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Singular integral transforms and fast numerical algorithms
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Fast algorithms for the accurate evaluation of some singular integral operators that arise
in the context of solving certain partial differential equations within the unit circle in the
complex plane are presented. These agorithms are generaizations and extensions of a fast
algorithm of Daripa [11]. They are based on some recursive relations in Fourier space and
the FFT (Fast Fourier Transform), and have theoretical computational complexity of the
order O(log N) per point, where N2 is the total number of grid points. An application of
these algorithms to quasiconformal mappings of doubly connected domains onto annuli is
presented in a follow-up paper.
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1. Introduction

Many problems in applied mathematics require the evaluation of the singular
integral transforms

_ 1 (&) P
Tmhlo) = =2 //B(O;l) C—oyn KO C=EH -

of a complex valued function h defined on B(0;1) = {z: |z| < 1}, for a suitable
finite positive integer m so that the transform exists (see appendix B). For example,
the general solution of the compressible fluid flow equations

uz = Mg = h(o) (1.2
in the hodograph plane is given by
u(o) = T1ih(o) + g(o) (1.3)

in the subcritical regime (see Daripa [9]). In (1.2) A is a Mach number dependent
function (see [9]) and g(o) in (1.3) is a suitable analytic function determined by the
boundary conditions. Unless otherwise specified, here and below h (o) depends on the
solution v and its generalized derivatives, &, etc. Thisshould be clear from the context
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even though such dependency will amost always be suppressed from the notation as
in (1.2).
The function (o) in (1.2) depends on the generalized derivative u, (o) given by

us(0) = T2h(0) + g5 (0), (14)

which follows from (1.3) (see[1,2]). Therefore, the numerical solution of equation (1.2)
using the representation (1.3) requires evaluation of T,,h(c) for m = 1,2. Evauation
of the operator T,,h(c) for m > 2 may be necessary if one requires to evaluate higher
order derivatives of the function «, which is often the case in certain problems. In
such cases (m > 2), existence of T,,h(c) can be guaranteed if h(c) is an anaytic
function (see appendix B), otherwise it is a hypersingular integral. The existence of
such a hypersingular integral has to be understood in some appropriate finite part sense,
which we do not address in this paper.

The equation (1.2) is known as the Beltrami equation and occurs in the context of
other applied problems, most of which can be viewed as problems in quasiconformal
mappings satisfying nonlinear partia differential equations of the following type [1,3—
7,10,12,15,16]

ug = h(o,u, uy). (1.5

The Beltrami equation (1.2) is a speciad case of this equation. Other examples where
integral operators (1.1) arise include problems in partia differential equations [5,6,8,
11,18-20], fluid mechanics [3,9] and electrostatics [17], to name just a few.

The integral equation approach of numerically solving equation (1.5) using the
representation (1.3) requires computing the values of the integrals T1h(0) and T>h(o)
at the discretization points. There are two main difficulties in the straightforward com-
putation of these integrals using quadrature rules. Firstly, straightforward computation
of each of these integrals requires an operation count of the order O(N?) per point.
This gives a net operation count of O(N4) for N2 grid points which is computationally
very intensive for large N. Secondly, this method also gives poor accuracy due to
the presence of the singularities in the integrand. The conventional desingularization
technique [9] for evaluating these integrals is not effective in improving the accuracy
because the function h(o) in (1.1) need not be an analytic function.

In Daripa [11], an efficient and accurate algorithm for rapid evaluation of the
singular integral T1h(c) has been presented. Our goa in this paper is to generaize
that algorithm providing all details of the theory to rapidly and accurately evaluate
T, h(o) for the following cases where the operator is known to exist (see appendix B).

(i) The complex vaued function h(c) in (1.1) is Holder continuous with exponent
v, 0 < v < 1. In this case, T1h(c) and Toh(o) are defined in the unit disk as a
Cauchy principal value (see appendix B). The fast algorithms derived in this paper
include the fast algorithm of Daripa presented for T1h(c) in [11] as a special case.
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(ii) The complex vaued function h(o) isanalytic in the unit disk. Inthiscase, T,,,h(o)
is defined in the unit disk for any finite positive integer m as a Cauchy principal
vaue, and can be evaluated by the fast algorithm derived in this paper.

The method presented takes into account the convolution nature of these integrals
and some of the properties of such convolution integrals in Fourier space. This process
leads to a recursive algorithm in Fourier space that divides the entire domain into a
collection of annular regions and expands the integral in Fourier series with radius
dependent Fourier coefficients. A set of exact recursive relations are obtained which are
then used to produce the Fourier coefficients of the integral. These recursive relations
involve appropriate scaling of one-dimensional integrals in annular regions, which
significantly improves the computational complexity. The desired integrals at all N?
grid points are then easily obtained from the Fourier coefficients by the FFT (fast
Fourier transform). The process of evaluation of these integrals has thus been optimized
in this paper giving a net operation count of the order O(In V) per point. For N = 128,
this means a reduction of over two thousand times. It is worth emphasizing that the
asymptotic computational complexity isindependent of the number of integrals T;,, i (o)
whose values need to computed at each of the grid points. In fact, computing both
integrals T1h(c) and 15h(o) costs little more than computing just T1hA(c). Moreover,
this algorithm has the added advantage of working in place, meaning that no additional
memory storage is required beyond that of the initia data

The effective use of representations (1.3) and (1.4) in solving (1.2) for generating
guasiconformal mappings and for the design of subcritical airfoils has been demon-
strated by Daripa (see [9,11,12,14]). The computational complexity of the various
numerical algorithms used there can be further improved by the use of the fast algo-
rithms presented here. Such efforts are currently in progress and will be reported in
the future (see [14]). At this point, it is worth noting that this is an improved version
of an unpublished paper of Daripa [13] which treats the case (i) mentioned above.

This paper is laid out as follows. In section 2 we present the mathematical foun-
dation of fast agorithms for rapid evauation of 7,,h(c) within the unit circle. In
section 3, the formal description of the fast algorithms is presented. In section 4,
the algorithms are exemplified and validated. Finally, we summarize and conclude in
section 5. In appendix A, we provide four propositions used in proving the lemmas of
section 2 and in appendix B we show the existence of the integrals by estimating their
upper bounds.

2. Evaluation of the T,,,-operator

2.1. Theory for the evaluation of the T,,,-operator

In this section, we present the theory needed to construct an efficient algorithm
for the evaluation of the T,,-operator which is presented in section 3. Existence of
these integrals is discussed in appendix B. For our purposes below, welet r > ¢ > 0,
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8 > 0and o = ré®. We also introduce the following notations used in this section
and in the appendices A and B.
B(U;é):{z: |z — o] <6}, B(o;6) = {z: |z — o] gé},
0Q, = B(0; 1), r—eQrie = B(O;r 4+ ¢) — B(O; r — ¢),
Qe =r—cQpye — Blo;2),

r—e=“r+e
and
Q1 = B(0;1) — B(O; r).
Below we present the main theorem and its proof. The theorem treats the cases (i)

and (ii) mentioned in section 1.

Theorem 2.1. If T,,h(c) exigts in the unit disk as a Cauchy principal value, and
h(ré®) = 3> hn(r)e™, then the nth Fourier series coefficient S, ,,(r) of

n=—oo

T,,h(re®) can be written as

Cpm(r) + Bum(r), r#0,
Spm(r) =140, r=0and n #0, (2.2)
So.m(0), r=0and n =0,

where

_aym+1 /. r m+n—1
XD [C) medn as-m
rm—1 m—1/Jo \p

Cn,m(r) = (0} —-m<n<0,

2 fm+n-1 Lrpyminl
_Wﬂ( m_1>/(5> hin4n(p)dp, 120,

and B,, (1) and Sp,,(0) are defined as follows.
Case 1. If k(o) isHOlder continuous in the unit disk with exponent v, 0 < v < 1,
and m =1 or 2, then

2.2)

1
&m©=@g/phwamw, 23
0, m =1,
Brm(r) = { hni2(r), m=2. (24)

Case 2. If k(o) isanalytic in the unit disk and m is afinite positive integer, then

Som(0) = —hp(r = 1), (2.5)
Bpa(r) =0, (2.6)
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and for m > 2
0, n<—-1,n# —m,
(—D)™r% ™ ho(r), n=—m,

Bn,m(r) = (2'7)
(m - 1) 2 (), m> —1.

m— 2

The proof of this theorem is based on evaluating the integra T,,h(c) in adomain
B(0,1) — B(o;€) with e — 0. Noting that B(0,1) — B(c;¢) = 0Qp—c U ,._ EQ:+€
r1eQ1, the integral in domain B(0,1) — B(o,¢) is obtained by integration in these
three domains. The lemmas below deal with the integration over the domain ,.__ Q7 .
except for lemmas 2.5 and 2.7 which dea with the situation when o = 0 in (1.1).

The lemmas 2.1-2.5 below are used for case 1 and lemmas 2.6 and 2.7 are used
for case 2. In particular, lemmas 2.1-2.4 are used for evaluating the integra

LYV

for case 1 and lemma 2.6 is used for evaluating the sameintegral for case 2. Lemma2.5
is used for obtaining S, ,,,(0) for case 1 (see equations (2.1) and (2.3)) and lemma 2.7
is used for obtaining So,,(0) for case 2 (equation (2.5)), respectively.

Lemma 2.1. If h(o) is Holder continuous with exponent v, 0 < v < 1, and constant

K, then
Iim// h(C) dfd =0. (2.8)
e—0 . EQ:+ —_

Proof. It follows from proposition 1 in appendix A that
Iim// h((’) ~dgdy =0, (2.9)
e=0 T— EQ:-Q—E a

Therefore,

] . bl

r—e~“r4e

g h(¢) — h(o) - |h(C) — h(o)| h(a)!
], O x| m ],

r—e~“r4e r—e~“r4e

< Klim // I¢ — o[ tdedn < K lim avfl{w(r + )2 — n(r —e)? — 7r52}
e—0 QL e—0

(2.10)
Lemma 2.1 follows from (2.10). O
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Lemma 2.2. If h(o) is Holder continuous with exponent v, 0 < + < 1, and constant
K, then

- h(c) h(o)
Ell_rg//T_EQ:H o) dédn = Ilm// o (C—U)Z dé dn. (2.11)

Proof. We have

!L”é// (ch—(o)zo'““7 "m// o (<h—(a))2d5d

. 0~
< !'i‘%/ / Tic—op £

r—e 7‘+£

<K Iin?)// ¢ — o[ 2d¢dn = 0. (2.12)
E—
r—e 'r+s

We have used proposition 2 from appendix A in arriving at the last inequality
above. Lemma 2.2 follows from (2.12). O

Lemma 2.3. If h(r&®) =32 h,(r)€"®, then

__||m// h((’) J7 dedi = i hoy2(r) €™, o 0. (2.13)

r—e 7‘+£ n=—oo

Proof. Using proposition 1 from appendix A, we have

_—I|m// o h(a))2 d¢ dn h(a)r Z By 2(r) €7 (2.14)

r—e-"r4e n=—oo

g

Lemma 2.4. If h(o) is Holder continuous with exponent v, 0 < v < 1, and constant
K, and

re'a = Z hn(r)emo‘

n=—oo

then

—= m) / / q Ch_(%z dédn= Y hni2(r)€™, o #0. (2.15)

n=—oo

Proof. The lemma follows from lemmas 2.2 and 2.3. O
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Lemma 2.5. If h(r€®) = Yo n(r)e'"“ then
1
Sun(@® =0, w0, ad S0, @ = -2lim [ ha()dp (219

Proof. SinceT,,h(0) isaconstant (see equation (1.1)), it follows that all of its Fourier
coefficients are zero except for Sop,,,(0), which is equal to 7,,,~(0) and can be evaluated

as follows:
Som(0) = 1Iim// h(C) d¢ dn
B

me—0 01)-BOe) ™

h(pé
:——nm// (¢ 3pd0dp
me=0 ) Jp©o1)-BOe) PTE™

—im [ S ([ an)ay

n=—oo

1

=—2lim / ot " (p) dp. (2.17)
e—0 [,

0

Lemma 2.6. If k(o) is an analytic function in the neighborhood of a unit disk, then
form>2and|o| #0

h(o o
where
0, n<-1n#-m,
(=)™ "ho(r), n=—m,

Brm(r) = (m 1 (2.19)

m— 2

)szhm+n(r), n> -1

Proof. Using Green's theorem, we get

/ [_EQ:+E (€ }i(i))m % oy

Q)¢

A (o

1 hE)C h¢)C
= — d¢ — d
2 {/(93(0;r+6) (L ¢ /813(0;7»—5) (L ¢

d¢




140 P. Daripa, D. Mashat / Fast algorithms

) MK
/83(0;5) (C - U)m dC}

1 ) h(¢) > h(¢)
2 {(r *e) /8B(0 rte) C(C—a)™ (—lr=e) /BB(O;r—e) (¢ —a)m ‘
B /2’r ho+e€) (o +ee). icdl? d@}

0

6me|ml9

1(. . h(0) 1 dm ! /nQ)
- 5{2“'(’”“)2{(—0)7” D dcm—l( ¢ >‘< ]

~ 2rigr — 220 —gm',l /0 ZhT(T)( +e€’)’

( U)m s=0

x (o D0 | grimd) de}

= 2 ori(r + 22| 2O 1 dmt <h(<)>' }
= 2i{2 r+e) {w)m T\ ¢ ),
(O i hs _ s—mi1_m—
— 2ri(r — 5)2( (a))m — gml_l S%:_l rg) |:27TU <ms_ 1)0 +1g 1]

S S ()]

Therefore,

h(¢)
‘%l'f%// o ®
N () I (MC))‘ ]
= o {2 ir [( RGN A
. h(O) s - hs(r) S s—m+1
ZWITZWZWIJS;::L?(T)’L—]_)J + }
B { 7“2 dm—l <h(§))
W —raem i\ ¢ )|,

— > hs( ) S—m
D> T: <ms_1>a +1}. (2.22)
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Using proposition 3 from appendix A in (2.21), the Fourier coefficients B,, ,,,(r) of the
integral operator on the left-hand side of (2.21), as defined in (2.18), are then given by

2m
Bun) =5 [ e—'”a{(m 1),2“”( 162
“lamm-pyetmen 3 () é(sm’a}d"
s=m—1

1 r2 > hs(r)

2m
x (s — (m — 1)) /O e ner gls=mle o

- hs(r) S o —ina 4(s—m)a
Z rm2<ml>/0 e e da

s=m—1
1 2112 Ry (1)
_g[(m—l)! + m+n—-2)(m+n—2)--
_ x((m+n)(m1))%+zm<z+z>} n> -1,
0, n < —1and
n # —m,
(=)™ r2=™ho(r), n=—m,
(m - ) 27mhn+m(7q)s n 2 _1!
o n < —landn #m, (222)
(—)™r% ™ ho(r), n=—m.

Lemma 2.7. If h(c) is an analytic function in the neighborhood of the unit disk, then
the Fourier coefficient Sp,,,(0) = 7,,h(0) is given by

Som(0) = —hm(1). (2.23)

Proof. Using Green's theorem, the Cauchy principal value of T;,h(c = 0) (see equa
tion (1.1)) can be evaluated as follows:

Tmh(O):—Elim//B MO e

Te—0 (0:1)— B(0:) o

1. h¢)¢ h¢)¢
= B e
2ri 5L%{/8B(O;l) ¢ ‘ /c?B(O;e) ¢ C}
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2w i0 —i0; .0
Clm{[ MO [Ty

27 d™ [ 2 0\ a—im
_ 2m5ﬁo{ ol GO (C)‘ e 2/0 h(ce’) e ede}
:—z—mi'i%{zﬂ'h W)~ s Z/ T (D)l d9}
:_Tmlm{zmhm(l) 5hm(De™ }
b (2.24)

U
Now we have al the lemmas necessary to prove theorem 2.1 which follows.

Proof of theorem 2.1.  We rewrite T,,,h(c) as a Cauchy principa value and divide the
domain of integration into three subdomains for the purpose of integration:

fnll) = _%i'_% / /B(O'l)—B(U;a) (€ }i(i))m dé
71%{// o, E(C]i(?)m dfd”*//_ M T
/ / o ( C(O)m dn} (2.25)

The Fourier series coefficient S,, ,,,(r) of T,,,h(r €%) is given by

+ / clz(o)m et / /Q cfi(o)m can do
Lo e
///—}

R RELY| /. (Ch(?)mdfdn}eimda




P. Daripa, D. Mashat / Fast algorithms

_ _2—7{2{ / /  HOQun(r O d

n / / | HOQun(r ) dn} + B (r),

where

27 e—ina
Q0= [ sy

and By, ,,(r) is the nth Fourier coefficient of

~tim / / h(o m 0 oy

—€ r+5

as defined earlier in the text. From proposition 4 in appendix A we have

-n—1
2(1)m7rrn< . >(—(m+n), n<-—m,[¢|<r,
m—1
_Jo n>—m|(| <,
Qn,m(r’g) - 0, n <0, |<| >,
-1
zwr”<m+n )C‘(””"’, n= 0> r.
m—1

It is convenient to rewrite (2.26) as

nm(r) nm(r) + BTL m(r)
with C,, ,,,(r) given by

Contt)= =502 [ [ 0@t 0+ [ 00Quntr 000

_1m+1 —n—1
() [ moceracan, n<m,

=< 0, —-m<n <0,

(15 ff o o

2(_1)m+l —n—-1 Ty m+n—1
Z < _
rm—1 m—1 /0 P hmin(p)dp, n < —m,
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(2.26)

(2.27)

(2.28)

(2.29)

=< 0, —m <n <0,

2 m+n-1 Lrp\mint
Tml< m—1 )/r (;) hmin(p)dp, n = 0.

Theorem (2.1) follows from (2.29), (2.30) and lemmas (2.1)—«2.7).
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Use of theorem 2.1 in constructing afast algorithm to evaluate the integral T, k(o)
requires the following recursive relations which follow from the theorem itself.

2.2. Recursive relations
Corollary 2.1. It follows from (2.2) that C), ,,,(1) = 0 for n > 0, and C, ,,,(0) = O for
n < —m. We repeat from (2.2) that C,, ,,,(r) = 0 for —m < n < 0 for al vaues of r

in the domain.

Corollary 2.2. If r; > r; and

2(—1)m+1 . m+n—1
e - (” ) ( ) hnin(P)dp, 1< —m,

cii o~ i ml (2.31)
e 2 /m+n-—1 T Ti mtn— '
m—1 _1 / m+n(p) dp, n >0,
T@' m T p
then
Comn()= (L) Comlr) + Ci, 1< —m, (2:32)
) J , n,m
i
Ty

Proof. The proof is straightforward. The corollary 2.2 follows directly from simple
manipulation of (2.2) and using (2.31). O

Corollary 23. Let0=r; <rp < --- <rpy =1, then

S 2(:1) CiLi forn<-mandi=2...,M,
Cn,m(rl) = ' - (234)
- M ( l> Chitl forn>0andi=1,...,M — 1.

Proof. The proof is straightforward. Repested application of (2.32) and C), ,,,(0) = 0
for n < —m (see corollary 2.1) gives the first part of the corollary. Similarly, repeated
application of (2.33) and C,,,,(1) = 0 for n > 0 (see corollary 2.1) gives the second
part of the corollary. a

3. Formal description of the fast algorithm

Recall that the unit disk B(0; 1) is discretized using N x M lattice points with
N equidistant points in the circular direction and M equidistant points in the radial



P. Daripa, D. Mashat / Fast algorithms 145

direction. The following is a formal description of the fast agorithm useful for pro-
gramming purposes.

Algorithm 3.1.
Input: m > 1, M, N and h(r;"*/N), 1 € [1, M], k € [1, N].
Output: T, h(r&™*/Ny, | € [1, M], k € [1, N].
Sepl Set K =N/8,r1=0,and ry = 1.
Sep 2. Compute the Fourier coefficients h,(r;), VI € [1, M] and n € [-K + m, K],
from known vaues of h(r€2™%/N), k =1,2,...,N, using the FFT.
Step 3. Compute C54FL, Vi € [1, M — 1] and n € {[~ K, —m] U[0, K — m]}, using
equation (2.31).
Sep 4.
Note: Compute C,, ,,,(r7), VI € [1, M] and n € [— K, K—m], using corollaries 2.1-2.3.
st Cpom(r1) =0Vn € [-K, —m)]
don=-K,...,—m
dol=2,...,.M
i

Cn,m(rl) = <—> Cn,m(rlfl) + quz_n];l
-1 '
enddo
enddo
set Cpm(rar) =0Vn € [0, K —m)]
don=01..., K—m
dol=M-1,...,1

Tl

Cn’m(ﬁ) = <T+1) Cn,m(rlJrl) - C’fl’,l;)i:Ll

enddo
enddo
If m > 1, then
don=-m-+1,...,-1
dol=1,....,.M

Cn,m(rl) =0

enddo
enddo
end if
Sep 5.
Note: Compute B, ,,(r7), VI € [2,M] and n € [-K, K — m], using equations (2.4),
(2.6) and (2.7).
If m =1, then
set Byn(r)=0Vie[2, M]andn € [-K,K —m]
else
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Compute B,, (1), VI € [2, M] and n € [-K, K — m], using (2.4) for case 1
and (2.6) for case 2 (see theorem 2.1).
end if
Sep 6.
Note: Compute the Fourier coefficients S,, ,,, (1), VI € [2, M] and n € [-K, K —m],
using equation (2.1).
don=-K,....K—m
dol=2,....M

Sn,m(rl) = Bn,m(rl) + Cn,m(Tl)

enddo
enddo
Compute S, ,»,(0), n € [-K, K —m] from (2.1) using (2.3) for case 1 and (2.5)
for case 2.
Sep 7. Compute

K—m
Tl (€Y = 37 Sy m(r) €™/N, Vi [1,M] and k € [1,N].
n=—K

Remark 3.1. N must be a power of 2 for effective use of FFT.
Remark 3.2. m is either 1 or 2 for case 1 (see theorem 2.1).
Remark 3.3. K must be greater than m.

3.1. Adaptation of the fast algorithm for annular domains

The above algorithm can be easily modified to compute the singular integral
operators within an annular region Qg = {o: R < |o| < 1} provided the annulus Qr
issimilarly discretized, i.e., with N x M lattice points with NV equidistant points in the
circular direction and M equidistant points in the radia direction. Since the origin is
not part of the domain, the inner radius r; = R # 0. This requires minor modifications
of the above algorithm which are rather straightforward because theorem 2.1 till
applies on which the algorithm is based. Nonetheless, these are mentioned below to
facilitate the implementation of the agorithm.

Algorithm 3.2. Algorithm 3.1 with the following minor modifications for the case
when h(c) is a Holder continuous function is referred to as algorithm 3.2 for our
later purposes. In a follow-up paper [14], we apply this agorithm to quasiconformal
mappings of doubly connected domains.

1. In Input, restrict m = 1,2 and also specify R.
2. Instep 1, change r; = 0to r, = R.
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Table 1
Computational complexity.
Step number  Operation count Explanation

2 O(MNInN) Each FFT with N data points contributes N InN operations.
There are M such FFTs to be performed.

3 O(MN) Computation of C%F i € [1, M — 1], contributes 2M operations
for each fixed n. There are 2(K — m) such computations.

4 O(MN) Computation of each C,, . (r;) takes one operation. There are
2M (K — m) such computations.

5 O(MN) Computation of each B, . (r;) takes 3 operations. There are
2M (K — m) such computations.

6 O(MN) Computation of each Sy..(r:) takes one operation. There are
2M (K — m) such computations.

7 O(MNInN)  Computation of Tp,h(c = r€%%), k € [1, N], for each fixed {

by FFT contributes N In N operations. There are M such FFTs
to be performed.

3. Instep 5, change | € [2, M] to ] € [1, M].

4. In step 6, change | € [2, M] to [ € [1, M]. Since the origin is not part of the
domain, we do not need to compute .S, ,,,(0) in step 6.

3.2. The algorithmic complexity

We consider the computational complexity of the above algorithms. We discuss
the asymptotic operation count, time complexity and storage regquirement.

From table 1 we see that the asymptotic time complexity is O(M N InN).
The algorithm requires storage of the 2M K Fourier coefficients h,(r;) in step 2,
the 2M (K — m) Fourier coefficients S, ,,,(r;) in step 6 and the M N values of
T,h a MN grid points in step 7. Therefore, the asymptotic storage requirement
is O(MN).

The agorithm is aso inherently parallelizable and thus these estimates can be
improved upon if the algorithm is implemented on a paralel machine which is a topic
of further research.

4. Validation of the algorithm

In this section we validate the algorithm of section 3 as well as illustrate the
algorithmic steps with two examples. Examples 4.1 and 4.2 validate the cases (i) and
(i) of theorem 2.1, respectively.

Example 4.1. Let h(¢) = ¢ and m = 2. Then
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1 g
S ded
Tah(o) 7o //B(O;l)—B(a;a) (¢ —0)? <
1 (2 1 ¢?
i a— d
o + /8 ¢

Ami Jopon) (€ —0)? 47T|€ﬂ0 Bloe) (C — 0)?

1 ¢? T R _i6\2 —i6
- 47T| /8B(Ol) (C—O’)z C+47T|5—>Og/o (J+€e ) © ao

1 dc
S % __o 4.1
Ari /BB(O;l) ¢3¢ — 0)? (4.1)

Below we apply the fast algorithm to evaluate the above integral 7:h a some
grid points determined by the initialization.

Initialization: wetake M =4, N =32 and m = 2.
Sepl Set K = N/8=4.
Sep 2. Compute the Fourier coefficients h,,(r;), VI € [1,4] and n € [-2,4]:

hin1) = {0 71

7 if n=-1

Sep 3. Compute 02’2”, Vi € [1,3] and n € {[-4, —2]U]0, 2]}, using equation (2.31):

0 if n % —3,
i0+1 4 4
Cry = { T — T 3”“ if n=—3.

Tiv1
Sep 4. Compute C,, o(ry), VI € [1,4] and n € [—4,2], using corollaries 2.1-2.3:
0 if n# -3,
Cn2(re) = { —r; ifn=-3.
Sep 5. Compute B, 2(r7), Vi € [2,4] and n € [—4,2], using equation (2.4):
0 ifn# -3,
B, = .
2(r) {rl if n=-3.
Sep 6. Compute S, 2(r;7), VI € [1,4] and n € [—4, 2], using equation (2.1):

Sn2(m) = 0.

Sep 7. Compute Toh(r;€¥*/N), Vi e [1, M] and k € [1, N], from its Fourier coeffi-
cients Sy, 2(r):

Tzh(rleZﬂik/N Z Sn 2(”) ekan/N

n=—K

These values are in accordance with (4.1).
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Example 4.2. Let h(¢) = ¢* and m = 3, then

Tsh ——1
sh(o) = ml_rg//B(M) B(oie) (C*0)3 e dn

¢4 ¢4
— d
27” aB@1) (€ —0)3 % 27”8*0/83(0 o ((—0)3 ¢

27 i 0
__ 1 / i
27 Jo (€9 — o)

! lim—= ! /2w(0+€e|9) (7e2% +ee3%)do
0

27T5—>0€2
1 3
= —— C dC 3 + 65’0‘2
2mi Jap (€ —0)
=30 +60%G = (—3r + 6r°)€”. (4.2)

In order to compare (4.2) with the result of the fast algorithm, we apply the fast algo-
rithm to evaluate the same integral a some grid points determined by the initialization.

Initialization: wetake M =3, N =32 and m = 3.
Sep 1. Set K = N/8 =4.
Sep 2. Compute the Fourier coefficients h,,(r;), VI € [1,3] and n € [-1,4]:

0 if 4,
hn(rl):{ 4 I n%

ri ifn =4
Step 3. Compute C1'5 ™, i = 1,2 and n € {[—4,—3] U [0, 1]}, using equation (2.31):
Ci,i+l _ O’ (n1 /L) ?é (11 2)’
S T 3(ra—13), (n,4) = (1,2).
Sep 4. Compute C), 3(r7), VI € [1,3] and n € [—4, 1], using corollaries 2.1-2.3:

[0 (n.0) # (1,2),
n3(r1) 3(—r2+7d) () =(12).

Sep 5. Compute B, 3(r;), I = 2,3 and n € [—4, 1], using equation (2.4):
0, n # 1,
Bna(r) = { 3, n=1
Sep 6. Compute S, 3(r;), VI € [1,3] and n € [—4,1], using equation (2.1):

Sna(r) =0, n#1,
and
S13(r1) =0, S13(r2) = —3rp 4+ 63, and  Sya(rs) = 3r3.
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Sep 7. Compute T3h(r;€¥™*/N), Vi € [1,3] and k € [1, N], from its Fourier coeffi-
cients S, 3(7):

Tsh(r€™*/N) =0, VEk € [1, N],
Tah(ra@/N) = (=312 + 63) €7/, vl € [1, N, (43
T3h(T3€27rik/N) — 3,,% e27rik/N’ Yk € [l, N]

These values are in accordance with (4.2).

5. Conclusion

In this paper we have generdized a fast algorithm of Daripa [11] for rapid
evaluation of some singular operators that may arise in many problems of pure and
applied mathematics. In particular we have developed fast algorithms for evaluation
of T,,h(c) for the following cases:

(i) The complex valued function h(o) is Holder continuous with exponent v, 0 <
~v < 1. In this case, Tih(o) and Toh(o) are defined as a Cauchy principal value
and are evaluated by the fast algorithm described in section 3.

(i) The complex valued function h(c) is anaytic in the unit disk. In this case,
T,,h(o) is defined for any finite positive integer m as a Cauchy principal value
and is evaluated by the fast algorithm described in section 3.

A similar analysis can be carried out to develop fast and accurate agorithms
for evaluating other singular and hypersingular integrals that arise in integral equation
methods for solving partial differential equations. These ideas can aso be extended
to three dimensions and are currently in progress. A read chalenge is to extend
these algorithms to arbitrary geometries without losing accuracy. Applications of some
of these algorithms to quasiconforma mappings can be found in [12,14]. Another
application of these algorithms to efficient and accurate design of airfoilsisin progress
by the first author (PD) and will be reported in the future.
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Appendix A

Proposition 1. For o # 0,

] o S e @

The result obtained here is used in proving lemmas 2.1 and 2.3.

Proof. We have

// Qr (Cdfd;?)2

r—e-"r4e

¢
——d
2' oar, ((—0) ‘

1 ¢ ¢ ¢
_ 2 _ S _dc— S 4
2 {/(93(0;r+5) (¢ —0)? ¢ /813(0;7»—5) (¢ —0)? - /813(0 o (C—0)2 C}
1 (r + €)? (r — ¢)?
2 {/(93(0-r+e) (C—o2 % /aB(or S =2 ™
_/2”(0+€e I6) e do }
0 62 e2|6

N2 a(r — 2
S CLAR R EEL e B A2

g g

Similarly it can be shown that

//TEQj+E (?S—dz) - % /Tgaajﬁ (¢ E_ o) «

1 ¢ ¢
= A d - d
2 {/BB(O;r+e) € —o) - /83(0;7’—5) (€ —o0) ¢

= N2
/ ¢ m}:ﬂlﬁlm. (A.3)
oB(we) (€ —0) o
Proposition 1 follows from (A.2) and (A.3). O
Proposition 2.
Iir%// — o7 2d¢dny = 0. (A.4)

r—e 7‘+8

The result obtained here is used in proving lemma 2.2.
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Proof. Leté>eand Qs =, Q7. N B(0;6). Then

r—&

Iim// € — o[ 2dedy
8_>0 r—sQ:-Hs

_ Iim// € — o[ ~2de dy + Iim// € — o2 de dn
6*)0 rfsQ:+E\Q5 EHO Q§

gm—an// de oy + Iim// € — oP2dedy
=0 r—sQ:+s\Q5 =0 Qé

=0+ Iim/ ¢ — 0|72 de dn
Qs

e—0
< Iim// |C — o7 2dedn
=0 JB(c:6)-B(oie)
. o p2m .2 27
= ||m/ / p’tdodp = lim = (67 —&7) = =—¢". (A.5)
e=0/: Jo e—0 7 Y
Thus, for every fixed 6 > ¢ we have
. 2
lim // ¢ — o[ ~2dedn < ZL6. (A.6)
e—0 Q* Y
r—e""r+4e
Therefore,
: 21 .
nm// IC— o 2dedn < ZZ lim &7, (A7)
e—0 rfsQ:+E ’Y =0
and since the integrand is positive, proposition 2 follows. O

Proposition 3. If h(¢) is analytic in a neighborhood of the unit disk, then

o= ("))
dcmfl C c=rdo

3 P s 2y (s — o (A9
s=0

The result obtained here is used in proving lemma 2.6.

Proof. If h(¢) is anaytic in a neighborhood of the unit disk, then

=3 "0 (A.9)

s=0
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where h,(r) is the sth Fourier series coefficient of k(¢ = r €?). Notice that h4(r) /r®
for al s > 0 do not depend on r. Therefore

" Q) _gn 97 (ha(r) o
d<m-l<T)‘§, d<m-1< ot >

=2 hi(f) (s=Dis =2 (s—m+C™ (A0
s=0

Proposition 3 follows on substituting ¢ = r €2 in (A.10). O

Proposition 4. If

2m efina .
Q?’L,m(r1 C) == / da1 o = ,r.e|0l,
0

C—o)ym
then
2y (1), s e <
m—1
] 0, n>-m,|(| <r,
Qn,m(r1<) - 0’ n < O, |<—| > T, (All)
2ﬂr"<m;nll>g(m+"), n > 0,[¢| > r.
The result obtained here is used in proving theorem 2.1.
Praoof.
27 e—ina o
nm(r Q) = da =i(—1 er”/ ————do. A.12
Qntri )= [ gt micym e [ (12
Case1l: n<0,[¢| <.
mong w2 ar-t
Quntr. 0= L ey
— <(_(171377”1)2|7r(1)m—1(n +Dn+2) - (n+m— 1)a—<”+m>>
Y o
—1)mym2 (g
:((m)T)!W(—n—1)(—n—2)---(—n—m+1)g (nm)
—-n—1
ne_1\ym —(m+n) —
:{27rr( 1) <m1>C , n<—m, (A.13)
0, -m—-1<n<0.
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Case2: n <0,[¢| > .

07(n+1)

Qnm(r,Q) = (1)mr"/ do =0. (A.19)

aB@r) (0 — Q™

Cae3: n>0[C| <.

1 dmfl
(m—1)! dom-1

1 dv 1
o doﬂ((o om) }

Qnm(r,C) = (1)mr“2w{ (o=*D)

o=¢

_ n m (_1)m71(n+ 1)(n+2)(n+m_ 1) —(n+m)
— 27(—1) { T ¢t
+(=)"m(m+1)--- i o }
n m m— (n+m71)l —(n+m,
=21r"(—1) {(—1) 1mg (n+m)
(1)(7;5”1 B!T;! Do m)} =) (A.15)
Case4: n>0,[C]| >r.
n w1 a 1
Quntr 0 =2 {2 ()| )
B 2mr(—1)%" . (m+n—1)! C_(m+n)
N n! (m — 1)!
= %(m +n—1)I¢ (m+n)
= 2" (m +§ a 1> ¢~ lmtm, (A.16)
Proposition 4 follows from (A.13)—A.16). O

Appendix B. Existence of the T,,,-operator

Theorem B.1. If h(o) satisfies a Holder condition with exponent v, 0 < v < 1, and
constant K in a neighborhood of ¢Qj, then 17 and T exists in the unit disk as a
Cauchy principal value.
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Proof. We define T,,,h(0) as a Cauchy principal value, i.e.,

26
o) = 2im [ |y e N

0Qi = B(0;1) — B(o;¢).
With this definition, it follows that

h(?— e + WQ o)
;;amo(// o e | [ )
;li'%(// Kl¢ =™ mdfd”*"’(")//g* o & "D
;lm<//<|¢ U\<R>2K|<7J|7 T

+@ /B(B(Ol) B(o:e)) (C—U)m CD

%iﬂ( / /ZWM ™+ 49 dr

|h(o)] @ [T —i6Y d1-m)e dQD
/83(0;1) (¢ —a)m . /o (o+ee™)

where

| Trh(0)| < —I|m<

T

_2KR™2 ()], { 0 ifm=2
y—m+2 2m 2rg ifm=1
2K RY—m+2

QL a——— ) . B.2
e R L OIIL] (B.2)

Since h is continuous in B(0; 1), it follows from (B.2) that

ZKwaerZ
|Tmh(o)| < P eB(Ol)(|h(o)\|a|) m=1or2and R > 2.
This completes the proof of theorem B.1. O

Theorem B.2. If h(o) is analytic in B(0; 1), then T,,h(c) exists in B(0;1) for all
finite positive integer m as a Cauchy principa value.
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Proof. We define here as before

RO
Tmh :——Ilm// d¢ dn. B.3
@ =20 [ | o = oy S (8.3)
Then it follows from using Green's theorem that
Tmh(a):illm/ MO d¢
i e—0 Jo o) Boey) (€ — o)™

h(¢)¢ _hO)¢
- 27T| F!I—>0{ /83(0;1) (C - J)m dC /8B(¢7 €) (C - U)m dC}

1. h(C)
Zﬂ'em{[‘amo;n (¢ —a)m ¢

i 2m
- / h(o +e€?)(gdld=mP 4 ceimb) de}. (B.4)
0

emfl

Because of analyticity of function h, we can write
o+eé’) Z ane™ e, (B.5)

where a,,’s will depend on o. Substituting (B.5) into (B.4), we have

2

T, h(c) = —(b1 + by) ngn? (g dd=ml 1 ce ™) dg, (B.6)

n=0

where b1 and b, are the residues of h(¢)/(¢(¢ — o)™) a 0 and o of order 1 and m,
respectively. Therefore,

Tnh(o) = —(b1 + b2)

o 2
— Z &angn/ el(n—l—l—m)@ do
0
n=

o
(bl+bz)|lm{ i 100m-1€" "~ o=
= —(by + bp) — 2ni Iirrg){&am_l — ame?}
£—
=—(by+ b2) — 2wica,_1. (B.7)

This completes the proof of theorem B.2. O
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