = 1. In any cases, pu(I,p) < 1, this implies I is generated by at most 2 elements.

First of all, for a 4+ bv/10 € Q(v/10) with a,b € Q, then it is a solution of 2% — 2az + a? — 100> = 0
Thus, a + bv/10 is integral over Z in Q(v/10) iff 2a € Z and a? — 106> € Z. So for a, there are two
cases; first of all, if a € Z, then 106> € Z implies b € Z. Otherwise, if a = %/ for some odd a' € Z,
then # — 10b% € Z. Hence, 10b* = %, thus (a’)? = 40b2. However, this cannot hold, since the
lefthandside is odd, while the righthandside is even. Hence, A = Z[/10] = Z[X]/(X? — 10).

Next, to see it is not a principal ideal domain, choose I = (2). Then, A/l = A/2A = Z[X]/(2, X? —
10) = Z[X]/(2,X?) = Z/2Z[X]/(X?), which is not a domain. However, in case of J = (2,/10),
AT =2 7Z[X]/(2,X,X?—10) = Z[X]/(2, X) = Z/27Z, which is a field. Hence, J is prime (and maximal),
and J # I. One can show it is not principal by norm-argument in undergraduate algebraic number
theory; if a 4 bv/10 generates J, then N(a + by/10) = a? — 10b? should be 2. However, a?> = +2 mod
5 has no solution, so it is impossible.

Let {P;}!_; be m-Spec of A. This coincide with Spec A\ {(0)} since A is Dedekind ring, thus by 11.6(2),
all nonzero prime ideals are maximal. Then, we may choose o € P; such that « ¢ P2UP,U---UP,. To
see this, by Proposition 1.11 of [2], P, cannot be contained in P,U- - -UP,, hence P = P\ (PaU---UPR,)
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is nonempty. Moreover, if P C P2, then all generators of P; should be inside of (P, U---U P,), which
implies P; C (P,U---U P,), contradiction. Hence, for each i, we may choose «; € P;\ (P? U Ui P5)-

Then, in Ap,, aAp, = P;Ap, since v(a) = 1 and Ap, is DVR. Hence, P, = «;A. Then, since by
Theorem 11.6(3), any ideal is product of primes, thus principal.

8. As we did in Exercise 10.2, we will use Theorem 7.7. If M is flat, then for any principal ideal (a),
(a) @ M — A® M = M is injective for any a. Hence, am # 0 for any m € M if a # 0, thus M is
torsion-free. Conversely, if M is torsion-free, then by Exercise 11.5, we may assume I = (a, b) for some
a,b € R. Then, for any element ta + ub € I for some t,u € A, (ta + ub) @ m — (ta + ub)m #* 0 if
ta +ub # 0 since M is torsion free. Hence, if (ta + ub) @ m is in kernel of I @ M — A®@ M = M, then
ta + ub = 0. Hence, the kernel is zero, and I ® M — M is injective for any ideal I.

9. If (1) holds, then for any A-module M, Mp is flat iff Mp is torsion-free for any maximal ideal P by
Exercise 10.2. By Propostion 3.10 in [2], flatness is local property, thus M is flat iff Mp is torsion free
for all maximal ideal P. Thus, it suffices to show that M is torsion free iff Mp is torsion free for all
maximal ideals P.

If M is torsion free, then for any 0 #a € A;m € M, am # 0. Thus, if (a/b)(m/s) = 0 in Mp where
0#a€ Abe A\ P, then tam = 0 for some ¢t € A\ P, hence ta = 0; since ¢t # 0, and A is domain,
thus @ = 0, contradiction. Hence, Mp is torsion-free. Conversely, suppose Mp is torsion-free for any
maximal ideal P of A. Then, if am = 0 for some nonzero a € A, m € M, then (a/1)(m/1) =0 in Mp
for some maximal ideal P, thus one of a/1 or m should be zero; which implies either a or m is zero,
contradiction.

10. By Exercise 11.8, a finite torsion-free module is flat, thus projective. Now, we use induction on rank,
where rank of a finitely generated module M over the domain A is dimg (M ®4 K) where K is field
of fraction of A.

First of all, if rank of finitely generated torsion-free module M is 1, then M = M @ ACM R K = K
since M is flat and 0 - A — K is exact. Hence, M is a submodule of K. Also, M is finitely generated;
hence if M = (a1/b1,- - ,an/by), then b = by - - - b,, makes bM C A. Thus, M is a fractional ideal, and
isomorphic to an ideal bM by the multiplication map -b and -1/b, done. Suppose it holds for rank with
less than n. Then, in M, pick a submodule M’ generated by a preimage of basis except one element of
M ®4 K. Then, M’ is of rank n — 1, thus M’ is a direct sum of ideals by inductive hypothesis. Now,
0> M —-M— M/M' — 0. Here, M/M' is of rank 1, thus fractional ideal by the same argument we
did for the base case of rank 1, hence projective. Thus, M = M’ & M/M’, and both M’ and M /M’
are direct sum of ideals, so is M.

12 Krull rings

In the proof of lemma 1 (Nagata), when a ¢ R;, then a~! € m; by DVR, and notes that a’ ¢ R; also;
otherwise a~! is unit, contradiction. Hence, 1 +a+---+a*"! ¢ R; thus (1+a+---+a*" 1)~ € R;. Also,
a(l+a+-+a*"1)~! € R;, otherwise, a *(1+a+---+a*" ') € R;, thus (1 +a+---+a*"1) € R; since
we have a~!, and by some iterative calculation one can conclude that a € R;, contradiction.

Also, if 1 — a® € m; for any ¢, then (1 — @®) is unit, thus (1 —a®) ™ =(1—-a)t-(1+a+---+a* 1)
hence (1 —a)(1—a®*)"t' = (14+a+---+a*"1) 7! exists in R;. Moreover, a(l+a+---+a*"1)~! € R; since
a € R; also.

If (1 —a) € m; and s is not the characteristic of R;/m;, then 1 — (1 — a) = a is unit. By reducing mod
m;, the element 1+ a + --- + a*~! becomes sa, which is invertible. Since R is a local ring, any element of R
which is invertible mod R is invertible in R, thus 1 +a 4+ --- 4+ a*~! is invertible in R.

If (1 —a) & m; but 1 —a® € m; for some t > 1, let ty be the smallest one such that 1 — a’® € m;.
Then, again a’ is unit, and 1 — a%° is multiple of (1 — a’°) with suitable (1 + a + --- + a®), thus is in
m;. This shows that 1 — a® € m; when s is multiple of t5. In this case, (1+a+---+a* 17! & R;,
otherwise (1 — a) € m;, contradicting the assumption. If s is not a multiple of ¢y, then by mod m,,
1—a® == a0 —a®. If we suppose s < tg, then 1—a®~% € R/m;. This should be nonzero for not contradicting
the minimality of to. If s > tg, then there exists d > 0 such that 0 < 7 := s — dty < tg. Since 1 — a®° € m;,
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1 —a® == a% —q* = a¥(1 —a") € R/m;. Again, (1 —a") # 0 in R/m;, otherwise it contradicts the
minimality of ¢y. In any cases, 1 — a® & m;, hence 1 — a® is unit, thus (1 —a)- (1 —a®) =1+a+---+a°!
is invertible in R.

In the proof of Theorem 12.2, if R;s are DVR, the choice of z; is from the argument in Exercise 11.7;
see the solution of the exercise in this note. Also, when showing Fy is defining family, then the implication
is just restate of b/a € (VAp = b/a € A. For example, if there are another prime ideal P belonging to
aA, then we may take t € aAN (P\ U 7, Pi, and ¢ is unit in each localization, thus the implication implies
aA = A, contradiction when a is nonunit. Also, this only can be done when the primary decomposition of
aA by height 1 prime ideals exists. Also, “Theorem 2 implies F' is infinite” is came from the fact that PID
is 1-(Krull) dimensional. The existence of R’ come from that v(a) > 0 is finitely many. Now, A, C R’
implies p’ C p; is came from Theorem 10.1(i). Lastly, b/a € A lead contradiction such that b = (b/a)a € aA,
but by construction b € aA .

Claim 11. PID ring R is I-dimensional.

Proof. Let (a) be a nonzero prime ideal. If it is not maximal, then there exists a maximal ideal (b) containing
(a). Then, a = br for some r € R. Since b & (a), r € (a) since (a) is prime. Thus, r = ac for some ¢ € R,
thus a(1 — bec) = 0 implies that 1 — bc = 0. Thus (b) = R, contradiction. O

Claim 12. PID is Dedekind domain.

Proof. It is integrally closed since ufd, and its localizations are pid, thus all integrally closed (again, ufd) so
normal, and 1-dimensional Noetherian domain, thus Dedekind. O

Claim 13. Dedekind domain is Krull ring.

Proof. it is intersection of all localizations by maximal ideal, and by the finiteness of primary decomposition
(from Noetherian) assures the finitely many nonzero condition for valuation at specific element., O

In the proof of Theorem 12.4, (i) Theorem 11.5 with finite primary decomposition (from Noetherian
property) just satisfy the definition of Krull ring. For (ii), given families of DVRs for A;, by taking intersection
with K, we all assumes that A; N K are Krull ring in K, and the finiteness condition of valuation still holds.
For (iii), since all PID is Dedekind domain thus Krull ring. Also,

Claim 14. K[X] N A[X]px| = Ap[X]

Proof. By construction, K[X] N A[X]|px) 2 Ap[X]. Conversely, let f(r) € K[X]N A[X]p[x]. Then,
f(x) =37 a;a® with a; € K N A[X]pix] = Ap, done. O

Lastly, in B), don’t forget that X is unit; thus p(X) = X"(a, + ---), and it is unit iff (a, + --- is unit
in By as well as Ry [[X]], which holds iff a, is unit.
Honestly, I think theorem 12.5 should be suggested in front of the section.

1. Given a finite extension, take a finite normal extension containing that finite extension (for example,
Theorem VI.1.12 of Lang for this), thus we may assume L/K is Galois. Let O be a valuation ring of L
dominating R. Then, let R* be the integral closure of R in L. Then, since O is integrally closed in L,
O contains R*. Moreover, mp N R* is also maximal ideal of R* lying over mp. By Theorem 9.3 (iii),
all such prime ideals of R* lying over mg are conjugate over K. This implies that there are always
finitely many such O, since all possible mp N R* are of finite.

Now, let G = Autg (L). Let S; and S be valuation rings of L dominating R, and let Sy, So,...,S, be
the conjugates of S7 by elements of G, and A =51 N---NS,.NS. If S #S; for any 7 then by Exercise
10.9, there are no inclusions among 51, ..., .S, S, and we can apply Theorem 12.2. Letting n,n; be the
maximal ideals of S, .S;, and setting nN A = p,n; N A = p; we have p; ---p, € p, so that we can choose
x €pyN---Np, with z ¢ p. Then = ¢ n, but since z € (ny)” Cforall o € G, all the conjugates of x
over K belong to ny. Thus, by Vieta’s formula, all the coefficients of the minimal polynomial of z over
K belongs to not only K but nq, i.e., in ny N K = mp (recall that R is valuation ring, thus local, and
by domination, SN K = 5; N K = R for all i.) Thus, these coefficients are contained in p, thus the
minimal polynomial of = evaluated at z is in p, hence x is not unit in Ay, thus x € p, which implies
x € n, a contradiction.
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2. This is the same as Proposition 6 of [3][§8, Proposition 6, p.427]. Let vg be the valuation map over R.
We claim that

Claim 15. Let B be the set of all valuation rings on L whose valuation map extends vr. Then, the
map V= m(V)N R and and m — Ry, induces a bijection between B and m — Spec(R).

Proof. By Lemma 2 of Section 9, Every maximal ideal m of R is such that m N R is the maximal ideal
of R. Also, by Theorem 10.2, for each maximal ideal m of R, there exists a valuation ring V of L
such that V dominates Ry. Thus, V O Ry. Now, we claim V = R,. To see this, we may assume
that L is the union of a directed family of sub-extensions K, of L which are finite over K. Hence,
V=Rnwif VN K, = Rn N K, for all a. Now let R, := RN K,, then R, is the integral closure
of R in K,. Hence by Exercise 10.3, it is intersection of valuation rings of K, dominating R. Thus,
by Exercise 10.10, all valuations of valuation rings consisting of the intersection actually extends vg.
Moreover, by Exercise 12.1, valuation rings consisting of the intersection is finitely many. Also, by
Theorem 12.2, since R,, is the intersection of distinct valuation rings, it is a semi-local ring, moreover,
each valuation ring consisting of the intersection is just the localization of R, by its maximal ideal.
Thus, we may write that given m — Spec(R,) := {m1, -+ ,m,}, i, (Ra)m: = Ra and {(Ra)m, }1y
are all valuation rings dominating R in K. Thus, since VN K, is still a valuation ring dominating R, it
should be one of {(Ry)m, }™;. WLOG, let VN K, = (Ra)m,- Now, we claim that mN R, = my, which
completes the proof (if it holds, then V N Ky = (Ra)m, € Rm N K,.) To see this, again, by Lemma 2
of Section 9 with the fact that R is integral closure of R, in L, m N R, = m; for some i. Also notes
that Ry N Ky = (Ra)m, (2 is obvious; if x/y € Ry N K, then we may assume x,y € K, by suitable
multiplication, then z,y € RN K, = R, and y € R, \ m = R, \ m; implies the equality.) Hence,
i = 1, otherwise V N K, = (Ra)m, contains (Ry)m,, implying m; C m;, contradicting maximality of
my. Thus, VN K, = (Ra)m, € Rm, which completes the proof that V = R.

Conversely, if V € B, then by Theorem 12.2, V O R (since V dominates R, so contain R’s integral
closure). Let my be the maximal ideal of V, and let m = my N R. Then, mN R = my N R is the
maximal ideal of R, thus by Lemma 2 of Section 9, m is the maximal ideal of R. Then, by the above
argument with the facts that my N Ry = mRy, (thus V dominates Ry,) V = Ry,. O

3. Let {A;};cn be the defining collection of DVRs of A. Let A; be the integral closure of A;. By the
corollary of Krull-Akizuki theorem, A; is a Dedekind ring. By Corollary of Theorem 11.5, for any
nonzero prime ideal P of A;, (since its height is 1), A;p is DVR dominating A;. By Exercise 12.1,
there are finitely many valuation rings dominating A;, and by Exercise 12.2, all such valuation ring
dominating A; is of form A;p, thus A; is semi-local. Hence, B = (), 4; = ), nPESpeC(Ai)\{O} Aip
where for each ¢, | Spec(A;)| < co. Thus, B satisfy the first condition of Krull ring.

Instead of showing the second condition, I will use Theorem 12.4 (ii); since each A;p is DVR, thus
Krull rings, so it suffices to show that given any nonzero b € B, bA;p = A;p for all but finitely many 4
(with some P). To see this, let b" 4+ a,,_1b" 1 +---+ag = 0 since b is integral over A. Then, for each a;
is units for all but finitely many. Hence, we may assume that {ai}?gol is a set of units for all but finitely
many ¢. Then, pick such A; where all a;s are unit. Then, since ag = —b(b”_1 +a, 10" 244 ay),
1= —bb" ' +an1b"24---4ay)ay;* € A, implies that b is unit. Hence, except for finitely many js,
b is unit. Done.

4. Let & be the set of height 1 prime ideals of A, and for p € & by Theorem 12.3 A, is DVR, so Dedekind,
hence every fractional ideals of A, is invertible. Hence, by Theorem 11.3 (iii), set I, = a,A,. for some
ay € K Thenz € [ & 2l C Ay forallp € P < z € apA for all p € . (To see the last iff, for
yel Y thenyl CA < foryel ' yl, CAyforallpe & < forye Il ya, € A, for all
peP < foryecltyc aglAp. Hence, for any y € I!, 2y € A, implies that € a,A,; to see
this, y = a;lb for some b € A,, and we may write a, = ¢/d for some ¢,d € Ay, hence y = be/d, thus
xy € A, implies that = ¢ - e for some e € A, hence = apd € A,. The converse is obvious. )

Now notes that by Theorem 12.3, the family of DVR generating A is {A,}pep, and since A is Krull
ring, the valuation of z in A, is 0 except finitely many such localizations. If x € a, A, has zero from
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the valuation of Ay, then = a,b for some b € A, is unit in A,. Hence, I, = A, since I is not only a
fractional ideal but also the ideal of A,. Thus, we may write

I'= (ﬂ L,nAN( () (n4)) = (ﬂ LnANC () (ApnA4) = () L,nA)NA = (ﬂ I, NA).

pEP\{pi} peEP\{pi} i=1

13 Graded rings, the Hilbert function and the Samuelson function
In p.93, J3/J;, 1 = Jittis (maybe) typo; it should be J/Jk 1 = Jn/Jng1.
Claim 16. A finitely generated module M over an Artinian ring R is of finite length.

Proof. Since M is finitely generated, we may have an exact sequence 0 — ker f — R" Ly M — 0 for suitable
nand f. Then, R™ is Artinian, thus is of finite length, and its submodule ker f is also of finite length. Hence,
so is M. O

In the proof of 13.2, g(t) is came from difference between >, _; {(My+a,)—1(Ln+q, and P(M,t)—P(L,1).
In the example 1 in p.96, {(R,) = I(Ro) - ("!") since we have direct sum inside of R,, of a form (Ro-
submodule)-(monomial in R,). Hence, we can add like Nox — N1z — --- Nyx — Nz & Nogy — -+ and so

on.

In example 2, I[(R,) = (") — (75" since R,/(F(z) N R,) is nothing but the modding out R, by
image of R,_s — Ry; that's why ("7 should be got rid of.

In example 3, d > t follows from (1 —¢)=¢ =37 | (ngfIl)t”.

In p.98, an + a — 1 is came from by constructing x}; with the fact that I C J implies I[(M/I"M) >
I(M/J"M).

In p.98, proof of Theorem 13.4, m is the defining ideal of A, and d(A) is defined as a degree of x"(n)
for suitably big n. By definition, Y.i ,I(4/m’) = Z?:Jrol I(A/m?) for some sufficiently big n, which im-
plies A/m™ = A/m"*!. Now apply NAK with the fact that m is Jacobson radical. Then, m" = 0 im-
plies that Jacobson radical, the intersection of maximal ideals, are nilradical, the intersection of all prime
ideals. Hence, there are no prime ideal which are not maximal. For M, I(M/I'M) = (M, /(M,—_1 +
M) + U(My—1/(Myp—2 + "M, 1)) + -+ + I(My/(Mo—1 + I’ My)), hence the Samuelson function can
be obtained by taking sum for each module as A/p;, then the degree is nothing but the largest degree
term, which coincides with one of d(A/p;). For the dimension, by applying exact sequences n-times, we
have Supp(M) = U, Supp(A/p;). Hence, dim M = sup{coht P : P € Supp M} = sup{coht P : P €
Supp(A/p;)} = maxdim A/p,.

In step 2, the last inequality came from m™~ 1M D (m™M : z;). In step 3, m” is in the annihilator of M
for large n since A is Noetherian. Also, such x can be obtained, otherwise, by Proposition 1.11 in [2], m is
inside of one of p;.

In proof of 13.6 (iii), he uses Corollary 5 to get the inequality.

In the proof of Theorem 13.8, m" /m"™*! =2 A" /M"*+! is isomorphic as a k = (A/m) = R/M-vector space.
Also, the inequality 1 + deg¢ > tr.deg; R can be derived from degx = d(A) = §(A) from Theorem 13.4,
since if we pick such deg x elements making [(A) < 0 and quotient, then it does not have any trascendental
elements.

1. T,(R,) = R, is clear. Suppose I is homogenous. If I = (z;)$2,; where each x; is homogeneous, then
T.(I) D I by representing x; = z;u~*u* where k = degz;. By the same notation we have T, (I) = I.
Thus, only if statement holds for any graded ring. Conversely, if T,,(I) = I, then let x € I, not
necessarily homogeneous. Then we may set © = yo + - - - + y,, where each y; € R;. Now, choose «; € k
with 7 € {1,--- ,n} so that

1 Qo Oé% cee Oé;’lL Y1 Ta1 (x)
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Thus, if we can solve this matrix equation, we are done. And the only condition we need to check
is that the Vandermonde matrix is invertible; it is well-known that the determinant of Vandermonde
matrix is [ [, ;(e; — a;). This is nonzero when we choose all distinct o;. Since k is infinitely many, we
can choose such invertible Vandermonde matrix for any n > 0. Therefore, I is homogeneous.

. If I is homogeneous, T;(IR') = IR’ is obvious using the argument in previous exercise. Conversely, if
Ty(IR') = IR/, let x € I\{0} with x = yo+- - -+y, where y; € R;. Then, T3(x) = yo+y1t+---+ynt" €
IR'. Since IR’ consisting of all Laurent polynomial of ¢ whose coefficients are from I, this implies y; € I.

. Let P € Ass A be the embedded associate prime, i.e.,ht P > 1 given by problem. Let py,--- ,p, be the
prime divisors of (a). If P ¢ p, for all 4, then pick z € P\ p; (this is nonempty by Proposition 1.11 of
[2]). Then (a) : z = (a), since for any b € (a) : z, bz € (a) C q; implies b € q; for all ¢ (from z™ ¢ q;),
thus b € (a), where g, is primary component of (a).

However, if zy = 0 € (a) : « implies that y € (a), thus say y = ay’. Then, zy’a = 0. But since a is a
non-zero divisor, zy’ = 0, thus 3’ € (a). By repeating this, we can conclude that y € (,, a"A = {0},
thus z is nonzero divisor, contradicting the fact that x is a zero divisor since € P € Ass A. Thus,

Hence, P C p; for some i, thus P + (a) C p;. Therefore, htp; > 2. Thus, p; is not a minimal prime
ideal according to Theorem 13.5.

(i) Let zy € P* withz = a0+ + Zp,y = Yo+ - + Ym S.t. 5, ¥; € R;. To get the contradiction,
suppose both = and y are not in P*; then there exists the smallest p and ¢ such that z, ¢ P*
and y, ¢ P*. Hence, the (p + ¢)-grade element of zy, >, ,_ . x;y; has a property that all the
components except z,y, are in P*. Also, the (p+ ¢)-grade component of zy is in P*, since P* is a
homogeneous ideal. Hence, x,y, € P* C P as well, thus z, or y, is in P* since it is homogeneous
elements, contradicting assumption that both are not in P*.

(a) It suffices to show that f ¢ P,g ¢ Q* implies fg € Q*. Let f = fi+--+ fr,g=g1+ -+ 9s

with f;, g; are homogenous and deg f; < deg f;11,degg; < degg;+q for all i € [r] or ¢ € [s]. If
r=s=1, then g & Q* implies g € @Q, thus done.
Now, suppose r > 1. Pick the smallest p and ¢ such that f, € P, g, € Q*. Then, (p + q)-
graded part of fg can be denoted as ), i=ptq fig;j. Here, all the components except f,g, are
inside of @*. Hence, the (p + ¢)-graded part of fg is not nilpotent on R/Q*, thus fg is not in
Q*, otherwise (p + ¢)-graded part of fg is in Q* since Q* is homogeneous, which implies that
fpgq € QF, contradiction.

. First of all, we may define grade function deg(z/y) := degx — degy, which is well-defined. Thus, the
direct sum can be derived by partitioning Rg by preimages of elements of Z under deg map. Hence
Rg is graded. Next, (Rg)o = K form a field, since all elements are invertible, thus only proper ideal of
K is zero ideal. Next, if Rg # K, then let ¢ € Rg be an element with smallest positive degree, which
coincides with the greatest common divisor of the degrees of elements in S. Now, ¢ : K[X, X71] = Rg
which maps K to (Rg)o = K and X to t. Now give grading on K[X, X '] by giving deg X := degt.

We claim ¢ is isomorphism. To show injectivity, let f € ker¢ with f = >, , a; X*. Then, ¢(f) =0
implies that a;t* = 0 since 0 is homogeneous. Thus, all a; = 0 by invertibility of ¢, thus ker ¢ = 0.
To show surjectivity, pick a € Rg with degree k. If k = 0, done. If k # 0, then k = jdegt + r with
0 < r < degt. Hence, at™7 has degree r, which implies that at~7 € K since the least positive degree
in Rg is degt. Now send (at~7)t/ by ¢ to get desired one.

. First half: let S be the multiplicative set made up of homogeneous elements of R not in P; then
Rs/P*Rg can be viewed as the localisation of R/P* with respect to all non-zero homogeneous elements,
and by the previous question this is ~ K [X , X _1] , which is a one-dimensional ring. Thus there cannot
be chain containing more than P/P* and 0/P*.

Second half: proof by induction on ht P = n; take a prime ideal @ C P with ht Q@ = n —1. If Q # P*
then @ is inhomogeneous, @* C P* and ht (P/Q*) > 2, so by the first half, P* # Q*, hence ht P* >
ht Q*+1=n-—1.
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In the proof of lemma p.104, PB/J’ is prime ideal by the same argument; if f(z)g(x) € PBbut f,g9 ¢ PB,
then we may assume that f and g has the lowest p, ¢ such that the coefficient of f, g at P, x? is not in P,
then by comparing with the coefficient of P79 we get the contradiction.

Also, in the last line of proof, “applying previous argument “ means that localizing R[X] by P[X], which
makes a1; + X is invertible.

14 System of parameters and multiplicity

In the first paragraph, by 13.4 means the argument before Theorem 13.4 about the case when M = A.

In the counterexample of proof of 14.1, (y,x + z) is system of parameter since, by calculation y,z,z €
V(y,x + z), i.e., (y,z + z) is m-primary.

For the completing argument of the proof of 14.3, suppose ax = 0 for some a € R. Then, ax should
be inside of one of the minimal prime ideals contained in xR. However, by the argument in the book, such
minimal prime ideal is zero, but = is nonzero, which implies ¢ = 0, thus z is not a zero-divisor.

In the proof of Theorem 14.4, it uses the fact that degree of Samuelson function is at most degrees of
coefficients of Hilbert polynomials, since Samuelson function is nothing but sums of these coefficients.

In the proof of Theorem 14.5, ¢(n) - 1(A/q) is the upperbound of the length of modules in ¢™/¢"*! since
we may generate a chain as 0 - x — Max — M’z — --- (m/q)x — (m/q)x & y —, seen in the example 1 of
p.96. (Definitely, this chain may contain a repetition due to moding out by ¢"*!, that’s why this is upper
bound.) Also, degree of ¢ is at most d — 1 by Example 2 of section 13.

Formula 14.2 follows from the fact that degree of Samuelson function is less than d iff dim M < d, thus
by definition e(g, M) = 0. Formular 14.3 is from (M /(¢")" ') = x%,)(rn). 14.4 is just from the fact that
q"M D (¢')"M, therefore the difference between Samuelson function should be positive no matter how n
goes big, which implies that the leading coefficient must have some orders.

In the proof of Theorem 14.6, first inequality of length came from M” = M/M' and M’.

First equation of Theorem 14.10 can be obtained by Fomula 14.1 with the case that d = 0. Also, in the
last equation, the difference in the middle is came from I (M/q"M) — 1 ((¢"T*M : 21) /q" M), but the first
term gives degree d term, but the second term is of at most degree d — 2, hence it does not effect on the
leading coefficient.

In p.113, the assumption d > 0 implies that P; p V', otherwise P; = (X1, -+, X), thus d = dim k[ X]/Q =
ht(P;) = 0, contradiction.

The condition k is infinite implies V' # Uzzl(VﬂPZ—) by [7], which is pretty simple. Next, by adding linear

forms, and applying the Krull’s hauptidealsatz succesively, we may assume that N = k[X]/(Q,l1,--- ,1q) is
dimension 0. Hence, for any z;, there exists n; such that z* € (Q,l1,---,lq), otherwise N D k[X;] as a
subring which implies dim N > 1, contradiction. Thus, pick n := [[, n;, then ((z;)$)*™ C (Q,l1,--- ,lq) C

(x:)3_1, which implies that it is a primary.

In p.114, “If @n, (a4;) for 1 < v < p,, are the ¢, X ¢, minors of this matrix then the necessary and
sufficient condition for (X1, ..., X,)" C (Q,l1,...,l4) to hold is that at least one of the ¢, (a;;) is non-zero.”
can be shown as this argument; for example, if all of ¢, X ¢, minors of the given matrix M are zero, then
M has rank less than ¢, thus

K,
M7 - (n-monomials) = :
Ky

shows that V,, is not embedded in span of K;s, which is degree n graded parts of (Q,11,...,1;). Otherwise,
this map is rank ¢,, so V,, is embedded in (@, 11, ...,1q).

Next, in Shafarevich’s argument, he mentions the fact from [2] that f € A[z] is zero divisor iff Ja #0 € A
such that af = 0. Thus, if f contains a coefficients from unit, there is no such a, hence not a zero divisor.
Also, 14(A/q") = la(z)(A(x)/q" A(z)) is came from the general statement [ A(x)/I'A(x) = (I/1') @4 A(z) =
k® A(z) = A(z)/mA(x) as follow; For I/q™ 2 I'/q™, with (I/q™)/(I'/q™) is simple implies I/I' = k and
hence (TA(x)/q™A(x))/(I' A(z)/q™A(z)) is also simple using the hint so that the two lengths become equal.

1. (a) (Use I =m for notation) Suppose ab = 0 for some nonzero a,b € A. Then there exists the smallest
n,m such that a € I" and b € I"™. Thus, (a+ I"*Y) € ["/I" T (b+ ™) € I™ /™ both are
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nonzero. Hence, (a + I""1)(b+ I™T1) = (ab+ I"T™*1). Since gr;(A) is domain, (ab+ 1" +1)
is nonzero, thus ab € I"T™ but not in I"+t™~! thus ab is nonzero. Hence A is domain.

(b) (y+m?)(y+m?) = (3> +m?) = (—2® + m®) = 0.

2. (a) (a+mi)(b+m®) = (ab+ mititl) £ 0 implies that ab ¢ m*%) and ab € mie % This shows
the equality.

(b) Again, a* + b* # 0 implies that (a + b) has leading term in the same graded part.

(c) First of all, B/n = A/m. Also, gives a map gr,(B) — G/I* by (@ + n') = a* + I*. To see it
is well-defined, let b € A such that (@ + n’) = (b + n'). Then, a* and b* in G have the same
degree, and a = b + ¢ for some ¢ € I. Thus, a* = (b+ ¢)* = b* 4+ ¢* by previous exercise, thus
a*+I*=b*+1I*.

Next, this map is surjective; for any a* + I*, take the preimage of a* in A, say a, which gives
(@ + n') by the construction of a. Also, this map is injective, since if (@ + n’) sent to 0, then
a* € I*, hence a € I, thus @ = 0, which implies (a + n%) = 0.

3. First statement is came from Exercise 14.2 (i). For the second, this is from [4][Exercise 4.6.12(b)] Let
R = K[[X,Y,Z]] and I = (X2, XY + Z3). Then XZ* € I* since X(XY + Z%) — X2V = X Z%, but
(X2)* = X2 (XY + Z3)* = (XY), hence XZ? ¢ (X2, XY). Moreover, the associated graded ring is
just k[X,Y, Z], which is an integral domain.

4. (a) For any a/b € K, then extends v(a/b) = v(a) — v(b), which is defined well since regular local ring
is UFD.

(b) By definition of regular system of parameters, m = (z1,--- ,24) and no set of elements generate
m if the number of elements in the set is less than d.
Now, notes that P contains 1, - - , x4, thus B/P = A/m[zo/x1, -+ ,xq/x1] = klx2/21, -, 2a/21],
which is integral domain. (If there is a relation 2522 ¢;%;/x1, then this induces relation between
To,- -+ ,wq on m/m? contradicting the fact that they extends to the canonical basis of m/m?.)
Next, to show R = Bp, first of all notes that z;/x; € Bp for any i, j. Now, let ¢t := a/(b+c1 +
-+ ++¢,) where v(a),v(¢;) > v(b) for some homogeneous elements a, b, ¢; in A generated by system
of parameters. First of all, v(b+c1+---+¢p) = v(b), thus v(a/(b+c1+---+¢p)) = v(a) —v(b) > 0.
If v(a) = v(b), then b/a+ ¢1/a+ -+ -cy/a is inverse of ¢, and b/a is unit in Rp, and Y, ¢;/a is
elements of P, thus b/a + ¢1/a + -+ ¢, /a is unit in Bp, which implies ¢t € Bp. If v(a) > v(b),
then we may assume that @ = a’d for some a,d € A with v(a’) = v(b), then a/(b+c1+ -+ ¢n)
is unit in Bp, thus still t € Bp.
Lastly, let ¢t := (ap+ai+- - +am)/(b+c1+--+cn) = Y ingai/(b+ci+- - +¢,) with each a; are also
homogeneous elements generated by system of parameters. Then, each component of the sum is in
Bp,sot € Bp. Since all a/b € K with v(a/b) > 0 are of form (ap+a1+---+an)/(b+c1+---+cn),
thus R C Bp. Conversely, all generators of Bp are A and z;/x;, which haves non-negative
valuations, thus Bp C R, which shows R = Bp.

5. Let s = v(f). From the equation >_;" 1 (M/}) =1 (M/I"T'M) inp. 97, we knows that I((A/(f))/m™(A/(f))) =
Sy mi(A/ ()M A/ () = 52y (5 + X () = (757 = S () = X, (73,
Now use the formula >, ( dtv—1 ) = ( dtn ) in p.97,

d—1 d
o= (5 -2 () = () - (AT

Hence, by the same argument in Example 2 of p.96, [((A/(f))/m"(A/(f))) = 5 z%+(lower degree terms),
hence the multiplicity is s = v(f).

6. This is the main theorem of [5], whose proof from the Lemma of the book (which is Theorem 2 in [5])
is too long to write down.
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7. Recall that Jacobson ring A is a ring such that every prime ideal P should be expressible as an
intersection of maximal ideals. To see this, notes that Spec Ay = {p € Spec(A4) : f & p}. So pick
p € Spec Ay as a prime ideal of A. Since p # m (since f € m) we knows that dimA/p > 1. If
dim A/p = 1, then (f,p) = m, hence pA; is maximal, done. Suppose r := dim A/p > 1. Now, pick an
arbitrary g € m — p. Then, choose zo,--- ,z, € m such that

ht(pafa'rQa7xl)/p:ht(pvgax2a7x1)/p:Z

for 2 < 4 < r. (We can choose such element by the fact that m\ (p, f, g, 22, -+ ,®;) # 0 when i <r —1.
If i = r — 1, use the fact that m is not subset of union of minimal prime divisors of (p, f,xa, -, ;)
and (p,g,x2, - ,x;), otherwise by Proposition 1.11, m is subset of such minimal divisors, which is
nonsense since their coheight in A is 1, but coheight of m is 0.) Then any minimal prime divisor
P of (p,xa,...,x,) satisfies dim A/P = 1. Also, f ¢ P, otherwise P is minimal prime divisor of
(p, f, 22, -+ ,2,) also, thus P = m, contradiction. Likewise g & P.

Thus, collect all such minimal prime divisors for arbitrary g ¢ m—p. Then, p is nothing but intersection
of all these collection, which are subst of m — Spec(Ay).

15 The dimension of extension rings

According to p.47 48, if we let C' = B ®4 k(p) := By(s)/pBs(s)y where S = A\ p and f(S) is its image in
B, then for any P € Spec(B) with P = P* N B for some P* € C, Cp~ = Bp/pBp. Hence, dim Bp/pBp <
dim B ®4 £(p) in the proof of Theorem 15.2.

In the proof of 15.3, we can find @y applying going down theorem on p D q with Py. ht(7;/Qo) = 1 by
Krull’s Principal ideal theorem with quotienting by Qo. Also, P1 \ (I, T3) # 0, otherwise, by [2][Proposition
1.11] P, C T; for some i, contradicting that their heights are differ.

For choosing )1, since P; contains Qg + yB, so there must be a minimal prime divisor contained in Py,
since intersection of all minimal prime divisors are the radical of Qg + yB, which is inside of P;, thus use
[2][Proposition 1.11] again to assure that @y exists. Next, if () € @1, then @7 is minimal prime divisor of
Qo + =B, which contradicts the fact that @, # T; for all .

In the proof of Theorem 15.4, the author implicitly uses the fact that any localization by a prime ideal
of k(p)[X] is again dimension 1.

In remark 2, the generic fiber of A — A[[X]] is C := A[[X]] ® k(0), and SpecC = {Q € Spec A[[X]] :
QN A =0}. Since P =ker ¢ € Spec C, every prime ideal inside of P are in C, thus dimC' = 2.

Recall from section 5 that a ring A is catenary if for any p C p’ with p,p’ € Spec(A), there exists a
saturated chain of prime ideals starting from p and ending at p’, and all such chains have the same finite
length. Saturated chain is a chain such that for any two consecutive prime ideals P C @ in the chain has
ht(Q/P) =1, i.e., no primes exists inbetween P and Q.

In the equality proof of theorem 15.5 with @ = (0), if P = pB, then ht P = htp, and tr.deg,, x(P) =
tr.deg,r(k[X]) = 1 = tr.degyA[X]. If ht(P/pB) = 1, then ht P = htp + 1, and tr.deg, ,)x(P) =
tr.deg,k(k[X]/(f)) = 0, while tr.deg 4 A[X] = 1.

In the last line of the proof of Theorem 15.5, notes that ht P > ht p, which came from a special property
of polynomial ring that (q, f) is a prime in A[X] for any irreducible one, and these are only primes we can
have in A[X], thus equality holds.

In the proof of only if part of 15.6, when @ = 0, there is nothing to prove, since domain formula holds
for polynomial ring over A. If Q # 0, then ht P = ht P* — ht @ implies the equality as in the proof of 15.5.

In the proof of if part of 15.6, b € Qqz---q, — P exists; to see this, notes that @ NgaN---Ng. C P
implies that P contains one of ¢; or @), which does not make sense by the given assumption; thus 7' :=
QNgaN---Ng,\ P # 0. Hence, by taking r 4+ 1 exponentiation for any elements of T' we get an element of
Qaz---qr — P.

Now, I : b*B D q; is clear; conversely, if t € I : b’ B, then tb” € I. Since b € Qqs---q, but b¥ &€ q1,
t & qq implies that tb¥ & I, which contradicts the fact that tb” € I.

Next, if 2 € J N B, then for the form z = u/b*, u should contain b* term. Also, z is a polynomial of y;s
with no constant (B-elements), thus « € I since u is a polynomial of a;s with B-coefficients without constant
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term. This implies J N B C qy. Conversely, if ¢ € q1, then tb € I, so we let tb = 2?21 a;b; for some b; € B,
which means that ¢t = Zf;l y;b; € J. Hence, q1 C J N B.

Actually, dim Cy; < h+d can be derived by Exercise 16.1., since y1, - - - , yp form a Cjps-regular sequence.
Or you may use Theorem 154 of [9].

Last inequality of p.122 is actually dim(R/uR) = ht m’ = ht m = dim A. Notes that this condition only
holds when A is local; otherwise, dim G < dim A since ht m < dim A in general.

1. PN A Dypisclear since X =Y - (X/Y). Conversely, suppose f € PN A, then f is a polynomial of
X, Y over a field coefficient; also, f has zero constant term, otherwise f ¢ P contradiction; thus f € p.

Also, Theorem 13.5 shows that ht P < 2, and (0) C (Y) C (Y, X/Y) is a chain of prime ideals, thus
its height is 2. Also, height of p is 2 clearly. Now to check height of Bp/pB, set Z = X/Y. Then,
X=YZ B=k[Y,Z] D A=k[YZY], thus pB = YB. Thus, B/pB = k[Z], hence dim Bp/pBp =
dimk[Z](z) = 1. Thus ht P = 2 < 3 = htp + dim Bp /pBp.

To make an example showing that going-down theorem does not hold between A and B, let p’ = (X —
aY)Afor 0 # o € k. If @) is a minimal prime ideal of B containing (X —aY) = (YZ—-aY) =Y (Z—0a),
then @ must contain Y or Z — . Also, the minimal prime ideal containing Y (Z — ) in B must have
height less than 1, so it means that @ = (Y)B or @ = (Z — «)B since they have height 1. However,
YBNA=YA#7p since X —aY €Y A, and Z — o & P, thus there does not exist any prime ideal of
B contained in P and lying over p’, however p’ C p and P is lying over p.

2. No. Set f = XY — 1. Then fB is a prime ideal of B, and fBN A = (0). Since fB + XB = B there
does not exist any prime ideal of B containing fB and lying over X A; in other words, when (0) C (X)
and fB is lying over (0), then there are no prime ideal containing fB lying over (X).

3. See Nagata’s example in [2][Exercise 11.4]; Let k be a field and let A = k[z1,22,...,%p,...] be a
polynomial ring over k in a countably infinite set of indeterminates. Let mq,mso, ... be an increasing
sequence of positive integers such that m; 1 —m; > m;—m;_; foralli > 1. Let p; = (mml_H, . ,xmiﬂ)
and let S be the complement in A of the union of the ideals p; Each p; is a prime ideal and therefore
the set S is multiplicatively closed. The ring S~!'A is Noetherian by Chapter 7, Exercise 9. Each
S~1p; has height equal to m; 1 — m;, hence dim S~'A = oo.

Here, let Ag as our ring, and set I = z,,,Ag, which is contained in mg := (X, 41, , Tm,), Which
is maximal ideal of Ag. Then, by constructing Rees algebra and using the argument in the proof of
Theorem 15.7, dim G = ht my = mo — my < oo = dim A.

16 Regular sequences

In the last line of proof of Theorem 16.1, a;n; € aiM + -+ + a;_1 M implies 71 € aiM + - + a;_1 M,
because, if 71 € a;M + -+ + a;—1 M, then 77 is nonzero in M/(a1M + - + a;—1 M), thus a;771 # 0 in
M/(a1M + - - -+ a;—1 M), contradiction.

In the proof of Theorem 16.2, to show n = 1 case, pick a monomial mX" for some v > 0, then assume
may € I"*'M. Hence, may = m’a?™™, thus ay(m—aym’) = 0. Since a; is M-regular, this implies m = a;m’,
which implies that the coefficient m is in M.

In the proof of Theorem 16.3, a;& = 0 implies that F(X) := £X; has a property that F(a) =0 ¢€ I'M
for all v. Since a; is quasi-regular, £ € IM. Then, £ = a;n;. Then, G(X) := > 1, X;X;. Then, G(a) =0
with quasi-regularity implies that n; € IM. Repeating this procedure, we knows that £ € NIYM = (0).

Also, in the proof of Theorem 16.3, ¢ < v since F' is v-homogeneous, therefore ajw € IV M.

For corollary, permutation holds since in case of M-quasi-regular, permutation is nothing but permuting
indeterminates.

In the counter example, X - Z(Y —1) =0in A/(X(Y — 1)) while X #0in A/(X(Y —1)).

In the proof of Theorem 16.6, the last exact sequence 0 — Ext’y (N, M) — Ext’y (N, M) is came from the
long exact sequence of ext over 0 — M — M — M, — 0, thus for any i < n, Ext'y (N, M) = Ext’, (N, M).
Now, large power f;* annihilates Ext’y(N, M) means that the map (-f;) has kernel as f/*~!, which implies
that Ext’y(N, M) = 0.
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To get Homy (A/I,M,) = Exth (A/I,M,_1) = --- = Ext";(A/I, M), notes that for any A—module
N, M, ann(Ext’ (N, M) D ann(N); to see this, pick an injective resolution M — I*, then Ext% (N, M) :=
ker(Hom 4 (N, I'*) — Hom (N, I*))/Im(Hom (N, I*~') — Hom(N, I')). Pick [g] € Ext’(N, M) for some
g € Hom (N, I') in the kernel. Then, for any f € ann(N), fg(n) = g(fn) = g(0) = 0 implies that fg = 0.
Hence, [fg] = 0, which implies the desired result. Now observes, from the given situation (I has length n

M-regular sequence) that the long exact sequence of Ext%(A/I,—) on 0 — M ELNG YRuN M, — 0 gives that

Ext™ " (A/I, M) = 0 — Ext","'(A/I, My) — Ext",(A/I, M) L5 Ext?(A/I, M) — - -

but since f; € ann(A/I) = I, this implies Ext’y " (A/I,M) = 0 — Ext’y '(A/I, M) — Ext’y(A/I, M).
Now apply induction. Next, if Ext’y (A/I, M) = 0, then Theorem 16.6 implies that there exists length n + 1
M-regular sequence. Moreover, we can extend it by thinking M-regular sequence on A/(z1,- - ,x,) with
I/(z1,--- ,®y) using Theorem 16.6.

V(I) = V(I') implies that depths are equal came from statement (1) and (2’) of Theorem 16.6.

In the proof of Corollary of p.131, the last iff came from Theorem 16.5(i)

1. To see dim M’ > dim M — r, let k = dim M’. Then, by Theorem 13.4, there exists 77, ,J5 which

is the system of parameters of M’ in A/(ay,- - ,a,). Then, dim M/(ay, - ,ar,y1, - ,yx)M = 0
since dim M = §(M) = 0 by Theorem 13.4. (See p.98) Thus, r + k > dim M, which implies that
dim M’ > dim M —r.
Conversely, to see dim M’ < dim M — r, by induction it suffices to show that r = 1 case. When r = 1,
then a; ¢ ann M, thus height of (a;) in A/ann M is 1. Now, notes that ann(M’) = ann(M/a; M)
contains (aj,ann(M)), thus the height of ann(M’)/ann(M) > 1. Thus, from dim A/ann(M’) +
htann(M’)/ann(M) < dim A/ ann(M), we have dim M’ < dim M —ht ann(M’)/ ann(M) < dim M —1.
Apply this argument r times to get dim M’ < dim M — r.

2. Apply Theorem 16.9 with M = A/a, N = A/b to get Ext’;(A/a,A/b) = 0 for i < gradea —
projdim A/b. Since gradea — projdim A/b is positive, Hom(A/a, A/b) = Ext%(A/a, A/b) = 0. To
see this implies b : a = b, let f € A such that fa Cb. Then, A ER A/b has kernel containing a, thus we
may regard (-f) € Homa(A/a, A/b), but this implies that (-f) is zero map; hence f € b. The converse
is clear.

3. Let P € Ass(A/I). Since grade I is nothing but the maximal length of A-sequence in I, which also

form an A-sequence of P, thus grade of P is greater than or equal to k. If grade P > k, then Exercise
16.2 shows that I : P = I, contradiction; to see why it is problematic, let ﬂézl Q; = I be the primary
decomposition of I, with /Q1 = P. Then, (Q; : P)N ﬂi:z Q; C I: P. Hence, it suffices to show that
(Q1:P) # Q.
If Q1 = P, then (P : P) = A # @1, thus we may assume (); # P. In this case, (@1 : P) C P since
for any z € (Qq : P), xy € @, with y € P\ Q1 implies that z € /Q; = P by primary-ness of Q.
Thus, by localization we may assume that P is the maximal ideal in Noetherian local ring A, and @,
is P-primary in A. Now in A/Q1, (Q1 : P)/Q1 = (0 : P/Q1), thus we may regard the problem as
showing (0 : P) # 0 for a Noetherian local ring (A, P). Now by Corollary 7.16 of [2]|, we may assume
that P is nilpotents, i.e., P" = 0 for some n. Further, we may assume that n is the smallest integer
such that P"* = 0. If n = 1, then P = Q1, contradiction. Thus n > 1. Then, (0: P) 2 P"~! (. This
shows that (0: P) # 0.

Claim 17. A is Noetherian ring, I is proper ideal. Then grade I < projdim A/I.

Proof. Otherwise, by Exercise 16.2, Hom 4 (A/I, A/I) = 0, contradicting the fact that the identity map
exists. O

4. Notes that 0 — M <% M — M/a1 M — 0 is exact. Since B is flat over A,

0> MosB LY Me, B~ (M/aM)®B—0
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is exact. By five lemma with the exact sequence 0 — M® 4B Slon), M®aB - M®B/f(a1)M®B — 0,

(M/axM)® B=M®B/f(a1)M ® B # 0. Since (M/a1 M) ® B is nonzero module, f(ay) is (M ® B)-
sequence. Now apply the same argument on as, - - , a,.

. Before going further, we prove a result about Ext when M = IM.

Claim 18. When A is Noetherian, I is a proper ideal, and M is a finite A-module s.t. M = IM then
Ext4y(A/I,M) =0 for all i.

Proof. From the given condition, [8][Proposition 3.3.10] shows that Ext’ (4/I, M)p = Ext’ ,(Ap/IAp, Mp).
If a prime ideal P does not contain I, then Ap/IAp=0.If P contains I, then M = I'M implies M/PM =
0 (since PM O IM = M), thus Mp = 0 by NAK (apply NAK on Ap with PMp = Mp). Hence, in
any cases, Ext’y(A/I, M)p = Exty ,(Ap/IAp, Mp) = 0, which implies Ext’ (4/I, M) = 0. O

Thus, if M = PM, then depth of both M an Mp are infinite, thus the inequality holds. If M # PM,
to define depth. To see depth(P, M) < depth(PAp, Mp), notes that f: A — Ap is a flat homomor-
phism, hence Exercise 16.4 implies that any M-sequence p1, -+ ,p, gives Mp-sequence f(p1), -, f(pr)
when Mp/(f(p1),---,f(pr))Mp # 0. If P & Supp(M), then [§][Proposition 3.3.10] shows that
Ext’(A/I,M)p = ExtYy (Ap/IAp,Mp) = 0, thus the inequality holds. If P € Supp(M), then
Mp # PMp, otherwise NAK implies that Mp = 0, contradicting the assumption that P € Supp(M).
Hence, Exercise 16.4 implies that every M-sequence gives M p-sequences, which implies the desired
inequality.

To get the counterexample, suppose that (A, m) is local; then if m € Ass(A), then m = ann(z) for
some nonzero x € A, thus m is nilradical, which implies that m has no A-regular sequence. Thus,
depth A = 0. However, if there exists a prime ideal P in A whose height is nonzero, and P is not in
the associated prime of A, then depth Ap > 0, which gives a counterexample. For example, let A =
k[X7KZ](X,Y,Z)/(X7 Yv Z)2 n (Z) Then7 ASS(A) = ASSk[X,Y,Z]((X7K Z)2 n (Z)) = {(X’}/’ Z)v (Z)}
Now think P = (X, Z). Then, Ap = k[X,Y, Z)(x.2/(X,Y, 2)*N(Z) = k[X,Y, Z)(x.2)/(Z2, ZX, ZY) =
k[X,Y, Z)(x,2)/(Z) = k[X,Y](x), which is a domain. Here, PAp = (X), thus it contains Ap regular
element X, such that Ap/(X) = k(Y) and Ap is domain. Hence depth Ap > 1.

. Let I = (a1, -+ ,a,). Suppose not; then there exists a polynomial f(z) € k[Xy, -+, X,] such that
f(a) = 0. Now, let f = fo+ f1 + -+ f- as a sum of homogeneous polynomials. Then, fo(a) =
—>"_, fila) € I implies fo € I. Since fy € k, thus this implies that fo = 0; (since all nonzero
elements in I is not unit, however all nonzero elements of k is unit in A.) Then, fi(a) € I? implies
f1 €I[X1, -+, X,], thus f1 = 0. By doing this argument for all ¢, we can conclude that f = 0.

. Let x = (x1,...,2,) be a maximal M -sequence in m, and set M’ := M/ > x;M. Then, by [4][Propo-
sition 1.2.1], m € Ass4(M’) since the only prime ideal containing m is m itself. Thus, m = ann(¢) for
some £ € M’. Hence, mB(§) = 0. Since mB is n-primary, n* C mB by [2|[Cor 7.16]. Hence, n is a
set of zero divisor, thus [4][Proposition 1.2.1] implies that n” should lie on an associate prime of M’ in
B, which is n since that associate prime must contain the radical of n”, which is n, the maximal ideal.
Hence, 7 is also the maximal M sequence in n.

. We may assume that there are no redundant primes. By assumption, there exists a € A,b € I such
that xa + b & P; for all 4. Also, if z € P; then b ¢ P;. Hence, let S :={i:x € B;},5°:=[r]\S. If
S¢ =0, then x + b & |J, P, done.

If S¢ is not empty nor [r], we claim ();,cg. P; \ U;cg Pi is nonempty; if it is empty, then (), g. Pi is
a subset of union, thus [2|[Prop 1.11 (i)] implies that the intersection is in P; for some i € S, then
[2][Prop 1.11 (ii)] implies that P; © P; for some j € S¢, contradiction. Take ¢ € (\;cge Pi \ U;cs Pi-
Now we claim x + be € |J, P;; if i € S, then « € P; implies b ¢ P;; also by construction ¢ ¢ P;, hence
x+becg P;. If i € S¢, then z ¢ P; but ¢ € P;, hence z + bc ¢ P;.

Lastly, if If S¢ = [r] and (),cg Pi # 0, then 2 4 0 ¢ P; for all 4, done.
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9.

10.

This holds when n = 0 vacuously. Suppose n > 0, let I = (21, -+ ,2,). If grade I = 0, done.
Otherwise, I has a regular element, thus I ¢ D(A), where D(M) is a set of zero divisors of M. By
definition of associate primes as a maximal elements of annihilators of elements of A, we knows that
D(A) = Upeass(a) P+ Now, let & := x1,I" := (w2, ,2n). Since sA+ 1" =1 € Upeags(a) P> the
above exercise shows that there exists y € I" such that x + y & Upeaga) P = D(M). Thus let
up := x1 +y. If grade I =1, done. Otherwise, I/u; A has a regular element of A/uqA.

Now we claim that I’ /u; A € D(A); to see this, notes that every element of I can be written as A-linear
combination of uy,xs, -, z, (since z1 can be replaced with u; by suitable coordination of coefficients
of x;) so I'/u1 A C D(A) implies that I/(u;A) C D(A), contradicting the assumption that I/uj A has
a regular element. Thus, applying the above exercise again on & = x5 and I" := (a3, - ,z,)/ui 4,
we get y' € I” such that us := x9 + 9/ is regular. Now continue this process until it reach its own
grade. And notes that if grade I = n, then we may find w1, -+ ,u,_1, and by the same argument
() € D(A/(u1,--- ,u,)A). Hence, we may pick a regular element u, from (x,); especially x, is
regular, otherwise any u,, cannot be regular. and since (w1, -+ ,up) = (21, ,x,), thus I is generated
by A-sequences. Also, gradel cannot exceed n, since by definition of maximal A-sequence, uy, - , Uy, b
cannot form A-sequence since b € I = (ug,- -+, Up).

(a) Suppose r = 1. Then, P = (ay) is principal thus its minimal prime divisor, which is P itself has

height 1 by given condition. Thus there exists a prime ideal @) such that P #Q, P2 Q. If y € Q,
then y = za; for some & € A, and since a1 & @ (otherwise Q = P) thus z € Q. So Q = a1Q.
When A is local ring, then since ay is in the maximal ideal m, thus m@Q D a1Q = @, therefore
NAK implies @ = (0). Thus there is only one minimal prime of A, which is (0), thus A is integral
domain. Or, if A is N-graded and a; is homogeneous of positive degree, we may assume @ is also
graded by Theorem 13.7 then @ = a1Q implies that @ C Ry, however P = (a1) C @®;>0R1, which
implies that Q C Ry N @®;>oR1 = 0. Again, A is integral domain.
Now, to use induction, suppose that it holds for 1,2,--- ,r — 1. Then, P/(a1, - ,a,-1)A =
(ar)/(a1,- -+ ,ar—1)A is principal prime ideal. Since a minimal prime divisor of (a1, --- ,a,—1) has
height r—1, P is not a minimal prime divisor of (a1, -+ ,a,_1), thus P/(ay,--- ,a,—1)A has height
1. Thus, by applying » = 1 case on (a,)/(a1, - ,ar—1)A, A/(a1,--- ,a,—1)A is integral domain,
thus P’ := (a1, -+ ,a,) is prime ideal. Then height of P’ is at most r — 1 by Theorem 13.5. Now,
localize A by P, then (Ap, PAp) is a regular local ring, thus integral domain (Theorem 14.3).
Thus, Theorem 13.5 implies that (a,) in Ap has height 1. Moreover, ay,--- ,a, is Ap-regular,
since Ap/(ay, -+ ,a;)Ap is dimension r — i local ring whose maximal ideal is generated by r — 4
elements, thus regular local ring, for any i. Now, notes that the maximal A-sequences of P’
is its generators, thus its depth is » — 1. Thus, by Exercise 16.4, the maximal ideal P’Ap: of
(Ap)pr = Aps has also depth r — 1. Now apply the claim below to have height of P’ is at least
r —1 (by localizing A by P’). This implies that height of P’ is r — 1. Thus, P’ in A (not Ap) has
also height » — 1. Now apply the inductive hypothesis to get the desired result.

Claim 19. Given a regular local ring (A,m), depth of m is less than equal to height of m.

Proof. First of all, Exercise 16.1 shows that dim A — depthm = dim A/m > 0. Hence, htm =
dim A > depthm. O

(b) For any @ € Ass(A) we have QAo € Ass(Ag); if we had such P inside of @, then PAg is in
Ag with the same height and same number of generators, thus (i) implies that Ag is an integral
domain, contradicting that QAg # 0. Hence P ¢ Q. Therefore using the process we used for the
proof of Exercise 16.9, we see that P can be generated by an A-sequence.

For a counterexample let A = k[x,y,z] = k[X,Y, Z]/(X(1-YZ2)); P = (z,y,2) = (y,2) =
(y — 2z, z) is a prime ideal of height 2, but y — %2 is a zero-divisor in A such that x(y — y?z) =
y(z(1 —yz)) = 0.
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17 Cohen-Macaulay rings
To see that Ext’y(N;/N;41, M) = 0 implies Ext’y (N, M) = 0, use the short exact sequence
0— Nj/NjJrl — NO/NjJrl — No/Nj — 0.

and take Ext’y(—, M) successively to conclue that Ext’ (No/N;, M) = 0 for all j.

Also, in the second last line of p.133, dim N’ < r since x is A/P-regular, thus A/(P,z) has dimension
less than r by Exercise 16.1.

In the proof of 17.2, if P € Ass(M), then depth(P, M) = 0, which implies Ext% (A/P, M) = Hom4(A/P, M) #
0.

In the proof of Theorem 17.3(iii), depth Mp > depth(P, M) is from Exercise 16.5. Also, dim Mp =
dim Ap/ann(Mp) = dim Ap/PAp = 0. Also, M}, # 0 since if it is zero, then aMp = Mp, and since a € P,
thus NAK implies that Mp = 0, contradicting the given assumption that Mp # 0.

In the proof of Theorem 17.4 (iii), ht(a;) < ht(ai,a2) < --- came from this argument; notes that ay is
not a zero divisor of A/(ay), thus as is not in any minimal prime divisor of (a;). Hence, (ag,a;1) in A/(ay)
should have height at least 1 since its minimal prime divisor is not minimal prime divisor of (a).

In the proof of Theorem 17.4 (iii) (4) = (1), if z; € P, then height of (z1, - ,z,)/P = (z2, - xy)/P
has height at most n — 1, thus it is not the maximal ideal, contradicting the fact that (x1,--- ,z,) in A has
the maximal ideal as its minimal prime divisor.

In the proof of Theorem 17.4 (i) we may choose it as follow; since I \ D(A) # (), where D(A) is the set
of zero divisors of A, thus we may choose a1 € I\ D(A), then height of (a;) is 1. Now, do the same thing
on A/(ay) to choose ay. Done.

At the last line of p.135, “take an A-sequence” should be changed to “take a maximal A-sequence of P”.

In proof of Theorem 17.5, we may use the fact that A — A is flat (Theorem 8.8) thus any A-sequences
form A ® A = A-sequence by Exercise 16.4, since (A/(a)) ® A = A/(a) # 0. Honestly, I don’t know how to
show Ext%(A/m, A) ® A= Ext’ (/Al/mzzl, A) for all 7.

The condition of Theorem 13.5 (General Krull’s principal ideal theorem) is that A is Noetherian, I is an
ideal generated by r elements.

In the proof of Theorem 17.6 showing that CM-ness shows unmixedness, notes that A/I is CM local ring
is clear. Now, theorem 17.3 (i) shows that every prime divisor of A/I has the same coheight, and since A is
CM-ring, thus every prime divisor has the same height, contradiction.

In the proof of 17.7, we assume that A, is dimension n CM ring, thus it has system of parameters
ai,--- ,a, generating m.

For the proof of 17.9, let A/I be a quotient of CM ring with ht I = r. Then, By theorem 17.4, depth of I is

r, thus we may pick (ai,- - ,a,) an A-sequence in I, which is the maximal I sequence. Also, by Theorem 17.4,
(a1,--- ,a,) is a part of a system of parameter, say ai,--- ,a,. By proof of Theorem 17.4, a,--- ,a, is also
A-sequence, and @41, - ,a, are not in union of minimal prime divisors of I, thus depth(m/I, A/I) =n—r

as desired. Thus, it suffices to show that any finitely generated algebra over a CM ring A is catenary. If B is
finite algebra over A, then B & A[X;, -, X,]/I for some n, then by Theorem 17.7, A[X, -, X,] is CM,
thus its quotient is CM, done.

In proof of Theorem 17.10, Not theorem 16.2 but the argument above the Theorem 16.2 was used. Also,
in the last statement, A is regular because the minimal generators of m is r (by dimm/m? = r with Theorem
2.3) which is equal to dim A = 7.

1. (a) Noetherian can be dropped; Let A be a zero-dimensional commutative ring and I be its nilradical.
Then we knows that I = ﬂmespec 4 m. It is minimal decomposition, otherwise, if we may omit
one prime ideal, then prime avoidance (Proposition 1.11 (ii) in |2]) implies that that prime has
height 1, contradicting dim A = 0. Then, by Theorem 4.5 of [2], m = /(I : z) for some x € A.
Hence, for any y € m, (yz)™ is nilpotent; in other words, y is zero divisor. Hence, m has no regular
element. Thus, depth(m, Ay) =0 = dim Ap,.

(b) Let A be a 1-dimensional reduced commutative ring. If m is a prime ideal with height 0, then Ay
is CM by above. If m is of height 1, then (A, m) is 1-dimensional local ring. We claim that m
has a regular element; suppose not. Then, since set of zero divisors are union of minimal prime
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ideals in the reduced ring, m is subset of this union, therefore prime avoidance shows that m is
minimal prime, contradiction. Thus 1 = dim A,, > depth(m, Ay,) > 1, done.

Lastly, to get the counter example, let k be a field; then A = k[X,Y]/ (XY, Y2) is a one-
dimensional ring. However, we claim its depth is 0. To see this, localize it by (X,Y); then
for any f(z,y) € (X,Y), f(X,Y) is zero divisor; thus it is not regular. Hence, depth = 0 while
dim A(x yy = 1 since (X,Y) D (V) form a chain of prime ideal.

Claim 20. In the reduced commutative ring with unity, set of zero divisors are union of minimal prime
ideal.

Proof. For any zero divisor x such that xy = 0 for some y # 0, then y ¢ p for some minimal prime ideal
p; otherwise y is in the intersection of all minimal prime ideals, which is (0), contradiction. Hence,
x € p. This shows one direction.

For other direction, given minimal prime ideal p, let S := {xy : = & p, y is not zero divisor}. Then S is
multiplicatively closed and does not contain 0. Let g be a prime ideal maximal with respect to being
disjoint from S; then q cannot contain nonzerodivisor y; otherwise 1-y € qN .S, contradiction. Also, if
x € qis not in p, then x -1 € S, contradiction. Hence, q C p. By minimality of p, g = p.

Now we claim (), iuimal p Sp = {nonzero divisors}. 2 is clear. Conversely, if zy € (inimal p Sp Put a
zero divisor, then zzy = 0 for some nonzero z € A. Since y is nonzero divisor, zz = 0. Hence, z is
zero divisor. But the above argument showing that zero divisor is contained in the union of minimal
primes, x is in some minimal prime ideal, contradicting that z is not in any of minimal prime ideal.
Hence, the claim shows that union of minimal prime ideal contains zero divisors, too. O]

. In the first example, 23 y3 is an A-sequence; to see this notes that y3 is nonzero divisor of A/(x3);
if there is a,b, ¢, d, e, f such that a(3,0) + b(2,1) + c(1,2) = d(2,1) + e(1,2) + f(0,3), then y3 is zero
divisor; thus it suffices to show that this equation has no nonnegative (nontrivial) integer solution with
f > 0. If we allow integer, then we may write down as a(3,0) + b(2,1) + ¢(1,2) = d(0, 3) for some
b,c € Z,a,d € N. Then, 3a + 2b+ ¢ =0, and b+ 2¢c = 3d. Thus,

b+2c>0, 2b+c<O0.

If b =0, then 0 < ¢ < 0, contradiction. If b > 0, then ¢ < —2b < 0. Then, 0 < b+2¢c < b—4b = —3b < 0,
contradiction. If b < 0, then 2¢ > —b > 0. Thus, ¢ > —b/2 > 0. Hence, 2b+ ¢ > 3b/2 > 0 but
3b/2 < 0, contradiction. Thus there are no nontrivial solution; hence 3 is regular. Thus 23,y form
an A-seqeunce. Hence also an R -sequence (since localization is flat and nonzero). so that R is CM.

However, in the second case, y? is zero divisor, since y*(23y)? = 2*(2¢%)? = 0 in A/(z4).

. Since A is normal, Ap integrally closed domain for any prime ideal P, and again normal (since its
prime ideals are inherited from A.) If P is height 0 or 1, then by Exercise 17.1, they are CM. Thus, all
we need to deal with is localization by maximal ideal. Let m be a maximal ideal of A. Then, (Ay,m)
is 2-dimensional integral domain. By Theorem 11.5 (i), all the prime divisors of a nonzero principal
ideal has height 1. Hence, choose an element a; € m. Since A, is integral domain, a; is An-regular.
Now, by Theorem 11.5(i) m is not a prime divisor of I, thus it does not contained in union of all prime
divisors; otherwise prime avoidance shows that m is inside of prime divisor, contradicting their heights.
Hence, we may choose another element a; € m but outside of all prime divisors of (a1). Then, since
all zero divisors of A/(aq) is union of minimal primes of A/(a;), as is not a zerodivisor of A/(ay), thus
ag is A/(ay)-regular. This shows that depth of A, is 2, equal to dim Ap,.

. By localization, we may assume A is local ring. Theorem 17.3 (ii) shows that A/J is CM. Thus,
dim A/J = depth A/J, say r. Let k be the residue class field of A. Then, ExtY(k, A/J) =0 for i <r
from depth A/J = r. Using the exact sequence

0— JU/JT — AJJV T — AJJY =0
and the fact that JV/JV*! is isomorphic to a direct sum of a number of copies of A/J we get by

induction that Ext’ (k, A/J") =0 for i < r.
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5. (a) Let z1,---,2, be a maximal A-sequence in P, and extend to a maximal A sequence in m as
Xy, Xpy Y1, o, Ys. There exists @ € Assa (A/ (21,...,2,)) containing P (since P is minimal
prime containing (z1,--- ,,)), so that by Theorem 17.2,

dimA/P >dimA/Q > depthA/(z1,...,z,)=s.
Thm 17.2

Here depth A/(x1,...,2z,) = s is came from; if it has longer sequnce, then it forms a A-sequence
with longer than maximal A-sequence of m, contradiction. And s = depth A —depth(P, A), done.

(b) dim A — ht P > dim(A/P) > depth A — depth(P, A) > depth A — depth Ap. Here, depth Ap >
depth(P, A) came from Exercise 16.5.

6. By definition of symbolic power, P(") := P"Ap N A= {a € A : sa € P" for some s ¢ P} contains P".
Suppose they are not equal; then pick a € P(") \ P™. We have s ¢ P such that sa € P™. Thus a € P.
Hence, a should lie in P"/P"*! for some 1 < r < n. Now, in grp(A), (s + P) is grade 0 element,
(a+ Pt is graded r+ 1 element, thus (s + P) - (a+ P™1) = (sa+ P""1) € P"/P "+ however sa = 0
implies (sa + P"1)=0. Hence, grp(A) is not an integral domain.

18 Gorenstein rings

In p.140, Hom(A, M) — Hom(I, M) — 0 is another expression that every map ¢ : I — M is extended to
¢:A— M. Also, the Ext" " (A/I, M) = Ext! (A/I,C) came from the fact that every long exact sequence
can be splitted into short exact sequences with syzygies. Lastly, in case of Noetherian is just reusing argument
in the proof of Theorem 17.1. See earliear part of this notes for details.

In Lemma 2, if you think about the injective resolution of M and M derived by horseshoe lemma, then
ExtYy (N, M) % Ext% (N, M) is nothing but the map sending quotient of f : N — I; to a quotient of
xf : N = I;, and for any n € N, zf(n) = f(zn) = f(0) = 0 implies that zf = 0. Hence, z induces zero
map in the long exact sequence, which implies that Ext’ (N, M) = Hom4 (N, M). Since any action of zA
on f: N — M makes it zero, and N also can be regarded as B-module, Hom 4 (N, M) = Hompg(N, M). The
rest step is a standard procedure to showing that 7" is derived functor. (Lastly, projective dimension of B
over Ais 1since0 - A — A— B=A/xA — 0 gives a projective resolution of B as A-module.

In the proof of Lemma2(ii), N = Hompg (B, N) since f : B — N was determined by f(1).

In the proof of Lemma 3, by p.12’s argument with the fact that I is m-primary and Notherianity gives
I O m" for some v, we have such a composition series of N such that N;/N;;11 =2 A/m = k. Now, use the
argument in the proof of lemma 1 to conclude that ext of (A/(P + xA), N) is vanished.

In the proof of Theorem 18.1 (1) to (1), if m € Ass(A), then m = ann(a) for some a € A, hence
A/ann(a) = Aa C A, therefore 0 — k — aA C A is exact.

In the proof of Theorem 18.1 (1) to (2), A is injective A-module, thus Hom(—, A) is exact. This is part
of definition.

In the proof of Theorem 18.1 (3) to (1), T'(M) has finite length since Supp(T(M)) C {m}. In other
words, m € Ass(A/ann(M)), thus dimdim(A/ann(M)) = 0, which implies the finite length. This came
from the claim below;

Claim 21. If A is Noetherian ring then A-module M has finite length iff M is finitely generated and
dim(A/ann(M)) = 0.

Proof. Suppose first that M has a composition series
0=MyCM;C...C M. =M

with M;/M;_1 ~ A/m; for 1 < i < r, where each m; is a maximal ideal of A. Since each M;/M,;_; is finitely
generated, we conclude that M is finitely generated. Moreover, we have [[;_; m; C Anns (M), hence the
only primes containing Ann(A) are the m;. This implies that dim (4/ Anns(M)) = 0. Conversely, if M is
finitely generated over a Noetherian ring, then it follows from Theorem 6.4

0=MyCM, C...CM,=M
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such that M;/M;_1 ~ A/p; for 1 <4 < r, where each p; is a prime ideal in A. If we have dim (A/ Anny (M)) =
0, then every prime ideal in A/ Anns (M) is a maximal ideal. Since we clearly have Ann (M) C p; for all 4,
we conclude that each quotient M;/M;_; is a simple module, hence M has finite length. O

Also, if M is of finite length, then M is Artinian; then you can use below lemma to show that every
injective endomorphism of Artinian module is surjective.

Claim 22. f: M — M is an injective endomorphism of Artinian module M. Then f is surjective.

Proof. Notes that (Im f?) form a descending chain of submodules, thus stabilizes at some point, say n.
Then, M = ker f* + Im f*. Now pick € M, then f*(x) € Im f* = Im f?*. Thus, Jy € M such that
?"(y) = f*(x). Then, x = (x — f*(y)) + f*(y), where x — f*(y) € ker f* = 0. Thus, x € Im ", which
shows f is surjective. O

In the proof of Theorem 18.1 (5°) to (2), f(k) must be minimal ideal, otherwise k has a proper ideal,
contradiction.

For lemma 5, I don’t understand why a is finitely generated implies Hom 4 (—, I's) exact; see [10][Theorem
4.88] for more modern proof.

In Theorem 18.2, we not only uses Lemma 5 but also the fact that localization is flat.

If F C M and FE is injective module, then extension of 1 : E — E to f: M — E so that M = E@ker f
exists; this is another definition of injective module.

In proof of Theorem 18.4 (ii), P € Ass(N) shows that P = ann(n) for some n € N, thus the map
A — nA C N gives A/P as a submodule of N.

In proof of Theorem 18.4 (vi), automorphism gives not only (-z) but also (-1/x) as a map.

Claim 23. If A be a commutative ring, M C N be A-modules. Then, N is an essential extension of M iff
Vx € N, there exists f € A such that fx € M\ {0}.

Proof. If N is essential, then for any z € N, Az N M # 0. Conversely, if N’ be a nonzero submodule of N.
Pick « € N’. Then there exists f € A such that fx € M and fxz is nonzero. Thus, N’ N M # 0. O

Hence, in Example 1, if A is domain and K is its field of fraction, we can show that A is essential
extension since for any nonzero a/b € K, b(a/b) € A is nonzero. Also, K is injective since Hom 4 (M, K) =
Homg (Mg, K); to see this, suppose f : M — K be a nonzero A-homomorphism. Then we can extend f as
f: Mgy — K by f(m/s) = f(m)/s for any nonzero s € A. Conversely, if two maps in Homg (M), K) are
equal then its restriction is equal; hence they are isomorphic. Now, Hompg ((—)(0), K) is a composition of
localization and taking Hom g (—, K'), both are exact since localization is flat and Homg (—, K) is a functor
over vector space; hence K is injective.

In the proof of 18.5 (i), the author uses Baer’s criterion. Also, recall

Claim 24. Direct summand of injective module is injective.

Proof. Let I = C @& C’ be an injective module. For any monomorphism M — M’ with M — C, then
injectivity of I in with M — C — C @& C" = I induces the map M’ — I, then the restriction M’ — I — C
is extension of M — C. O

In the proof of 18.6 (ii), Hom(k, F) = Hom(k, k) by this identification; if f : ¥ — E, then f is totally
determined by where f(1) goes. Then, f(1) € V := {& € E : mz = 0}. To see this, suppose not; then
we may pick a € m such that af(1) # 0 but af(1) = f(a) = f(0) = 0, contradicting the fact that f is
A-homomorphism. Also, any € V determines map k& — E by sending 1 to x, hence Hom(k, E) &2 V =
Hom(k, V'), where last equaltiy came from the fact that f(k) C V. Since F contains k, V D k. If V £ k,
then we may pick w € V' \ k, and kw form a submodule of E(k) such that kw N k, contradicting the fact
that k is essential submodule of E(k). Hence, Hom(k, E) = Hom(k, k). Notes that this argument can be
generalized for any residue fields; see |[4][Lemma 3.2.7 (b)].

Also, in the same proof, [(M') = I(M") by applying the exact functor Hom(—, E') again on 0 — k' —
M — M7 — 0. Isomorhpism came from claim

In the proof of (iii), Theorem 18.4 (v) implies the first statement of the proof.
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Claim 25. Let M be a A module, with (A, m, k) is a Noetherian local ring. If every element of M is
annihilated by some power of m, then M — M=M®jA is surjective.

Proof. Notes that A is inverse limit of (A/m;, piji<j + A/mi — A/m") where p;; is canonical projection.
Thus, for any £ € A, £ = (é1,&,--+) such that & € A/m; with zi;/m? = &; for any j <.

Now, think the map M — M ®4 A. Pick m® & € M ®4 A. We claim that m ® £ = m’ ® 1 where
1=(1,1,--+) € A. Now, pick the smallest n such that m™m = 0. Then, pick a € A such that a/m™ = ¢&,.
Now we claim am ® 1 = m ® . To see this, notes that am ® 1 = m ® a where a = (a,a,---) € A.
Then, £ —a = (0,---,0,&41 — @,---) € A. Pick the smallest n’ such that &, — @ is nonzero. Then,
E—ac mYAC m™A, hence we may write it as >, r;s; for some r; € m” and s; € A. Then,

m&—am®1l=me® (- m®z7’z$z ZTz‘m@Si:O-
i

This shows that the map is surjective. O

Also, in the proof of (iii), F' is injective hull of k as follow; for any A-submodule N of F, NN E is
nonempty; and since N N E has A-module structure, N N E'Nk is nonempty; hence F' is essential extension
of k as A-module. Then we may apply 18.4 (v) on F to say that every element of F' is annihilated by power
of maximal ideal of A, which is mA. Also, split of F as E @ C is came from the injectivity of E.

In the proof of (1V), again the author uses technique in the proof of 18.6 (ii), which I explained above, to
showing that Hom4(A/m?, E) = E,, and Homu(E,, E,) = Homa(E,, E).

In the proof of (v), M can be viewed as an A-module by for any & = (&1,--7) € Aandm e M, &m = &m
This works well with A-module structure of M.

In the proof of (v), (E/M’) seems errata of (E/M)’. And the identification (E/M)" = M+ as follow;
for any f € Homu(E/M, E), f can be extended to a homomorphism f : Hom4(FE, E) such that ker f O M.
Since the identification gives us f as the map f(z) = ax for any x € E, we claim a € M*; if a ¢ M=+, then
ker f 2 M. Then nonzero conditoin of ¢ implies p(z/M) = ax for some a € M*. Also x ¢ M+ otherwise
o(z/M) =0. Thus, E— M C E — M+~ implies M O M+ therefore equality holds.

Lastly, in case of M € A, to pick ¢ : M — E™ is injection, think about the generator {mq,---,} C M.
Then we may construct Y ., Am; — E™ by @, where ¢; was chosen by (i) so that ¢;(m;) # 0. Now extend
this map @, p; : @I~ Am; — E" to ¢, : M — E™ by letting ¢,,(m) = 0 for all j > n and mM\ Y. | Am,.
Then, {ker ¢, }en form a descending chain of submodules of M, hence it stabilizes at some point; say n.
Then, ker ¢, = ker ¢, 11 = ---. Hence, if ker ¢, # 0, then pick m € ker ¢,; then m is a finite A-linear
combination of generators, thus there exists some n’ > n such that ¢, (m) # 0, contradiction. This induces
the injective map.

Lastly, the double dual is isomorphic to original is well-explained in [4][p.106] proof of (c).

In the proof of Theorem 18.7, the identification Hom(k, I?) = T; is from the same techinque of the
proof of Theorem 18.6 (iv). Also, we may assume that I? is an essential extension of d(I°~!) by construction
of injective resolution; I° is just essential extension of M, and I' is essential extension of I°/M, and I? is
essential extension of I'/d(I°), and so on. Also, d(I*~!) Nk # 0 implies K C d(I*~!) since k is simple.
Lastly, Theorem 4 (iii) should be changed to Theorem 5 (iii).

In the proof of Theorem 18.9, Ext’y (N, M) # 0 by Lemma 1. And the last condition inequality came
from the fact that the projective dimension of N should be defined as supremum of {n € N : Ext’y (N, M) #
0 for some M}.

1. Exercise 16.1 implies that A is CM iff B is CM. Assume dim A = n. Thus, if A is Gorenstein, then
take the maximal A sequence z1,--- ,x, containing z1,---,x,. Then, (z1, -+ ,x,) is irreducible, by
Theorem 18.1 (5), thus its image in B is irreducible. Conversely, if B is Gorenstein, we have an
irreducible parameter ideal by Theorem 18.1 (5’), then its preimage in A is irreducible, otherwise it is
reducible in B, contradiction.

2. I don’t know.
3. Given a prime ideal P of A[X], by localising A at P N A and factoring out by a system of parameters

we reduce to proving that if (A, m, k) is a zerodimensional Gorenstein local ring, and P a prime ideal
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of A[X] such that PN A =m then B = A[X]p is Gorenstein. Then we may assume P = (m, f) where
m € A and f(X) is a monic polynomial in A[X]. Since P is prime, A[X]/P = k[X]/(f) is domain,
thus the image of f in k[X] is irreducible. Since f is B-regular (because of monic), if we set C = B/(f)
then the maximal ideal of C' is mC, and C' ~ A[X]/(f); this is a free A -module of finite rank, so that
Home(C/mC, C) = Homa(k, A) @4 C( by Ex. 7.7) ~ C/mC. So C' is Gorenstein by Theorem 18.1 (4)
with n = 0, therefore B also by Exercise 18.1.

. Let R = k[2®, 2%y, 2y?, y?]. From the Exercise 17.1, we knows that (z3,%?) form R-sequence. Then,
R/ (:n?’,y?’) =k [:v3,y3,x2y,xy2] / (x‘3,y3) ~ k[U,V]/ (UQ,VQ,UV) . In this ring (0) = (U)N (V) as a
parameter ideal is not irreducible, so that it is not Gorenstein, thus Exercise 18.1, R is not Gorenstein.

. For 0 # a € A, the ideal aA is isomorphic to ~ A/ ann(a) with ann(a) # A, so there exists a non-zero
map ¢ : aA = A/ann(a) — A/m = k C E. By Baer’s criterion, ¢ extends to A — FE, so that
0 # Imy C aF since ¢(ab) =ab for b € k, thus a - b in E.

. Since M is essential extension of k, it is contained in the injective hull E = E4(k); thus we can consider
M as a submodule of E. Now, pick f: M — M from Hom (M, M). Then, for any nonzero m € M,
there exists a € A such that am # 0, thus if f(n) = m then af(n) = f(an) = am # 0. Now, think A1,
as a submodule of Hom4 (M, M). If f, : m — am and f, : m +— bm is equal, then (b — a)m = 0 for all
m € M, thus b — a € ann(M) = 0, thus b = a; this shows that A — Homyu (M, M) by a — f, = aly
is injective. Thus A = Al C Homyu (M, M) C Homa (M, E).

Now, think the short exact sequence 0 — M — E — E/M — 0, then take the Hom functor
Homy(—, E). Since E is injective, the Hom functor is exact, thus

0 — Homy (E/M, E) — Homy (E, E) — Homy (M, E) — 0

is exact. Now from A is complete, Homy(E, EF) = A by Theorem 18.6 (iv). Moreover, (iv) says
that any endomorphism E — E is nothing but just multiplication by elements of A, and since
M — FE is just injective, we knows that image of Homu(FE, E) in Hom4 (M, E) is just multiplica-
tion by elements of A, i.e., the image is equal to Aljs; since the map Hom(E, E) — Homa (M, E)
is surjective, Hom4 (M, E) = Al);. Hence, the kernel of Homa(E, F) — Homyu (M, E) is zero, thus
Homyu (E/M, E) = 0. Therefore, E/M = 0, by Exercise 18.6 (i).

. Notes that E has also a A-module structure, since for any f € /1, m € E, terms of f whose total degree
is greater than absolute value of the smallest total degree of m as a polynomial over x;l does not affect
on m. Thus now we think A as A.

By Theorem 18.4 (vi), Es(S/P) = E4(k) is clear. Thus, it suffices to show that E = E4 (k). Definitely,
FE is an essential extension of k; to see this, pick a nonzero submodule N of E. Then N contains a
nonzero polynomial f(z7',---,2;'). Pick the monomial of f with the smallest total degree, say 2®
with « € —N"™. Then, we can pick =% € A so that £~ f € k, which shows N Nk # 0. Also, we claim
that F is a faithful A-module. Suppose f € ann(E) C A; then fc =0 for any ¢ € k C E, thus f = 0.

Now Exercise 18.6 says that E = E4(k).

. First of all, A is 1-dimensional domain (since A/(t3) = k[u,v]/(u?, uv,v?)) with the Krull’s Hauptide-
alsatz implies) and also depth is 1 (since 3 is a regular element of A) therefore A is Cohen-Macaulay.

To see A is not Gorenstein, we will show that B := A/(#3) = k[u,v]/(u?,uv,v?)) is not Gorenstein.
And in B, (0) = (u) N (v), thus (0) as a parameter ideal is not irreducible, thus it is not Gorenstein.

Likewise, for A = k[[t3,t4,t%]], A/(t?) = k[[u,v]]/(u®, v®, uv) which is not Gorenstein by the same reason
that (0) is not irreducible. For A = k[[t4,°,t%]], A/(t*) = k[[u, v]]/(u?,v?) by thinking u = >, v = ¢5.
(Notes that 19 = ¢*.5  thus u? should be eliminated.) Hence, (0) is an irreducible parameter ideal; to
see this, if IN.J = (0) for some nonzero ideals I and .J, then for any generators u’v7 in I and u*v® € J
it satisfies u'Ttvi s = 0. (Notes that we may assume all generators are monomial since A is local ring
with unique monomial maximal ideal.) Hence, i +¢ > 2 or j + s > 2. The only possible cases are
(i,) = (1,1) or (j,8) = (1,1). In otherwords, all generators of I and J must form w or uv. Then
INnJ = (u) or (uv), contradiction. Thus (0) is irreducible, therefore Gorenstein by Theorem 18.1 (5).

For more general criterion, see [4][Theorem 4.4.8].
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19 Regular rings

Let (A, m, k) be a local ring, M, N are finite A modules. Given ¢ : M — N a A-linear maps, let g: M @k —
N®k.

Claim 26. @ is isomorphism <= ¢ is surjective and ker o C mM.

Proof. Suppose g is surjective and ker ¢ C mM. By NAK, we have generators (z1,- -+ ,zy) of M which gives
basis of M/mM = M ® k as a k-vector space. Then, p(z1), -, p(x,) generates N also by the assumption
that ¢ is surjective. Since N = M/ ker ¢ and ker ¢ C mM, thus N®k = N/mN = (M/ker ¢)/(mM/ ker @) =
M/mM. Also notes that ¢(x;) € mN, since otherwise, N/mN = M/mM is generated by elements smaller
than n, thus dim; N/mN < dimg(M/mM), contradiction. Moreover, by the same reason, ¢(x1),- - , @(Zy)
form a basis of N/mN (otherwise dimension is less than that of M/mM). Thus, ¥ is a map sending basis to
basis, thus it is an isomorphism.

Conversely, if ¥ is isomorphism, then again using NAK pick a generator (x1,--- ,x,) of M which gives
basis of M/mM = M ®k as a k-vector space. Still {@(z;)}7; generates N/mN, thus we claim that {o(x;)}
generates N; to see this ¢(M) 2 N, thus o(M)/me(M) = N/mN implies that N \ o(M) C mN, thus we
may find a generators of N in ¢(M) by the Nakayama lemma (Theorem 2.3 (i)), which implis that o(M)
generates N. This shows that ¢ is surjective.

Also, now we claim kerp C mN. Suppose not; since ¢ is surjective, N = M/ker¢. Hence N ®
k = M/(ker ¢ + mM) which is a proper subspace of M/mM = M ® k, which contradicting the fact that

Nok=2MEk. O

Also, next iff statement is just application of Exercise 2.4 (b). Especially, det ¢ m implies ¢ is
isomorphism since given minimal basis {mi,---,m,} of M, Y"  a;p(m;) = 0, then [a1, -+ ,an][¢] =
[b1,--- ,by] gives a linear combination such that ). bym; = 0 but this implies that b; € m. Hence there is a

linear combination of rows of [p] which makes 0 in A/m, thus this implies that determinant of [p] should be
0 in A/m, contradiction.

Claim 27. Any two minimal free resolution are isomorphic as a complez.

Proof. Suppose F* — M and G®* — M are two minimal free resolution. Now we will construct ¢*® as follow.

f3 F f2 F f1 M 0
P2 J, 1 l Idl
93 GQ 92 Gl g1 M 0

First of all, from the surjectivity of g1 and Fj is free (thus projective) we get ¢1 which commutes in the
rectangular above. Now, by tensoring with k£ on the rectangular we have

FyjmF —I s M/mM

q u
Gi1/mGy —Z— M/mM

and since all f1,g1, and Tj; are isomorphism, thus ¢; is isomorphism. Therefore, by the second iff statement
in p.153, ¢ is isomorphism.

Then, ¢;4+1 can be obtained by thinking free resolution of f;11(Fit1) =& git1(Fit1) in F; &2 Gy, and by
the same argument ¢;11 are isomorphism, thus ¢* induces isomorphism of chain complexes. O

In the example, Koszul complex is minimal resolution since (1) each Kj is finite free A-module, (2) by con-
struction each d; is multiplication by elements of m, thus d;K; C mK;_; and (3) Ko = A — A/(z1,- -+ ,zp)
is surjective and its kernel is inside of m, thus Ko ® k — (A/(x1, -+ ,2,)) ® k is isomorphism by the first iff
statement of p.153.

In the proof of Lemma 1, by taking Homa(—, k) on L* — M, we knows that for any f € Hom4 (A", k),
f(mA™) = 0 otherwise f is not homomorphism since f(am) # 0 but af(m) = 0 for some a € m. Thus, any
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map f: A™ — k should induce k™ — k and vice versa, thus Hom 4 (A", k) = Homy (k™, k), and by definition
of minimal resolution, d; maps A™ to mA™ for some m, thus differential in Hom 4 (L®, k) are zero maps; this
implies that dimy, Ext’ (M, k) = rankL".

Also, (ii) came from the fact that the projective dimension of M is less than the length n of L°.
Also, if projective dimension of M is less than n, then Tor’;(M,N) = 0 for any module N. However,
dimy, Tor’y (M, k) =rankL,, thus Tor’y (M, k) # 0, which implies the projective dimension is greater than or
equal to n. Hence we can say that projective dimension of M is equal to the length of L®. Likewise, in the
viewpoint of k, projective dimension of k£ should be greater than n, otherwise n-th Tor should be zero.

In (iii), NAK was followed with the fact that (N/mN)" is nonzero by assumption that N # 0.

In the proof of 19.1, the last exact sequence implies that if the middle is nonzero, then at least one
of Ext’(k,A) or Ext"*(k, A) should be nonzero, thus depth A < depth M + 1 which implies depth A —
1 < depth M. Conversely, if ¢ = depth A, then Exti\_l(k:,M ) # 0 by the exact sequence, which implies
depth M < depth A — 1. Hence the equality holds.

Also, in the proof of 19.1, induction parts can be elaborated as follow; by inductive hypothesis, h — 1 +
depth M’ = depth A. Thus, it suffices to show that depth M = depth M’ — 1. By the given exact sequence,
take long exact sequence of Ext% (k, —) to get

o= Bxtt(k, M) — Ext’y (k, M') — BExt (k, A)" — BExt’ (k, M) — Ext’™ (k, M') — ---
Let m = depth A := inf{i : Ext’ (k, A) # 0}. Then, for any i < m,
Ext’y 'k, M) = Ext (k, M")

since depth M’ < m, this induces depth M = depth M’ — 1.

For lemma 2, (4) to (1), see [§][Lemma 4.1.6].

In the proof of Theorem 19.2 (II), they use Lemma 2 (ii) of section 18. Also, projdimpm/am < r is
came from Lemma 2 (4) = (1) of this section. Also, the map m/zA — m/zm — m/zA gives us split as
m/am = m/xA® ker(m/zm — m/xA) since the composition is identity, which induces m/xA Nker(m/zm —
m/xA) = 0. Then the inequality of projective dimension are came from the fact that a projective resolution
of direct sum can be constructed as a direct sum of two projective resolutions for each summand. Also, given
a projective resolution L* — m/x A, we can extend it to a projective resolution L®* — B — k using the short
exact sequence. Hence projective dimension of k is less than r + 1.

Now, since the embedding dimension of B is s — 1, thus the inductive hypothesis with global dimension
is less than infinity implies that B is regular. Hence, embedding dimension of B is equal to dimension of B,
and since z is A-regular, we can conclude that A is regular local ring.

In Theorem 19.3, L* ® Ap is also projective resolution since L is actually free (notes that projective
module over a local Noetherian ring is free.) thus each tensor product is A p-free module.

In the proof of 19.4, if we localize a regular ring A by a height 1 prime ideal P, then Ap is CM ring
by Theorem 17.8, thus by Theorem 17.4, we can pick Ap-regular element, say a, in PAp, then height of
(a) is 1, and since a is also a part of system of parameter, PAp = (a). Hence, Ap is a Noetherian local
ring with dimension greater than 0, and its maximal ideal is principal; thus By theorem 11.2 (3), it is DVR.
Hence it satisfies Corollary of Theorem 11.5 (a). For the condition (b) of Theorem 11.5, replace A with a
localization by a prime ideal. So we may assume A is regular local ring. Again, by Theorem 17.8, A is CM.
Pick a nonzero nonunit b € A. Since b is not a unit, b € m. Since A is integral domain by Theorem 14.3, b
is A-regular, thus all of its prime divisor have height 1 by unmixedness theorem.

In the proof of Theorem 19.5, let ¢ : A — A[X] the canonical injection. Then, m = P N A, and
dim A[X]p/m[X]p = dim(A[X]/m[X])p = dim E[X] ;) = 1. Since [2|[Exercise 2.5] shows that ¢ is flat,
we have the desired equality.

In the proof of Theorem 19.5 for A[[X]], since A[[X]] is (X)-adic completion, we can apply Theorem 8.2
(i) to say X € M. However, honestly I don’t know why Bj; 2 Aw[[X]] but their completions are the same;
so I will try to introduce new simple proof.

Claim 28. If A is regular, then A[[X]] is regular.

Proof. since A[[X]] is (X)-adic completion, we can apply Theorem 8.2 (i) to say X € M. Also, X ¢ M?,
which is clear. And A[[X]]/(X) = A is regular. Now we use below claim to conclude that A[[X]] is
regular. O
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Claim 29. Let R be a commutative noetherian ring, v € R a non-zero divisor, and x € m — m? for every
mazimal ideal m of R. If R/(x) is regular, then R is regular.

Proof. Suppose dim R/(z) = n. Pick an arbitrary maximal ideal m. Then, we may assume R/(z) as a
regular local ring by localizing it by m. Since R/(x) is regular local ring, thus m/(x) is generated by n-
elements, say xs + (), - ,Zpt1 + (). Now we claim (z,x9,- - ,z,+1) = m. To see this, for any m € m,
m+ (z) = (07 ai) + (x). Hence, m = (X1 a;a;) + ax for some a € A, which implies the equality.
Hence embedding dimension of R is n + 1, thus dim R < n + 1. And, dim R/(z) + ht(z) < dim R. Thus it

suffices to show that height of x is 1. Since {z,x9, -+ ,z,41} form a system of parameter, Theorem 14.1 (ii)
assures that there are another choice of system of parameters with length n + 1 which generates a height
n + 1 ideal. This implies dim R > n + 1, done. O

For the remark of 19.6, if A has depth O then 19.1 says that projective dimension of M for any finite
module M is 0, which means that M is projective thus free.

Also, proof of Theorem 19.6 actually uses (reversed) induction; it shows that cokernel N is free, thus
F,, =0, then we can think next cokernel, and also shows that F,,_; = 0, and repeat this until it shows that
M is free.

In the proof of Theorem 19.8, if Ip = 0, then for each generator a € I, there exists b € A — P such that
a/l =ab/b=0/b=0. Since A is Noetherian, I is finitely generated, thus there exists b € A — P such that
bI = 0. Hence J = ann(I) ¢ P since b € J. This argument also used to say ann(M) ¢ P in (2) to (3).

In the proof of Theorem 19.9, If I is generated by A-sequences, then by Theorem 16.2, the generators
are quasi regular. Then, we can show that I/I? is A/I-free module as follow; suppose I = (a1, - ,a,), then
there is a map (A/I)" — I/I? mapping (b1, ,bs) — >_, ba;. If there is a nonzero element in its kernel,
say (b1, ,by,), then by letting F' = Y. b;X; and F(a) € I? implies that all b;’s are in I, thus 0 in A/I.
This can be applied for any v > 0 with IV/Iv*1,

Also, in the proof of Theorem 19.9, j- this side, mI should be replaced with I?; and this can be sure, since
all I — I? are in the union of associate primes, then I is inside of an associate prime by prime avoidance,
contradiction.

In the remark, (a;;) is invertible since it induces a map between two basis of (I/I?) ® A/m. Therefore z;

form a quasi regular sequence since this matrix map induces an automorphism of A/I[Xq, -, X,].
1. Since Ry, is n-dimensional regular local ring, we can say that mRy,, = (21, ,2,) such that z; form
a regular sequence as well as a system of parameter. Now, let ¢ : R — k[y;, -+ ,yn] by sending z; to

yi, where degree of y; should be set to degree of x;. Since every element of R can be expressed as a
sum ZE:O r; with r; € R;, and each r; can be denoted as 2?21 a;;x; with deg(a;;) < i. By repeating
this argument again and again on aj;, we may represent every element of R as a polynomial over x;s.
Thus, we may set a map ¢ : R — k[y;] by sending z; to y; with positive degree equal to degree of ;.
This map is clearly surjective; also, if f(z) € ker ¢, then each homogeneous part of f(z) makes x; zero.
However, by Theorem 16.2, x; forms a quasi-regular sequence, thus this implies that each homogeneous
part of f(z) has zero constant (since it does not make sense that coefficient is in m because we changed
it all as in k.) Hence kernel is zero, therefore ¢ is isomorphism.

2. Use induction on the length of finite free resolution of a projective module M. If length is 0, then M
is free therefore stably free, done. Suppose the length n is greater than 1. Then, given a finite free
resolution F'* — M as

0—=F,—-F,_1—--—=F—=F—>M-=0,

take kernel of Fy — M as M;. Then, 0 - M; — Fy — M — 0 is exact sequence. Since M is projective,
Fy =2 My & M. Therefore M, is projective since it is a direct summand of free module. Since M; has
length n — 1 finite free resolution, by inductive hypothesis M; is stably free. Thus, M; & F is free for
some free module F, thus Fy & F = M @ (M; & F) is free, thus M is stably free.

3. f0—-P. — -+ — Py — M — 0 is an exact sequence and each P; is finite and projective,
and if Py® A™ ~ A™, then --- — P, — P, ® A" — Py @A™ — M — 0 is again exact, with
Py ® A™ free. Proceeding in the same way, adding a free module to P; at each stage, we get an FFR
0—+Lyy1 —Ly— - —Ly—M—=0
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4. For every maximal ideal m of A, since the A -module A/m has an FFR, also the A, -module A, /mAy,
has an FFR, so that the projective dimension of any module over A,, is bounded by the length of FFR
of Ap/mA, by Lemma 1. Thus global dimension of A, is finite, therefore Serre theorem (19.2) implies
that Ay, is a regular local ring. Since m was arbitrarily chosen, A is regular.

20 UFDs

In a Noetherian integral domains, every element is product of irreducible; to see this, suppose not; then pick
such an element x which is not a product of irreducibles. Then, x is not irreducible, thus z = yz for some
y and z, and at least one of y and z are not a product of irreducibles, say y is not. Then (z) C (y). By
repeating this argument the chain of ideal stabilizes, contradiction.

Also, such a product of irreducibles is finite product, otherwise you can also an infinite ascending chain
of ideals.

In proof of Theorem 20.1, the minimal prime divisor P of (a) is height greater than 0 since (0) is prime
ideal in the integral domain.

In proof of Theorem 20.2, if dim A = 1, then A is 1-dimensional Noetherian local ring, thus Theorem
11.2 implies that it is DVR; this is also UFD since every height 1 prime ideal is principal (with Theorem
20.1.)

In the proof of Theorem 20.3, Py is free; If P is not a subideal of @), then Py contains a Ag unit, thus
Py = Ag. If P is a subideal of @, then Py is principal, thus Py = Ag as a module. In any cases, it is free.

In the proof of Theorem 20.4, P & A® C A"*!. Since P is stably free, we may choose n such that
P @A™ =2 A™ for some m. Then, n < m <n+ 1 implies m = n 4+ 1. That’s why we can apply Lemma 1.

In Lemma 2 of p.164, since e € (a), e = at for some t, thus ab = ed = atd implies b = ¢d. Also, since xst
is divisible by e, ed = zxst = zet’ for some t’, thus d = zt’.

In the proof of Theorem 20.5, ascending chain condition part is just corollary of Remark2, and two
elements have lem is another corollary of the proof of Remark2, since every elements has unique decomposition
of irreducibles, thus their union gives us the lem. The ascending chain condition on principal ideals gives
finite products as follow; suppose a is not a finitely many product of irreducibles. Then, a = a1b, where one
of a; or b is not a finitely many product of irreducibles, then (a) C (b). Now, we can repeat it infinitely so
that we have infinitely ascending chains, contradiction.

In theorem 20.6, recall that freeness is not a local property, but projective is.

In theorem 20.7, he uses Theorem 11.3 that projective is equivalent to injective; thus if « is projective,
then by 11.3 it is invertible, hence we may find u; € K, a; € « such that ZZ w;a; = 1.

In the proof of 20.8, ascending chain conditions of principal ideal can be shown easily; if a chain start
with nonconstant power series, say f whose minimal degree term is ¢, then this chain ends at finitely many
times, since there are only finite length ascending chain of prime ideals consisting of power series whose
minimal degree is ¢, but different A-coefficients by ASCofP in A, after than the next principal ideal should
be generated by power series with smaller minimal degree terms, and so on.

Also, in the proof of 20.8, B®p A = A, thus a®p A is projective as A-module, by taking tensors on the
free module having a as a direct summand. Also, now suppose r := min e, deg(f) where deg(f) means the
least degree term of f. If r = 0, let b = a. Otherwise, for any f € a, f = X" f’ for some f’ with nonzero
constant in A, hence we may set b is generated by such f’, thus a = X"b with b € X B. Isomorphism
a/Xa=b/Xb are came from the correspondence between primitive elements.

Now since B is regular, thus normal by Theorem 19.4, therefore by Theorem 11.5, all the prime divisors
of a nonzero principal ideal have height 1. Though b itself may not be principal, but for any localization
by maximal ideal of B, this induces a formal power series ring over regular local ring, thus also regular
local, and hence 20.3 implies that the localization by maximal ideal is also UFD, and since localization of
projective ideal is also projective, hence principal by Theorem 20.7. That’s why b is locally principal; since
any prime divisor of 98 also form a prime divisor in some of localization by a maximal ideal, thus it should
have height 1 prime divisor by normality and Theorem 11.5. Here, NAK can be applied since X is in the
Jacobson radical.

In the remark of divisor class group, we assume that A is Krull ring; that’s why C(A) = 0 implies A is
UFD.
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In p.166,
Ay @AM @a M* =M, @4 M* = A, @4 M* = Homy, (M, Ay) = Homy, (Ap, Ap) = A,

Also, if A is local, then every projective module is free, so there is only one isomorphism class, which makes
picard group 0.

Also, if A is Krull ring, I is a fractional ideal of A, let P be the set of all height 1 prime ideals and
vp(I) = min{vp(x) : @ € I'}. Then,

Claim 30. v,(I) is nonzero for finitely many p.

Proof. Suppose not; then we have an infinite subset {p;} of P such that v,, (I) > 0. This implies that p; D I.
Then, (), p; # 0 since I # 0. However, for any x € (), pi, vp,(x) > 0, contradicting the fact that every
elements in the Krull ring has at most finitely many nonzero valuations. O

If I and I’ are invertible, then div(/) = div(I’) implies — div(I~!) = div(I’), thus div(I’) + div(I~!) =
div(I~'I') = 0. Hence, I 'I' = A. Thus I' = I.

1. Since A is UFD, every irreducibles are prime. Thus, It suffices to show that for any prime element p,
it cannot divides all coefficients of fg. To see this, from f and g are primitive, let r (resp. s) be the
greatest number less than deg f (resp. degg) such that the coefficient of f (resp. g) is divisible by p.
Then, the (r + s)-degree part of fg has coefficients - - + a,41bs-1 + arbs + ar_1bs41 + - -+ where a;
(resp. b;) is coefficient of f (resp. g) at degree i. Then, except a,bs, all other terms are divisible by p.
Hence, the coefficient is not divisible by p. Since p was arbitrarily chosen, fg is primitive.

2. Let f € A[z] and K be field of fraction of A. Since K|[z] is PID, thus UFD, hence f = cp1(x) - pr()
where p;(z) is irreducible in K[z]. By multiplying denominators occuring on all p;, we may assume
pi(z) € Alxz]. Moreover, by extracting g.c.d. of coefficients of p;, we also may assume that p; is
primitive in A[z]. This shows the existence of prime factorization of f. If f has another factorization
by primitive polynomials, f = dqi(x)- - ¢-(z), then it also form a factorization in KJz|, thus r = s,
and using UFD of K[X] we may assume that ¢;(z) = a;p;(x) for some a; € K. Since both p; and ¢;
are primitive, a; should have content 1, which implies that a; is unit. Thus factorization is unique.

3. For any height 1 prime ideal P, it is principal by Theorem 20.1. Thus, assume P = (p). Then a
P-primary ideal Q should be inside of p. Now pick n such that @ C (p™) but Q ¢ (p"*!). Then, since
VQ = (p), p* € Q for some k. If k < n, then Q ¢ (p") because p* & (p"), contradiction; thus k > n. If
k # n, then k > n, thus Q \ (p*) #. Then we may pick y € Q \ (p*). By prime factorization, y = p"*tq
for some ¢ which is not divisible by p, and n + ¢ < k. Then, both p"** and ¢ are not element of g,
contradicting the fact that @ is P-primary. Hence, k = n, thus Q = (p™)

From this the intersection of primary ideals are intesection of principal ideals, thus by Remark 2 p.164,
it is principal.

4. Exercise 8.3 shows that for any ideal I in A has a property that I A is principal, then I is principal.
From this, every ascending chain of principal ideals of A should form ascending chain of principal ideals
in A, thus stabilizes, which implies that the chain in A also stabilizes.

For the second condition, pick arbitrary two elements a,b € A, then they has lem in /1, say ¢. Then,
(a) N (b)A = (&), which is principal, thus (a) N (b) is principal in A, say (a) N (b) = (¢), which implies
that @ and b has lem in A.

5. Pick a height 1 prime ideal P in A. Suppose m; is a maximal ideal for ¢ = 1,2,---n. Then, PAy,
is principal, say (u;) for some u; € Ay, C K. Also, if u; = a/b for some a € A;b € A — m,;, then
a/b =Y, pit; for some p; € P,t; € Ay, thus a € P by combining rationals. Thus, we may assume
that u;Am, = aAm, since b is unit in A,. Thus, for any ¢, we may assume u; € A. Thus, for any
p € P, p=wu;a/b for some a € A,b € A\ m, but since p € A and A is integral domain, b = 1, hence
P C (u;)}-; C P, thus P is finitely generated.

Next, we will use the Swan’s theorem to conclude that P is principal. First of all, since A is semilocal,
its m-Spec A satisfy descending chain condition, therefore Noetherian. Also, j-Spec (defined in p. 36)
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has the same combinatorial dimension with m-spec. Since maximal ideals in are not contained to
others in each other, the combinatorial dimension is 0.

Now, pick a height 1 prime ideal P in A. Then for any j-prime ideal @, if @ D P, then P® k(Q) =0
since PAg C QAg. Otherwise, if Q 7 P, then PN (A\ Q) # 0, thus PAg = Ag. Hence, P ® x(Q) =
PAg/PQAg = k(Q). Hence, u(P, Q) is at most 1 for any @ in j-spec.Hence, Theorem 5.8 implies that
P is generated by 1 element, done.

6. Since IRy = a/bRy, for some a € R, b € R\ ®,>0Rn, g € Ro, hence b is also unit in R. Moreover,
since TRy, is also homogeneous ideal, we may assume a/b is homogeneous, which implies that a is
homogeneous since b € Ry. Since a/b = ), pit; for some p; € I,t; € Ry, by combining p;t; as a
rational form we can conclude that a € I. Hence, IRy = aRw. Now we claim I = (a). I D (a) is clear.
For any homogeneous g € I, g/1 € IRy, thus g/1 = a/b- ¢/d for some homogeneous ¢ € R and d € Ry.
Thus, tac = tdbg for some t € Ry, thus g = d~1b~'ca, which implies that g € (a). Hence, I = (a).

21 Complete intersection rings

In p.170, 0 — L,, — L, _1tensor with A = R/a is still injective, thus E, is still projective resolution of k as
A-module.

Also in the second exact sequence, Tor?(k, R) = 0 since R is flat R-module. And Torf(kl, A) is typo of
Torfi(k:, A). Also, since k®r — k ® A is a nonzero map k — k between simple modules so isomorphism.
From this k®r a - k®g R 0. (Or you can think it as the image of a — R is inside of the maximal ideal of
R.) Thus Torf'(k, A) = k ®p a = a/na. Here, you can check that n ® a = na by sending map n ® a — na
which is surjective by construction, and injective by the fact that regular local ring is UFD, thus integral
domain. Notes that a = na is k-module thus is vector space. Hence, p(a) is the number of basis element of
a 2 na = Torf(k, A) = H,(E,), thus ¢ (A).

In the proof of Theorem 21.1 (ii), u(a) > ht a came from the Krull’s Hauptidealsatz, and for regular local
ring. Also dim R = embdim A holds since in the previous argument about Koszul complex of A we showed
that embdim A = emb dim R.

In the proof of Theorem 21.3, Theorem 18.3 implies A is Gorenstein iff A is Gorenstein.

1. Given P € Spec R with P D I, let P/I =p. Then, A, is c.i. iff (by Theorem 21.2 (ii)) I, is generated
by an Rp-sequence iff (by Theorem 19.9) (I/I?), is free over A,. Since I/I? is a finite A-module,
Theorem 4.10 implies that {P € Spec R : (I/I?)p is free over Rp} is open in Spec R. Hence,

{p€SpecA: Ay isci}={PeSpecR: (I/I*)p is free over Rp} N Spec A
is open in Spec A as a subspace topology.

2. We can assume that A is complete. Then A = R/I with R regular and dim R = dim A 4+ 1. Now ht
I =1 and A is a CM ring, so that all the prime divisors of I have height 1. Since R is a UFD, I is
principal. Thus, 1 = p(I) = dim R — dim A, hence A is c.i.

3. As a k-vector space, A = k{1, x,y, z,2?}. Moreover, 2% = y?> = 22 and 2y = yz = zz. Thus, z,y, z are

nilpotent, which implies that m is the only prime ideal of A. Hence A is zero dimensional Noetherian
ring, hence Cohen-Macaulay by Exercise 17.1 (a). Thus, by the argument of proof (1) to (2) in
Theorem 18.1, using 0 — k — A by m = ann(z?), we knows that Ext’ (k, A) = Hom(k, A) = k. Hence,
A is Gorenstein.
To see it is not c.i., Set [ = (X2 —-Y2 Y2272 XY, YZ, ZX) and M = (X,Y,Z). Then, MI has
X% = X(X2 - V?) - Y(XY), -3 = V(X2 - Y?) — X(XY),—-Z% = Z(Y? — Z2) — Y(Y Z), and all
other of degree 3 monomials, thus M1 = M?3. Thus, I/MI = I/M? — M?/M?3 has five k-vector space
dimensional image, so that u(I) = 5. However, dim R = 3,dim A = 0, thus p(f) # dim R — dim A,
hence A is not c.i.
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22 The local flatness criterion

In the proof of Theorem 1, M is J-adically separted by Krull’s intersection theorem (Thm 8.10). In the
proof of Theorem 2, exactness can be easily checked using diagram chasing.

For the example of I-adically separated case, [(a® M) = a® IM since I acting via M. Thus, (;~, I*(a®
M) = (a® (2, I'M) = Oby applying Krull’s intersection theorem on B.

In the proof of Theorem 3, (3) and (3’) are just came from the long exact sequence of Tor in the third
line of p.175. In (3’) to (2), Tor{ (N, M) is came from the condition that N @4 M = N ®4, My, thus tor
can be derived from A-tensor with M. IN (3) to (4), I ® M = IM implies I? ® M = I?M since the injective
map I2®@ M — I ® M — IM gives image I?M inside of IM. In (4) to (5), there is a typo on the diagram;
the first row should be

(I'ttyrtYe M — I/ M-I/ @M —0

which induced from tensoring M with the exact sequence 0 — (I*T1/1"+1) — (It/["1) — [1/T**1 — 0. In
the induction, a4 is isomorphism by putting i = n.

In Theorem 22.4, local homomorphism A — B means that the maximal ideal of A will be sent to inside
of maximal ideal of B. For proof (i), notes that B is faithfully flat over B. If M is flat over A, then for any
exact sequence Ny — Ny — N3 of A-modules, N; ® 4 M = N, @ B ®pB M is exact as a (A, B)-bimodule.
Hence, by taking tensor with B which is falthfully over B, N1 ®4 M — No ® 4 M — N3 ®a M is exact
as a (A B)-bimodule, hence M is exact in A- module. Conversely, if M is flat over A, then for any exact
sequence N; — Ny — N3 of A-modules, Ny @4 M — Ny ®4 M — N3 @4 M is exact as (A, B)-bimodule.
Since N; @4 M = N; @4 M ®p B and B is faithfully flat, Ny @4 M — Ny ®4 M — N3 @4 M is exact as a
(A, B)-bimodule, thus M is flat over A.

For the second equivalence of Theorem 22.4 (i), if M is flat over A, then c¢Theorem 22.1 implies that
M /m™ M is flat over A for all n > 0. Then, M /m™M is flat over A/m™ for all n > 0 since all exact sequences
of A/m"-modules are those of A-modules. Now we claim that M /m"M is flat over A, since any A- modules
has also an A-modules structure via A — A which is faithfully flat by Theorem 8.14. Conversely, if M is flat
over A, then for any exact sequences of A-moduels, tensor with A is also exact, thus tensor with M is also
exact, hence M is flat over A.

(ii) is similar. Indeed, local condition implies that mB C n so that we can use Theorem 8.14 again.

In the proof of 22.5, let f : A — B be the local homomorphism. if (1) holds, then 0 - M — N —
N, /u( ) — 0 is exact. Now take a long exact sequence from Tory (—, k) to get the exact seqeunce 0 =
Tor{ (N/u(M), k) = M @k — N @ k — (N/u(M)) ® k — 0, which implies that @ is injective.

In the proof of (2) to (1), (), m"M = 0 is from Krull’s intersection theorem with the fact that mB C n,
and the vanishing of Tor’f‘(k7 N/u(M)) = 0 is came from the long exact sequence of tor, @ is injective, and
N is flat.

For the corollary in p.177, (2) to
theorem inductively. Also, (1) to (
with the fact that M; is flat.

In theorem 22.6, M/(PNA) = M ®a A/(P N A). Then, by replacing A with Apnay M is flat over A
which is local ring whose maximal ideal is (P N A), then we may apply the first corollary (2) to (1) in p.177
to get b is M(anp) regular and M(anp)/bManp) is flat.

(1) is just setting M = N = M in the setting of Theorem 22.5 and apply
2) is just inductively use Theorem 22.5 (1) to (2) for each i forwardly,

Claim 31 (Remark in p.177 (Flatness of a graded module)). Let G be an Abelian group, R = @, cq Ry a
G-graded ring and M = @geG Mg, a graded R-module, not necessarily finitely generated. Then the followmg
three conditions are equivalent:

(a) M is R-flat;

I : - —N-— N — N’ — ... is an exact sequence of graded R -modules and R -linear
maps preserving degrees, then ¥ ® M is exact.

(c) Tor f(M,R/H) = 0 for every finitely generated homogeneous ideal H of R.

This proof is from [6]
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Proof. (a) to (c) is clear by definition. (c) to (b) is clear by thinking N” or N as a direct sum of R/H for
some graded quotients, and think the commutativity between direct sum and Tor. Now it suffices to show
that (b) to (a).

To see this, we will use Theorem 7.6 in Matsumura. Suppose a; € R,x; € M where ¢ € I with |I| < co
with the property that ), ; a;z; = 0. Then for each i, we may assume a; = dec Qig, T = deg Ti,q With
ai,g € Ry, ;4 € My. Then the condition Ziel a;x; = 0 is equivalent to

Z aig—nxipn =0 for any g € G.
i€l,heG

Now construct a free R-module F' whose base is {e; , : 7 € I,g € G} and F' whose base is {e : g € G}, then
let f: F — F' by f(ein) = dec a;g-ney for any g € G,i € I. Then, giving degree —h to e; 5, and degree
—g to e’g, F and F’ become graded R-modules and f is a graded homomorhpism. Thus,

0 ker for M — ForM 2% Frop M

is exact by (b). Since

f®1 Z Cih @Tip | = Z (Z Qi g—ney) @ Tip = Z(eg) ® Z Qig—hTih = Z(eg) ®0 =0,

icl,heq i€I,h€G g€G geG iel,heq geG

we can conclude that Zie],hGG eih ® Tip = Zjejb(j) ® y9) for some b9 € ker f, yU) € M with bl9) =
ZieLhec bg}zei,h. Then, set bl(.j) = > hee 51(]137 which implies ), ; bgj)ai = 0 (by applying f on b and
thinking grade g terms of f(b0)). O
Claim 32. From the above claim, let I be a (not necessarily homogeneous) ideal of R. Suppose that

1. for every finitely generated homogeneous ideal H of R, the R -module H @z M is I -adically separated;

2. My=M/IM is R/I -flat;

3. Torf'(M, R/T) = 0.
Then M is R -flat.

Again, this proof is from [6]

Proof. Tt suffices to show that for every finitely generated homogeneous ideal H of R, Tor®(R/H, M) = 0,
ie., H®r M — M is injective. Now (2) and (3) gives the condition (3’) of Theorem 22.3, thus M is flat
over A, thus Torf(R/H, M) = 0. O

Claim 33. Let A= P, 5, An and B =D, 5, By be graded Noetherian rings. Assume that Ao, By are local
rings with mazimal ideals m,n and set M = m+ Ay +As+--- N=n+By+By+--- let f: A— B be
a ring homomorphism of degree 0 such that f(m) C n. Then the following are equivalent:

1. B is A -flat;

2. By is A -flat;

8. By is Ay -flat.

This is just proposition 3.6.

Proof. Since localization is flat algebra, thus (1) implies (2). (2) implies 0 = Tori4 (C,By) & Tor‘fN“A (C,By) =
TorfM (C, By) for any A-module C. Since every Aj; module is also an A-module, this implies that By is flat
over Ays. Now, to see (3) implies (1), notes that condition 3 gives us 0 = Tor{ (k, By) = Tori¥"4 (k, By) =
Tor"™ (k, B)y where k = A/M. Also, since Tor{*™ (k, B) is graded module, Tor{** (k, B) = 0. Moreover,
By = B/f(N)B is A/N-flat since it is a vector space over A/N. Moreover, for any finitely generated ho-
mogeneous ideal H of A, H ® 4 B is M-adically separated since B is N-adically separated (to see this, use
Krull’s intersection theorem for n part and and grades goes to infinity) and f(M) C N, thus B is M-adically
separated therefore so H ® 4 B is. Hence, by the above claim B is flat over A. O
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1. This uses the claim for flatness.

Claim 34. Let A C B be Noetherian rings, let M* := m — SpecB and M := {mNA:m € m —
Spec B} N Spec A. Then, B is flat over A iff for any m-primary ideal q over m € M and b € A such
that q : (b)) =m, qB : bB = mB.

Proof. Only if part is just directly came from Theorem 7.4 (iii). Suppose if part. Notes that the all
conditions still hold if we replace A and B with Ann4 and By, for any m € M™. Since flatness is a
local property, assume that A and B are local ring and m N A is the maximal ideal of A. We will show
that B is flat using Theorem 7.7. Let I be an ideal of A.

Case 1: Suppose m N A is nilpotent. If length of A is 1, then A is field, thus using the assertion
holds. If length of A is greater than 1, pick b € I (using Krull’s principal ideal theorem) such that
la(bA) = 1. This implies that 0 : bA = m N A, since b(mN A) = (b) N (mN A) is a submodule of
bA, which is a simple module, thus b(m N A) = 0. By inductive assumption, B/bB is flat over A/bA,
thus I/(bA) ®a/p4 B/bB — B/bB is injective. Hence, the kernel of I ® B — B is in bA ® B. Since
0:bB = (mnN A)B by the if condition, bB and b ® B are faithful modules over B/(m N A)B, which is
reduced ring. Thus, for any nonzero element b®c (thus ¢ € B\ (mNA)B), its annihilator in B/(mNA)B
does not exist, hence bc # 0, which implies that kernel is zero.

Case 2: In general, by case 1, for any n > 0, B/(mN A)"B is flat over A/(m N A)™. Hence, I/((m N
A" NI)® B/(mN A)"B is inside of A/(m N A)"” ® B/(m N A)"B, which implies that the kernel
should be contained in (mN A)"NI)® B in I ® B. Now, by Artin-Rees lemma, we have r such that
(mNA)*NI) C (mNA)" "I, thus the kernel is inside of (), (mNA)"")®B = I®((),(mNA)"""B.
Now since m N A C m which is Jacobson radical of B, the Krull’s intersection theorem concludes that
this module is zero. O

Now let’s prove Nagata’s flatness theorem. Because of the lemma, it suffices to show that the equation of
lenghths are equivalent to the condition that for any m-primary ideal q and b € A such that q : bA = m,
qB :bB = mB.

Set q' = q+ bA. Then the length of (4/q) is equal to the length of (A/q’) plus 1 (since b is not unit
by the condition q : bA = m). Also, ¢’ is also m primary since q : bA = m. Thus, by the formular of
lengths gives

la(A/a)l(B/mB) = Ip(B/4aB),
14(A/q")lp(B/mB) = I5(B/q'B),
1a(A/q) +1=1a(A/q)
implies that
Ip(B/q'B) + lp(B/mB) = lp(B/qB).
On the other hand, from
Ip(B/aB) = l5(B/q'B) +15(q'B/qB),
we have [p(q'B/qB) = ip(B/mB). Here,

15(B/mB) = U3(q'B/aB) = p(bB/(bB N B)) = I5(B/ (4B : bB)).

This implies mB = qB : bB. (Notes that D is clear from definition, and C is from the equation above.)

Conversely, we can use induction on [4(A/q). If length is 1, then g = m, thus the length equation
holds. For any n > 1, we get all the equations reversely to get l4(A/q)lp(B/mB) = lp(B/qB) under
the inductive hypothesis.

2. Algebraic independence comes from Theorem 16.2, (i). If f € k[Xi,---,X,] gives a relation s.t.
f(z;) =0, notes that f has zero constant term, otherwise k N (x;) # 0, contradiction. Hence, we may
let v be the least degree of terms in f. Then, by replacing X; with x; suitably, we may find g, which is
a v-homogeneous such that whose the least degree term has coefficient in k and g(z;) = 0. However,
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since x; is A-quasi-regular by Theorem 16.2 (i), g(x;) = 0 implies that the least degree term of g should
be inside of I, thus the coefficient should be zero, contradiction. Hence, no such relation f exists.

Before proving flatness, notes that & is a subfield of the residue field A/m.

To prove flatness, let I = > 2;C. Then Aj in Theorem 22.3 is k, M in Theorem 22.3 is A. Hence, M
in Theorem 22.3 is A/(z1, -+ ,2,) which is flat over Ay since Ag = k is field, thus A/(zq, - ,zy) is
nothing but vector spaces. Thus, to see M = A is flat over C, it suffices to show that Torlc(k:, A) =0.
Since z is a C -sequence, the Koszul complex L, = Ko(z,C) constructed from C and z is a free
resolution of the C-module k = C/I, and Torlc(k, A) = Hy (Ls ®c A), from the argument in Section
19 Regular rings and minimal free resolution. However, L, ®c A is just the Koszul complex constructed
from A and x, and since z is an A -sequence, Hy (L. ® A) = 0 by Theorem 16.5.

3. We need only show that Tor{(k, M) = 0. By Lemma 18.2, Tor & (k, M) = TorA/wA(k, M/xM), but by
assumption the right-hand side is 0.

4. T-adic completion of B as an A-module is equal to I B-adic completion of B as B-module (since I acts
on B as IB), thus equal to J-adic completion of B since IB C J by Exercise 8.2. Thus, B=B®, A
is flat over A since tensor with B over exact sequence of A module is exact, and tensor with A is also
exact by Theorem 8.8. Then, for any exact sequence M — N — L of A modules, this is actually an
exact sequence of A-modules, thus tensor with B is exact, which shows that B is flat over A.

23 Flatness and fibres

In the proof of Theorem 23.1, dim A’ = dim A — 1 is came from the regularity of A and x € m—m?. Also, if 2
as an element of B is a part of system of parameter, then by Theorem 17.4 dim B’ = dim B — 1. Otherwise,
height of  maybe 0, thus dim B’ > dim B — 1. In any cases, dim B’ > dim B — 1. Lastly, if 2 is both A and
B-regular, then by Lemma 2 in p.140, the claim holds.

In the proof of Theorem 23.2 (i), G®4 (A/p) is A/p flat as follow; for any exact sequences of A/p modules,
we can rewrite it as (A/p)-tensored with A/p, however this still can be regarded as A-modules, thus A-tensor
with G is exact by flatness of G, which coincide with A/p-tensor with G ® 4 (A/p), done.

In the proof of Theorem 23.3, p.181, N; is flat implies that Torf(M,.,Nl) = 0, which implies 0 —
M, N - M, @ N - M, ® N7 — 0 is exact. Lastly, the assertion derived when we set £ = M,,
G = N, p = m in Theorem 23.2 (ii).

In the proof of Theorem 23.4, let f : A — B be the given local homomorphism. Then f(z;) in B form
B-regular sequences by Exercise 16.4. Also, to see B is flat A modules, notes that the corollary of Theorem
22.5 (2) to (1) implies that B/(y)B is flat over A. Now, notes {0} is also a trivial M ® k-sequence (in terms
of Theorem 22.5), hence apply the corollary again with z; from A, setting M = B/(y)B, we can get the
statement that B is flat over A.

Now, Homp(R/M,R) = (0 : M)g is from the condition f(1) € (0 : M)g for all f € Homg(R/M, R).
The phrase “I is of the form I = (A/m)’ for some ¢ means that I is A/m-vector space. Also, since B is flat,
(0 : mB) = IB by Theorem 7.4.

In the proof of Theorem 23.5, regularity of the localization of polynomial ring over a field or power series
ring came from the fact that any of their maximal ideal has of form (z; — a;). (Recall that A is regular local
ring if the minimal number of generators of the maximal ideal is equal to the Krull-dim.)

In Theorem 23.6, any localization of Gorenstein ring is Gorenstein, but I highly doubt that A ® K is
a localization by a prime; however the conclusion still hold, since all the primes in a localization is just
inherited from primes in original ring which do not intersect with multiplicative set, thus localization of
A ® K by a prime coincides with localization of A[X] by some prime.

In the proof of 23.7, B is faithfully flat since local homomorphism implies mB # B with Theorem
7.2.(3). Then tor vanishes by thinking long exact sequence splited from the long exact sequence of projective
resolution of k tensored with k£ such that whose part tensored with B has vanishing cohomology. Also,
since B is flat over A, if f : A — B has nonzero kernel, then 0 — ker f — A — A/ker f — 0 induces
0 — ker f ® B — B — B — 0, which implies ker f ® B = 0 which contradict Theorem 7.2 (2). Hence f is
injective.
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In p. 183, if A has an embedded associate prime P, then min(ht P,1) = 1 while depth Ap = 0, thus Sy
cannot hold. Again, if A is an integral domain, and P is an embedded associate prime of (a) for some nonzero
principal ideal, then min(ht P,2) = 2 since (Krull’s Hauptidealsatz implies that ) all minimal prime divisor
has height 1, however Ap/a has no regular element, thus depth Ap = 1. Hence Sy implies the condition in
textbook.

Form Theorem 14.3, 1-dim regular local ring is just another name of DVR. That’s why 11.2 implies R;.
Also 11.5 implies Ss is clear.

In the proof of Theorem 23.8, a™ + >} ¢;a" ‘b’ = 0 can be seen as an integral equation over bp Ap. Since
Ap is normal, thus bp Ap is integrally closed, hence ap € bp Ap from the localized integral equation.

In the proof of Theorem 23.9, all such bounds of height of prime ideals between A and B are came from
going down theorem because of faithfully flat algebra B.

1. This just came from the fact that completion of Gorenstein local ring is Gorenstein (Theorem 18.3)
and Theorem 23.4, and completion of Cohen-Macaulay local ring is Cohen-Macaulay (Theorem 17.5)
and Corollary of Theorem 23.3.

2. By Theorem 23.9, it suffices to show that all fibers of A — A satisfy S;. From the given condition, let
A = R/I where R is CM local ring, and I is an ideal. Pick p € Spec A such that p’/T = p for some
p’ € Spec R. Then, set B’ = R and B = B'/IB' = R/IR = (R/I) = A from Theorem 8.11. Then
by the argument in p.184 185, fibre of A — A at p is equal to that of R — R at p’. Thus, it suffices
to show that all fibers of R — R satisfy S;. This is true by Exercise 23.1, done. Especially, if A does
not have embedded associate prime, then A follows S7, thus A follows S1, which implies the desired
statement.

3. I don’t know.

24 Generic freeness and open loci results

In the proof of Theorem 24.1, for Sy M’ /Sy_1 M cases, by letting E = Sy M', F = Sp,_1M’', B = S;_1,C = Si
as in Lemma to get the conclusion. For E/SM’ cases, by letting B = S;,_1,C =S, E = E',F = E};_1 to get
the finite filtrations of Si_imodules, which also gave finite filtrations of S-modules by induction hypothesis,
done.

In the proof of topological Nagata criterion, the third line means that the property actually contradicts
the irreducibility of V;

In the proof of Theorem 24.3, honestly I don’t know how he can find W; instead, using Theorem 24.1, pick
a € A\ p which makes (M/pM), be a free (A,), module. Then, (M/pM), is flat. Now, from M, = My,
by letting f : A — B the algebra map, we can see that (M/pM), = Bya) @M ®@4 A. Then by the fact that
flatness is a local property, for any @ ¢ V(aB) which lies over p, (M/pM),)q = (M/pM)q is A-flat since
flatness is local property. Since p = PN A, @ lies over p iff Q@ D P, hence all prime ideals in V/(P) \ V(aB)
makes (M /pM) flat. Since V(P) NV (aB)® is open neighborhood of P at U, and P was arbitrarily chosen,
we can see that U is open. (Remark that V(aB)¢ = 0 iff a is unit, but in this case, M/pM is free, thus V(P)
is contained in U, hence its nonempty open subset is contained in U, thus (2) of Theorem 24.2 holds)

In Theorem 24.4, W can be obtained by taking a € Npeass(ay .- o) @ \F then we may set W = (J,, V(a)*.
Notes that if @ € W is outside of V(P), then PAg = Ag and thus radical of (z1,--- ,z,)Ag is Ag which
implies that (z1,- - ,z,)Ag = Ag, hence the equation trivially holds. If Q € WNV (P), then (x1,--- ,z,)AQ
has only one prime divisor PAg, with the assumption that “regular” system of parameter gives the equation.

In the proof of Theorem 24.5, since y; is A-sequence, it is also Ag-sequence, hence that’s why the reason
Ag is CM is equivalent to saying that Ag/IAg is CM by Exercise 17.4. Also, if 1 € A is A/P-regular but
not A-regular, then there exists b € A such that x1b € P, but since P is prime, b € P. Now, b is nonzero in
P?/P**! for some i, but since P/P*! is free, hence z1b # 0, contradicting the assumption that z1b = 0.
Hence, such b does not exist. Therefore, 1 is A-regular. Now do the induction to get whose A/P-sequences
are indeed A-sequences. The last equality dim Ag/PAg = dim Ag came from the fact that P” = 0.
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In the proof of Theorem 24.6, if we take Ext functor on the given exact sequence, we have the long exact
sequence as below.

0 — Hom(P/P', A) — Hom(P/P"*", A) — Homu (P'/P*1, A)
— Ext}y (P/P', A) — Exty (P/P™, A) — Extly(P'/P™ A) =0~ -

since P?/P**! is free A/P module, thus Ext)(P?/P"*! A) is direct sum of Ext}(A4/P, A), which is 0.
Then, when i = 1, one can get Ext)(P/P? A) = 0 from the given information that P/P? is free thus
projective. If i = 2, then one can get Ext!(P/P3 A) = 0, thus by increasing i to r — 1, one can get
Ext} (P/P", A) = Ext (P, A) = 0. Now by using

0—-P—-A—A/P—0

with Ext)y(P, A) = 0,Ext% (A, A) = 0 (since A is free thus projective) we have Ext% (A4/P, A) = 0, and next
we can calculate again using above long exact sequence to get Exti (P,A) = 0, and from this we can get
Ext%(A/P, A) =0, and so on.

1. By theorem 6.3 with the exact sequence 0 — I'/I't1 — A/I'TY — A/I'" — 0, Ass(A/I'T1) C
Ass(It/I"F1) U Ass(A/I%). Now since I/I"t! is a free A/I-module, Ass(I¢/I*1) = Ass(A/I). Thus,
Ass(A/T) C Ass(A/T) U Ass(A/T%). Moreover, Ass(A/I') C Ass(A/I) by an argument using annihi-
lator, hence

Ass(A/T™Y) € Ass(A/T).
However, if P € Ass(A/I), then Pa = 0 for some a € A\ I, now take b € I'/T**1 = (A/I)! such that b
corresponds to a(l,---,1) € (A/I)!, Pb =0 means that Pb C I'T!, hence

Ass(A/T) C Ass(A/T7H).

This implies that Ass(A/I) = Ass(A/I**1). Since i war arbitrarily chosen, we knows that Ass(A/I) =
Ass(A/T?) for all 4. By choosing i > 7, we can conclude that Ass(A/I) = Ass(A).

If x form an A-sequence, then it also form an A/I sequence from the fact that they are not in the
union of height zero ideals. If they form an A/I-sequence, then they are not in associate primes of A,
too, thus they form A-sequences.

2. By Theorem 5, it is enough to show that for a prime ideal p of A, CM(A/p) contains a non-empty open.
Let P be the inverse image of p in R, so that A/p = R/P. If x4,...,x, € P are chosen to form a system
of parameters of Rp then since Rp is CM, they form an Rp -sequence. Thus passing to a smaller
neighbourhood of P, we can assume (i) P is the unique minimal prime divisor of (z) = (z1,...,2,) R,
and (ii) z is an R -sequence. Now replacing R by R/(x), we can assume that P is nilpotent; moreover,
we can take P'/PiT! to be free R/P -modules. Now by the Exercise 24.1, R-sequences are equivalent
to R/P-sequences, hence if R is CM then R/P is CM because their depths are equal.

3. By Theorem 5, it is enough to show that for a prime ideal p of A, Gor(A/p) contains a non-empty open.
Given A = R/I where R is Gorenstein, Let P be the inverse image of p in R, so that A/p = R/P.

If z1,...,x, € P are chosen to form a system of parameters of Rp then since Rp is CM, they form
an Rp -sequence. Thus passing to a smaller neighbourhood of P, we can assume (i) P is the unique
minimal prime divisor of (z) = (x1,...,2zy) R, and (ii) z is an R -sequence. Now replacing R by R/(z),

we can assume that P is nilpotent; moreover, like Theorem 24.6, we may assume that P is the unique
minimal prime ideal of R. The rest is just the same as proof of Theorem 24.6, starting from calculating
ext and hom.

25 Derivations

For any a,b € A, [D,D'|(a +b) = D(D'a + D'b) — D'(Da + Db) = DD'a + DD'b — D'Da — D'Db =
[D,D’|a+ [D, D’']b and

[D, D'lab = D(bD'a + aD'b) — D'(bDa + aDb) = bDD'a + D'aDb+ D'bDa + aDD'b — bD'Da — DaD'b — DbD'a — aD' Db
=bDD'a+aDD'b —bD'Da — aD'Db = b|D, D'|a + a[D, D']b.
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In the diagram of p.191, to see h — I/ is k-derivation, notes that (h—h')(a+b) = (h—h')(a) + (h— k') (D)
is clear, and for any b € C,n € N, b acts on n as h(b)n = h/(b)n. Thus,

b (h—W)a)+a-(h—1)b) = (b)h(a) — B (bR (a) + h(a)h(b) — h(a)k' (b) = (h — I')(ab).

Also, (h— W) o (k— C) =0 is clear.

In p. 191, p should maps to A, not k, otherwise we cannot explain u’. Also, in p.191, Ax M = A x M
form an A-algebra by defining (a,b) - (c,d) = (ac,0). This induces f : I[/I> — M. Also, uniqueness of f is
just came from this simple argument; if f’ is another linear map, then it also maps da to Da, hence f = f’
by linearity.

In p. 193, to see A is O-unramified over k is equivalent to 4/, = 0, compare the diagram of p.193 to that
of 191; then if A is O-ramified, then Dery (A, N) = 0, otherwise we have another lifting v+ D for some nonzero
D € Derp(A,N). Now, for any A-module M, let C = k[M], N = M C C. By O-unramified condition of
A, Dery(A, M) = 0. Hence, from Dery(A, —) = Homs(Q4,x, —), we knows that Hom4 (24, —) = 0, thus
Qs = 0 since 0 is the universal element of M. Conversely, if Q4,, = 0, then Dery(A, M) = 0 for all
M € M 4, therefore v is unique.

To see Ag is O-etale over A, notes that u(1/s) = ¢+ N for some ¢ € C, then c is unit in C' by Exercise
1.1. Thus, we may construct v by choosing image of 1/s from u. If v and v' are two liftings such that
v(1/s) = ¢,v'(1/s) = ¢+ n, then, D = v' — v gives nonzero D € Der(Ags, N). However, in Ag ®4 Ag,

a/s®1—-1®a/s=a(l/s®1-1®1/s)=as(l/s®1/s—1/s®@1/s) =0,

whichi implies that Q4,,4 = 0. Thus, D = 0, which implies that there is the unique lifting v.

In the proof of Theorem 25.1, suppose we take T' = N/Im«. Then, pick f € Homg(N, N/Ima) the
canonical injection. Then, a*(f) = foa: N' - N — N/Ima = 0. Thus, f € Im3*, ie., f = go 3 :
N — N” — N/Im« for some g € Hom(N”, N/Im«). Thus, g(N) C N” — N/Im « is surjective. Hence, if
x € ker 8\ Ima, then 0 = g o S(z) = f(x) # 0, contradiction; therefore ker 5 = Im «. The rest is obvious;
if D € Dery(B,T), then definitely it is k-Derivation since A D k as a k-algebra, and for D € Dery(B,T),
Dog =01in Dery(A,T), then D is A-derivation by definition. And this exact sequence of Derivation modules
is nothing but taking Hom(—,T') on the given sequence.

Next, in the proof of Theorem 25.1 when B is 0-smooth over A, then to see D’ € Dery(B,T) is derivation,
we need to check D’(bb') = bD’V + b'D’b. To see this, we can rotate the diagram as below.

BxT L)
'\B
h
Then, by the argument of p.191, with the fact that B — B * T by b (b,0) is another lifting map, we can
conclude that D’ : B — T is k-derivation of B to T, and D = D’ o g by construction, and from Dery(B,T) =
Homp(Qp,k,T) there exists a corresponding map o € Homp(Qg,,T) such that D’ = o/ o dp/;,. Now, set
T=Qu/,®Band D as D(a) = da/p(a) ® 1. Then,

o oa(da(a) ®b) =o' (bdpk(g(a))) = ba'(dpk(g(a))) = bD'(g(a)) = bD(a) = ds/x(a) @b

Sy

—

Sy

Hence, o/ o o = 17, done.

If A — B is surjective, then it gives surjective a in (1), thus Q25,4 = 0 by the exact sequence.

In the proof of Theorem 25.2, let D = f o (da, ® 1) for some f: Qu/, ®4 B — T. Then, if 6*(D) = 0,
then fod =0, thus ker f D d/,(m) ® 1, which implies D(m) = 0. Also, if B is 0-smooth over k, then

B=A/m —25 B=A/m

[ )l

k, ———— A/m?
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gives the map s : B — A/m? such that /m o s = 1p, thus make the exact sequence 0 — m/m? — A/m? —
B — 0 split. Now, let D =1 — sg. Then, A — A/m? EEN m/m? is derivation; to see this, from gsg = g, we
knows that for any a € A , sg(a) = a + m, for some m, € m. Hence,

D(ab) = ab — ab — myb — mpa = —mgzb — mpa = bDa + aDb.

Thus, D' : A — A/m? EEN m/m? Y, T is also derivation in Dery(A,T). Now we claim that §*(D’) = ¢. To
see this, notes that we may identify D’ = oo d 4y, where
o QA/k: ;@1) QA/k ®a B — T,dA/k A QA/k~
Then, for any T € m/m?
6 (D" (T) = 0" () (T) = a0 d(x) = ao (dapr) = D'(x)
= ¢(D(T)) = ¢ (T — s9(T)) = P(T)

with the fact that sg(Z) = 0 from the fact that g annihilates m/m?2. Hence 6* is surjective. Now by letting
T = m/m?, there exists D" € Dery(A, m/m?) such that §*(D") = 1y /m2. Hence, D" induces A/m* — m/m?
whose composition with § is identity on m/m?, thus (5) splits.

In theorem 25.3, "as is well-known in field theory” means primitive element theorem. Also, Q7 = 0 is
came from L is O-unramified over K, whose necessary and sufficient condition is 27,5 = 0.

In theorem 25.4, subtracting a times our original relation means subtract a times with D* = ¢;_; D! +
S o

1.
[aD,bD’] = aD(bD") — bD'(aD) = abDD’ + aD'(=)D(b) — baD’'D — bD(—)D’(a)
= ab[D, D' + aD(b)D" — bD'(a)D.

2. If zy =0, 0 = D(zy) = yDx + xDy implies that y € zA. Now, we claim y € [, 2" A = {0}. Suppose
that y € 2" A, and set y = 2™z then 0 = D (z"™'2) = (n+ 1)a"z 4+ 2" Dz, and y € 2" "1 4

3. This is from Leibniz rule. D(xyzg- - x,) = Z?:l D(zj)xy - xj_1Zj41 - - @, and since D(xj)z1 € I,
this is inside of I™.

Claim 35. If0 - A —» B — C — 0 is split exact sequences of R-modules, then for any module M,
0>ARM - B®®M — C®M — 0 is exact.

Proof. Since tensor is right exact, we only need to check A ® M — B ® M is injective. By split
exactness, for given f: A — B there exists r : B — A such that rf = 14 by splitting lemma. Thus, if
a®m € ker f ® 1, then

0=(rol)0)=>rol)o(fel)(a@l)=rfla)@l=ax1
implies that a ® 1 = 0, which shows the injectivity. O
Now, from p. 191-192s notation, we have
0212 AR AL A0
as a split exact seqeunce, where u(a ® b) = ab. Thus,
0—>I®kk’—>A®kA®kk’—>A&§f_kL—>O

AR, A A’
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is exact, where AQ®y A ®p k' = A®y (K @ (A Rk k') = A’ @ A’. Thus,
QA’/k’ = (I®k k/)/(1®k k,/)Q — (I/IQ) ®p — QA/k e k.
For Ag, from the fact that Ag is 0 -etale over A and Theorem 25.1, we have

O%QA//@(@AS%QAS/kHQAS/A:O‘}O-

5. Indeed, this is equivalent to Theorem 27.3(i).

26 Separability

In Theorem 26.2, k'/? = {x € k : 2P € k}. Hence, it is an extension. Thus, (2) to (1) is just from definition
of separable extension.

In p.202, notes that for any K = k(B) with B are transcendence basis of K, 2 @1 —-1®x #0 € K @ K
when z € B but zero if x € k. Hence, Qg . is k-vector space over K, thus we have such a derivation D;
stated in p.202.

1. (a) Let a« € KN K'; then 1,a € K are linearly dependent over K’, hence also over k, so « € k.

(b) Assume that aq,...,a, € K are linearly independent over &', and that > ;& = 0 with & €
k' (K'); we show that & = 0. Clearing denominators, we can assume that & € k' [K’]. Choosing
a basis {w;} of K’ over k we can write {; = ) ¢;jw; with ¢;; € k’. Then since Z” cijow; =0
we get > . ¢ija; = 0 by property (a) of linearly disjointness between K and K, therefore ¢;; = 0
for all 4, j by linearly independentness of «; over k’.

2. If we show that K ((T')) and LP ((T?)) are linearly disjoint over K? ((T?)), then LP((T?)) is separable
over KP((T?)) by Theorem 20.4, thus L((T)) is separable over K ((T)) because of definition of sepa-
rability and freshman’s dream; (just take the separable minimal polynomial h over K¥((TT)), then
you can always find gP = h for some g over K((T)).) Then, the desired lemma can be derived by an
induction.

Assume that wy(T),...,w,(T) € K((T)) are linearly independent over K? ((T7)), and that Y ¢;w; =0
with ¢; € LP ((T?)); we show that ¢; = 0 for all . Clearing denominators, we can assume that
w; € K[[T]] and ¢; € LP[[T?]]. Letting {{x} be a basis of L over K we can in a unique way write
0; = > & oix (TP) with @ (TP) € KP[[TP]]. Here > ¢, is in general an infinite sum, but only a
finite number of terms appear in the sum for the coefficient of some monomial in the T ’s, so that the
sum is meaningful. Then Y, & (3", ¢ix (TP) w;(T)) = 0, thus for any evaluation of T, the equation
gives 0, hence Y. @ix (TP) w; = 0 for all A. Now since w; are linearly independent over K? ((1T7)), so
wix = 0 for all 4, A

27 Higher Derivation

In the proof of 27.3(i), Di(a — z'D’a/i!) = D'a — D'a — 2*D*a/i! = 0. Also, In the proof of 27.3(ii),
K is separable over k& with Theorem 26.4 (i) gives K and k'/P are linearly disjoint, thus z,w; are linearly
independent over k'/?.

1. This is nothing but checking module structure.

2. Let characteristic to be 3. Then, think (Dg,2D;, Dy) which is given from the iterative extension
(Do, D1, D2). Then, this is also iterative higher derivation; especially, you can check that 2D; 02D =
4Dy 0 D1 = D1 o Dy = 2D5. Hence, it is not unique.
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28 I-smoothness

In Example 1, (i) is from Theorem 28.1, (ii) is directly came from setting B = A, A’ = A in Theorem 28.2.
Example 2 is just special case of Example 1.

In the proof of Theorem 28.4 (1) to (2), getting A and v' with derivation was found in the proof of
Theorem 25.1. Again, in the proof for (2) to (1), viewing D as an element of Dery (A, N) is came from p.191
diagram. Lastly, indeed what we found about derivations are via the map C = B/I", thus Dery(A4, N) can
be viewed as Hom(24,, ® B/IV,N).

In the proof of Lemma 2, p.218, Suppose u is the left inverse of . Then, u is surjective from the direct
summand of L/TL, thus projectivity of M induces a map, say ¢, from M to the direct summand. Also, a
map from L to that direct summand via L/IL is also a surjective, thus M induces a map v which lifts ¢. By
result of such lifting we have commutative diagram in p.218.

To see w induces the identity, notes that w: L/IL — L/keru — M — M/IM, where the first and third
maps are canonical projection, and second one is induced by first isomorphism theorem, with the fact that
IL C keru. Hence, we have commuting diagram

M+— L

| |

M/IM «—= L/IL

with the fact that v is left inverse of @.
Now, w induces isomorphism on L/IL means that for any [ € L,

i(l) = wju(l) = iwu(l) = iw(l).

where first equality came from commuting diagram above, and the second equality is came from the com-
muting diagram in p. 218 over u(l) € M.

In proof of Theorem 28.7, A’ is finite module since k' is finite extension. Also, the exact sequence
J/J? ER Qa1 ® B — Qp — 0 in p.220 (the bottom one) is came from Theorem 25.2, and the map f
send TP — z; to pd(T?P~') — d(x;) = —d(x;), that’s why kernel is generated by dz;s. Now, even if there is no
condition that B is 0-smooth on A[Ty,--- ,T,], we already knows that rank of the kernel is r, which implies
that the map f is injective, thus dx;s are linearly independent.

In p.221, to verify the necessary and sufficient condition for v to have a lifting, suppose such g exist.
Then, v is lifting of u since C'/N-part of v(z) = T = u(x). Conversely, if v is a lifting, thn we may set g(z)
be the N-part of v(z). Then, we may write v(y) = (7, ¢(y)), thus from v(zy) = v(z)v(y) by B-homomorphic
property of v,

0=(z,9(x) @9W) — @y 9(zy)) = 0, —f(z,y) + 29(y) + yg(x) — g(zy)).
In the proof of Theorem 28.8 (ii), from f(z,y) := May) — N(x)A(y) and z - £ = A\(z)€, we have
A@)A(y2z) = M@)AW)A(2) = Azyz) + Azy)A(2) + AMayz) — AM@)A(yz) — Azy)A(z) + Mz)A(y)A(z) =0
Lastly, notes that g(z)g(y) = 0 in the last equation of the proof.

1. Let N be a B -module satisfying m"N = 0, and D : B — N a derivation over A; then D induces a
derivation D : By = B/mB — N/mN. Since By is O-unramified over k, D = 0, so that D(B) C mN.
Now do the same thing for D : B — mN, D induces a derivation D : By = B/mB — mN/m?N we
can conclude that D(B) C m?N. Repeat this v times so that D = 0. The statement about etale is
just putting together those for smooth and unramified.

2. Pick (a'/? ® 1) — (1® a'/P) € k(a'/?P) @ k'/P. Then, ((a'/?®1) - (1®d/P))P =a®1—-1®a = 0.
Hence, k(a'/?) @ k'/P is non-reduced. Thus by Theorem 26.2 (2), k(a'/?) is inseparable over k.

To see next statement, since k is non-perfect field of positive characteristic, k is not finite, thus we may
assume ¢ cannot be represented by the sum of 1s. Therefore, a is came from a transcendence extension
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of F,, thus we may have D € Der(k, k) such that D(a) # 0. Since this can be extended to a derivation
of A= k[X](xr_aq), thus if a € AP, then a = fP for some f € A, thus Df? = 0, contradiction. Hence
a & AP. If k' were a coefficient field containing k& then we would have to have a € (k)P C AP.

Also, A is 0-smooth over k because k[X] is. Notes that

k[X] —“ C/N

—

from this diagram, any preimage of u(X) on C determines map k[X] — C, and such maps always
commute with other maps.

29 The structure theorem for complete local rings

In the proof of Theorem 29.1, A; is DVR since tA’ is of height 1. In p.224, there is typo; since B’ is integral
over B, every maximal ideal of B’ contains tB (not tB’).

In the proof of Theorem 29.2, k is separable extension of kg since kg is the prime subfield, hence perfect.

In the proof of Theorem 29.8, let f(X) be the minimal polynomial of 21 over Ay. By the textbook,
an € mg. Thus, over K = Ap/mg, f is reducible in K[X], hence Hensel lemma assure that there exist
9(X),h(X) € Ap[X] such that gh = f. However, since g(x1)h(z1) € m, thus we may assume that g(z;) € m,
thus the constant term of g(X) is in mg, then applying Hensel lemma again on g(X) — X499 — ¢ where c is
the constant term of g(X), we may also assume that the coefficient of X in g(X) is in my. By applying this
argument repeatedly, we may assume that all coefficients of f is in my.

1. By Theorem 29.7 complete p-ring is regular local ring, thus Theorem 29.8 implies that its Eisenstein
extension is also regular local ring. Dimension 2 is also clear from 0 C (p) C (p,x). Suppose that
C = RJ[t]] with R a DVR; if we let u be a uniformising element of R then pR is a power of uR, so that
pC has the single prime divisor uC. However, in fact, in our case C/pC = (B/pB)[X]/(z(x + y)), so
that pC has the two prime divisors (p,z) and (p,z + y).

2. When £ is perfect, then Exercise 28.1 says that R is pR -etale over Z,z (see Ex. 28.1).

30 Connections with derivations

In the proof of Theorem 30.1, Djx; = §;; is clear if we think their matrix forms as (D;x;) = (z;)"(D;).

In Lemma 1 of p.233, I don’t know why Zp t,A = A since as an ideal it is not contained in any of
maximal ideal of A.

Honestly, I did not go over after Theorem 3.
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