
Math. 401, Sec. 501 Spring, 2016

Homework 3, due Feb 11

1. Verify that the following are Sturm–Liouville eigenvalue problems, and specify whether they
are regular or singular:

(i) f ′′(x) + λf(x) = 0, 0 < x < 1,

f(0) + 2f ′(0) = 0, f ′(1) = 0;

(iii) 2f ′′(x) + f ′(x) + λf(x) = 0, 0 < x <∞,

f(0) = 0, f(x), f ′(x) are bounded as x→∞;

2. Compute the eigenvalues and eigenfunctions of the following S–L problems:

(i) f ′′(x) + λf(x) = 0, 0 < x < π,

f(0) = 0, f ′(π) = 0;

(iii) f ′′(x) + λf(x) = 0, 0 < x < 1,

f ′(0)− f(0) = 0, f(1) = 0;

(v) f ′′(x) + λf(x) = 0, 0 < x < 1,

f ′(0)− f(0) = 0, f ′(1) = 0;

3. Find the Generalized Fourier series expansions of the following functions in the eigenfunctions
of the problem solved in class (i.e. the example (3.10) (see also (3.16) in the book).

(i) u(x) ≡ 1, 0 ≤ x ≤ π;

(iii) u(x) =

{
x, 0 ≤ x ≤ 1

2 ,
1− x, 1

2 < x ≤ 1.

Answers

1. (i) Regular. (iii) Singular.

2. (i) λn = (2n− 1)2/4, fn(x) = sin((2n− 1)x/2), n = 1, 2, . . .

(iii) λn = ζ2n, where ζn are the roots of the equation tan ζ = −ζ,
fn(x) = ζn cos(ζnx) + sin(ζnx), n = 1, 2, . . .

(v) λn = ζ2n, where ζn are the roots of the equation cot ζ = ζ,

fn(x) = ζn cos(ζnx) + sin(ζnx), n = 1, 2, . . .

3. (i) u(x) ∼
∞∑
n=1

2

nπ
[1− (−1)n] sin(nx).

(iii) u(x) ∼
∞∑
n=1

4

n2π2
sin

nπ

2
sin(nπx).
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