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Singularity induced exterior and interior Stokes flows
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In this paper, the two-dimensional Stokes flow inside and outside a circular cylinder induced by a
pair of line singularitiegrotlet and stokeslets studied. Analytical solutions for the flow field are
obtained by straightforward application of the Fourier method. The streamline patterns are sketched
for a number of special cases where the cylinder is either stationary or rotating about its own axis.
In particular, some interesting flow patterns are observed in the parameter space which may have
potential significance in studies of various flows including flows in journal bearing, mixing flows,
chaotic flows, etc. We also investigate into the way the streamline topologies change as the
parameters are varied. ®001 American Institute of Physic§DOI: 10.1063/1.1407269

I. INTRODUCTION shown by Smith’ and Avudainayagaret al® Furthermore,
the image solutions for a rotlet and stokeslet are also used in

The solutions of problems involving application of point the interpretation of the results for two cylinders rotating in a
forces and torques are of considerable interest in continuumiscous fluid*®
mechanics. These solutions can be used in the representation |n the first part of this paper we study Stokes flows past
of solutions of more complicated and physically realizablea circular cylinder generated by a pair of rotlets and stokes-
problems. The fundamental solution for a point fofce., a  lets. The corresponding problem for Stokes flow with poten-
free-space Green's function for the biharmonic equation  tial source-sink combination in the presence of a circular as
an incompressible homogeneous unbounded slow viscougell as an elliptic cylinder was investigated by Smithin
flow is called a “stokeslet” and can be extracted from theRef. 17, the source and the sink were located equidistant
Stokes solution for the flow past a sphefsee also Refs. from the cylinder. One of the main conclusions in Ref. 17
2-9. Another primary singularity in the theory of viscous was that a uniform flow always exists for this combination.
hydrodynamics is the “rotlet” or “couplet’(see Ref. & The  However, this fact is not true if the singularities either have
singularities of slow viscous flow have been known from theunequal strengths or are located nonequidistant from the cyl-
works of Lorentz, Oseerf, and Burgers. Some elegant ap- inder. We illustrate this by choosing rotlets and stokeslets of
plication of these singularities in three-dimensional boundaryifferent strengths in the present study. In particular, we
value problems may be found in the works of Batchélor, show that the rotlets-cylinder combination produces interest-
Blake® Blake and Chwang! among many others. ing flow patterns in the presence of cylinder rotation. In the

In the case of two-dimensional creeping flows, a study ofcase of a stokeslets-cylinder combination, the flow structure
singularity solutions has been the topic of many researcherss also modified considerably. These interesting features of
One of the interesting and unusual phenomena associatelge flow fields do not seem to have been noticed before.
with the plane Stokes flow is the Stokes paradox which is a  In the second part of the paper we investigate the flows
consequence of the fact that there is no solution to the bihainside a cylinder generated by a pair of rotlets and stokeslets.
monic equation that represents slow streaming flow past &hese bounded viscous flows abound in nature as well as in
finite body. The cause and resolution of this paradox wasnany areas of practical interest such as journal bearing, stir-
explained by Kaplun and Lagerstréfrand Proudman and ring, and mixing of viscous fluids, etc. An insight into vari-
Pearsort® However, Jeffery' showed that two cylinders of ous mechanisms and flow topologies of such flows with re-
equal radius rotating with equal but opposite angular velocispect to available free parameters can be beneficial to
ties produce a uniform flow at large distances. Jeffery’s workmproving the performance of various systems involving
was the catalyst for many investigations concerning locallysuch flows. To gain such insight, it is usually desirable to
generated two-dimensional Stokes flows. Dorrepiadl® design models that retain the basic flow features of the com-
found a uniform stream in situations when a rotlet or aplex problem, yet simple enough to be analyzed accurately
stokeslet is located in front of a circular cylinder. The rotletusing a combination of analysis and numerics. In this con-
model has also been used in the stirring mechanism inside gection, it is worth mentioning that the most common model
corrugated boundady. The potential flow singularities such that has been used to demonstrate stirring process is the two-
as a source, a sink, a doublet, etc., when placed in front of dimensional Stokes flows generated by singularities inside a
cylinder also produce a uniform flow at large distances asircular cylinder. In these models, a line rotlet, which may be
regarded as a rotating cylinder of infinitesimal radius, has
aAuthor to whom correspondence should be addressed; electronic maipeen used as a model for a stirrer. InCidenta”y* this flow is
prabir.daripa@math.tamu.edu topologically equivalent to the flow between two eccentric
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circular cylinders with inner or both cylinders rotating, The velocity components inand 6 directions are given by

which models flow in a journal bearinggee Ref. 20 for a

comprehensive analysis of journal bearing flol is worth

citing the work of Janat al,?! who have recently attempted 10y

to explain vortex mixing flows using two finite cylinders U==1 29 S

rotating slowly in a cylindrical volume of viscous fluid.

There are many studies of mixing and other interior Stokes

flows which are not cited here but can be found in the litera- p

ture. Ug=—~
The paper is organized as follows. In Sec. I, we formu-

late the problem of Stokes flow in two-dimensions in terms

of stream function. The solutions for exterior flow problemsWe assume that the cylinder is impenetrable and there is no

are presented in Sec. Ill. First, we provide the solution for aslip on the surface. In terms of stream function these bound-

pair of rotlets in the presence of a circular cylinder in Sec.ary conditions become

[l A. The solution is presented in singularity form with the

interpretation of image singularities. The far-field behavior is

discussed briefly, followed by the derivation of the limiting i

case for a two-dimensional plane boundary. The interesting ¥~ 3 =0 onr=a. ©)

features of the flow fields including existence of eddies are

also discussed there. Similar calculations and discussions are ) N
repeated for a pair of stokeslets with their axes along thd he far-field boundary condition could make the problem

x-direction in Sec. llIB. The striking features of the flow ill-posed in several situations. The simplest example of this
fields in this case are also presented in this subsection. THdNd is the “Stokes paradox” which illustrates that there is
singularity solution for a pair of stokeslets with their axes N0 solution to Eq(3) subject to the boundary conditions Eg.
along y-direction is provided in Sec. Ill C. Here again, the (6) and a uniform flow at infinity. However, in the case of
far-field behavior, the limiting case, and the flow structureSingularity driven flows, the ill-posedness disappears and one
are discussed in detail. Section IV contains the discussion dfould obtain the solutions of the two-dimensional Stokes
interior Stokes flows generated by a pair of rotlets and a paidquations with finite velocities at large distances from the
of stokesletswith their axes along either the or y direc- cylinder. In other words, the singularity driven Stokes flow
tion). The streamline topologies are discussed in each case Rfoblems in two-dimensions are well-posed. For singularity
the respective subsections. Finally, main results of the papéliven flows, one must also have

are summarized in Sec. V.

= ®

Yy~ips, as R—0, (7
Il. MATHEMATICAL PRELIMINARIES
. We consider the slow steady flolalso known as creep- here . corresponds to the stream function only due to the
ing flow/Stokes flow of a viscous incompressible fluid past gjngarity andR is the distance of the field point measured
an infinite circular rigid cylinder of radiua. The governing from the singularity.

equations are the linearized steady Navier—Stokes equations e now proceed to present solutions for two-

(also known as Stokes equatiomgsven by dimensional Stokes flows outside/inside a circular cylinder
due to a pair of rotlets and stokeslets separately. The exact
uVau=vp, ) solutions have been used to depict the flow topologies for a

number of cases where the cylinder is either stationary or
rotating about its own axis. If the cylinder rotates in the
V-u=0. 2 presence of the singularities, then the stream function is

Hereu is the two-dimensional velocity vector with compo- taken to be
nents (I, ,uy) in the radial and transverse directions{),
respectivelyp the pressure, and the coefficient of viscosity
of the fluid. It is well-known that the Stokes equatiofis
and (2) (in two-dimensions when expressed in terms of
stream function/(r, #), reduce to

W(r,6)= zp(r,a)—klog%, k>0.

. Here, ys(r, 0) refers to the stream function when the cylinder
=0, is stationary. The second term arises when the cylinder ro-
Vi=0 3 tat Th dt hen the cylind
tates about its axis. Below we refer koas the rotation pa-

where
rameter. The negative sign in front of the second term indi-
5 5 cates the rotation in the counterclockwise direction for our
V2=5—+ Ei+ 19 purposes below. We provide the discussion for exterior flows
aZ r oo r?a6% in Sec. lll and for interior flows in Sec. IV.
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Ill. EXTERIOR FLOWS Yo=F(logR)+F'(logR’), ®)

The solutions for various singularity driven flows may
be obtained by the Fourier expansion method. We skip the
details and present the exact solutions in each case. Thehere
closed form solutions are then used to illustrate the flow
topologies in each case. For our purposes, the center of the
cylinder is taken to be the origin of the coordinate system  R2=r2_2c¢rcosg+c2, R’2=r2+2c’'r cosh+c'2.
and the primary singularities are assumed to lie orxthgis
but outside the cylinder>a. Next, we consider various

singularity induced flows past a cylinder. Now the solution of Eq(3) satisfying Eqs(6) and(7) in the

presence of two rotlets may be obtained by either the singu-
larity method®'8 or the Fourier series methdd.The solu-

We consider a pair of rotlets of strengtRsandF’ po-  tion can also be derived using the boundary integral equation
sitioned at ¢,6)=(c,0), and ¢,6)=(c’,m), respectively. method?® Since the derivation is straightforward, we omit
Herec,c’>a. The stream function corresponding to thesethe details for the sake of brevity and give the final solution

A. Pair of rotlets

rotlets in an unbounded flow is for the stream function:
EllogR—logl ° +a2(a2_c2) (rccosa—a2)+ e 26— 2a? 6+a%) +log| —| + - cosé
=F|logR—log| — r<c<c —2a‘rcec a ogl =|+ =
1/ g 93 o = c4Rf( 0s 0s )+log ) T ccos
el ioar c'R;| a?(a’-c’?) (rc’ cosf+a?)
0og 0g C/4 R:ILZ
? 2~12 2 4 r r
+ —7=(r“c’<cos 29+ 2arc’ cosf+a”)+log| —=| — — - cosé|, 9
c'"Ry a/ ¢
|
where that for a pair of rotlets with equal strengths and with
=c’, the far-field uniform flow vanishes. In this case the
2 4 flow behavior changes significantly. We return to the discus-
a a ) S .
R%:rz_z_rcosa_i_ —, sion of flow patterns later in this subsection.
C c

Since expressiorf9) corresponds to a force-free repre-
sentation for a pair of line rotlets, the force acting on the
a2 at cylinder is zero. However, the torque acting on the cylinder
Rizz r2+2—rcosf+ —. need not be zero. The torque may be calculated from the fact
¢ ¢ that it is 4ru times the strength of the image rotlet at the
The image system for a rotlet located atQ) consists of a origin. Therefore, it follows from Eq(9) that the torque in
rotlet, a potential-dipole, and a Stokes dipole af/€,0)  the present case isu(F+F'). The torque vanishes if the
together with a rotlet at the origin and a uniform flow at rotlets have opposite strengths.
infinity. The image system for the other rotlet located at It is worth mentioning that the corresponding solution
(c’, ) also consists of the same set of singularities as th&r a plane boundary can be obtained from E9). in the
previous one except that the direction of the uniform flow atlimit of large radius. The no-slip plane boundary in this case
infinity is reversed here. The image solution for a singlebecomesx=0 and the fluid occupies the regiot>0. We
rotlet was given independently by Dorrepaat al,’® first derive the limiting case for a single rotlet located in the
Avudainayagan?® and Smith?® If we takeF’=0 anda=1  vicinity of the plane boundarx=0. If a,c both approach
in Eq. (9), we obtain the solution for a single rotlet derived infinity while (c—a)—h,, then Eq.(9), with F'=0, after
by these authors. some simplification reduces to
It is evident from Eq.(9) that for larger,

2x(x+hy)
R
with R?=(x—h;)2+y? and R?=(x+h,;)?+y?. The above

which shows that the far-field behavior is that of uniform solution corresponds to the case of a single rotlet situated
flow with speed[(F/c)—(F'/c")]. It is interesting to note near arigid plane boundary. If we take=1 and replaca by

Py(x,y)=F| logR—logR;+ (12

r

a +0(1), (10

F F
zp~(E— F)r coséd+ (F+F')log
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FIG. 1. Exterior flows: Streamlines for a pair of rotlets with equal strengths but of opposité‘sjgposite rotlets”) for their various locations in the presence
of a cylinder.(a) c=a+2,c’=a+2,k=0.0; (b) c=a+1,c’=a+1.5,k=0.0; (c) c=a+1,c'=a+0.9,k=0.5; (d) c=a+1,c'=a+0.8,k=1.1.

y in the expressior(11), we recover the solution due to where RZ=(x—h;)?+(y—a;)?> and R%=(x+h;)?+(y
Ranger* Similar limiting procedure wittF’#0 in Eq.(9)  —a,)2. By replacingh;,a; by h},—a; in R;,Ry,, the ex-
leads to a solution which is not physical. This is because thgressions foR; ,R}, may be written down in a similar fash-
rotlet with strengthF" in this case is located in the region jon. The above solution corresponds to a pair of rotlets lo-
(x<0) not occupied by the fluid. However, by a suitable cate(d at by.a;), (h;,—a}) near a plane boundary.
transformation of they coordinate(after taking the limitg We now turn our attention to the flow streamlines for a
the solution for a pair of rotlets located in the vicinity of & ¢ of rotlets in the presence of a cylinder. The streamlines
pl/ane boundary may b_e obta!ned. To this end, we firﬂ,ket are sketched using E€Q) for different values of the param-
ih?“inagpro(%;:hIr:nILn;tze\;vuTii Ce_xa)r:s:ilonanv?/e(cm;kae) the etersF, F’, ¢, ¢’, andk (rotation parametér Here and in
tranlsformz(jt.iory;(y—al) in thegternﬁ)s multipllied by and sub;equent sections, we use the terminology “a pair of op-
y—(y+a)) in the terms multiplied by’ and replacér; by posite rotlets/stokeslets”_ to refer _to two rotlets/stokeslets o_f
—h!. This yields equal strengths but of different sign. We also use the termi-
nology “a pair of equal rotlets/stokeslets” to refer to two
rotlets/stokeslets of equal strengths and of same sign. In this

2x(x+hy) case, both the rotlets/stokeslets can have either positive or
¢(x,y)=F| logRi—logRy;+ ——7— 2o . POSIIVE ¢
R%: negative sign. We have considered only the case with posi-
, tive sign in the present study. The counterclockwise rotation
2x(x+hy) i idered in th f a cylind ing in th
+F'| logR! —log R}, + - , (12) s considered in the case of a cylinder roj[atlng |n_t e pres-
Rit ence of rotlets/stokeslets. The term “equidistance” is used to
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FIG. 2. Exterior flows: Streamlines for a pair of rotlets withequal strengthsH=F") and (ii) different strengthsk’=2F) in the absence of rotatiofi,
F'=F: (8 c=a+2,¢'=a+2; (b) c=a+0.5,c'=a+1; (¢c) c=a+1,¢c'=a+0.5; (i) F'=2F: (d) c=a+1,c'=a+1; (e) c=a+0.5,c'=a+0.8; (f)
c=a+0.6,c'=a+0.4.

refer to two rotlets/stokeslets located at equal distarcce (we discuss the streamline patterns for a pair of rotlets in the
=c') from the center of the cylinder along theaxis. The presence of a cylinder.

cases with different strengths of the primary singularities are  In Fig. 1 we have plotted the streamlines for a pair of
also considered and explained at appropriate places. Belowpposite rotlets '=—F=1) for various locations of the
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FIG. 3. Exterior flows: Streamlines for a pair of equal rotlets for their various locations with rotation pardmeltet. (a) c=a+1,c'=a+1; (b) c=a
+1,¢c’=a+0.7;(c) c=a+1,c’=a+0.5;(d c=a+0.7,c'=a+0.5; (e) c=a+0.3,c’'=a+0.2; (f) c=a+0.5,c'=a+1.

primary singularities. In the absence of rotation, the flow-Figs. Xa)—1(b)] far from the cylinder. The locations of rot-
streamlines are closed in the neighborhood of the singulariets influence the flow patterns very little. However, rotation
ties and are parallel to theaxis at distances far from them. of the cylinder changes the flow pattern noticeably as evident
In other words, the flow is uniform in thg-direction[see  from Figs. 1c)-1(d). Whenk=1.1, eddies of semicircular
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shape appear around the rotlet which is farther from the cyllets, appear in the flow field. On the other hand, if the rotlets
inder. The flow is uniform far away from the cylinder as are located at nonequidistant positions, two sets of eddies are
before and is not affected by the rotation. formed of which one is nearly circular in shape and the other
Figure 2 illustrates the cases of a pair of rotlets(iof has unusual shag€igs. 3b)—3(d)]. The sizes and shapes of
equal strengths, i.e., equal rotldfsigs. 4a)—2(c)] and (i)  these eddies change significantly wittandc’. Figure 3d)
different strengthsK’ =2F) and of same sighFigs. 2d)—  further shows that there are two stagnation points near the
2(f)]. In the case of rotlets having equal strengths andcfor rotlet which is farther from the cylinder. The closed separa-
=c’, the terms due to uniform flow cancels and the far-fieldtrix through these two stagnation points enclose three eddies.
is no longer uniform. The flow streamlines are closed andrhese interesting features disappear if the locations of the
appear as a single set of eddies enclosing the cylinder artimary rotlets are changed. For instance, if the rotlets are
rotlets[Fig. 2(a)]. The enclosing streamline pattern was alsomoved much closer to the cylinder, the unusual eddy struc-
noticed earlier in the case of two rotating cylindétsorc  ture disappears and a pair of symmetrical eddies enclosed in
>c' orc>c’, the closed streamline pattern surrounding thea single larger eddy appediSig. 3(e)]. The unusual eddies
cylinder and rotlets changes its size and shape as shown geem to appear near the rotlet that is farther from the cylinder
Figs. 2b)—2(c). The existence of the eddy and the uniform[see Figs. &), 3(f)].
flow in the far-field are due to the interaction of the two
rotlets. In the case of rotlets having different strengths and oB. Pair of stokelets with their axes along  x-direction
same sign, the uniform flow always exists for all values of

andc’h[Figs. Z(d)—2§;)]. I-Lelrre e}%ain, ;hape olf thle eddy struc- -, positioned at {,6)=(c,0), and f,6)=(c', ), respec-
ture changes considerably with various rotlet locations. tively. Herec,c’>a. The axes of these stokeslets are taken

i :[I_'he strear;lltnis ;o_r analrgoi equal_ rotlelts th_th Cy“rfw:ﬁrto be along thex-direction. The stream function correspond-
rotation are sketched in Fg. 5 for various locations o eing to this pair of stokeslets in an unbounded flow is

rotlets. The cylinder rotates witk=1.1. In this case the
streamlines show very interesting flow patterns. If the rotlets

are located equidistant from the cylinder, eddies of different  y=[F(logR)+F’(logR’)]r siné. (13
shapes appear in the flow field, as can be seen from Fy. 3

Two sets of eddies surrounding the rotlets, one surroundin@he solution of Eq.(3) satisfying Eqs.(6) and (7) in the
cylinder, and the other one surrounding the cylinder and rotpresence of the cylinder and the pair of stokeslets is

Now we consider a pair of stokeslets of strengthand

o=l sinal oa R cRy| a¥(c?-a?)? (c*-a?)| a*(c*-ad) , ., 09— 282rc sing
Y(r,0)=F|rsind| log og a 204R§ 532 2c5R§ (r4ccsin a‘rcsing)
C,Ri aZ(C/Z_aZ)Z (C/Z_aZ) aZ(CIZ_aZ)
+E’ H r_ 4 2A12 o} _ 2v Al i .
F’|rsin 0( logR’' —log a 2c’4R12 5072 20’5R£2 (rec’“sin260—2a‘rc’ sin6)

(14)

The image system for a stokeslet at,q) consists x-direction. The speed of the uniform stream depends on the
of a stokeslet, a potential-dipole, and a Stokes-dipole agingularity strength$,F’, the radiusa, and the singularity
(a*/c,0) together with a uniform flow along thedirection  |ocationsc,c’. For a pair of opposite stokesletse., F’

at infinity. For a stokeslet atc(, ), the image system is _ _F) yith c=c’, the uniform flow vanishes. Since there is

the same as the previous one with their strength_s dependir}% rotlet at the origifisee Eq(14)], the torque in this case is
on F',c’, anda. At a large distance from the cylinder, we

zero.
have We now deduce the limiting case for a pair of stokeslets
. P located in the vicinity of a plane boundary. This may be
Y F( c—a ~log c YE c"—a obtained by the similar procedufsee Sec. lll A, the discus-
2c? a 2c’? sion just above Eq(12)] described for a pair of rotlets. In
o Eq. (14), we leta,c, ¢’ all three approach infinity whileq
—Iog(;)) r siné, (15) —a)—h,, (c'—a)—h;. The resulting expression, after us-

ing the transformation given in the case of a pair of rotlets,
which corresponds to a uniform stream in the positivebecomes
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FIG. 4. Exterior flows: Streamlines for a pair of stokeslets alongxth@ection for their various locations in the absence of cylinder rotatignEqual
stokeslets{a) c=a+1.5,c'=a+1.5; (b) c=a+1, c'=a+ 1.5 (ii) opposite stokeslet¢c) c=a+1,c’'=a+1; (d) c=a+0.5,c’'=a+1; (e) c=a+0.3,
c¢'=a+0.7; (f) c=a+0.7,c’'=a+0.3.

2xh; The streamlines due to a pair of stokeslets in the absence
Pp(x,y)=F(y—ay)| logRi—log Ry + R%t) of rotation are plotted for various values ofaindc’ in Fig.
4 using Eq.(14). In the case of equal stokeslets, the far-field
, , , , xhy flow is uniform for different locations of the stokeslé¢sgs.
R (y+ay)|logR; ~logRy,+ R;? ) - (16 4(a)—4(b)]. On the other hand, in the case of opposite stokes-

. . e .
The above stream function represents the solution for thtleekt]s’ the un:form flow dlgapp;ears f«:r—hc [Eeel Fig. 4C)].I
flow due to a pair of stokeslets in the presence of a plana— e streamlines emanating from each stokeslet strongly op-

boundary. The solution for a pair of equal stokeslets in th?©S€ each other in this case. feofc’, a pair of symmetrical
presence of a plane boundary was derived by Liron andoroidal eddies are formed near the stokeslet closer to the
Blake®® For F=F', h;=h}, a;=a), Eq. (16) can be cylinder, as shown in Figs.(d)—4(f). The size of this eddy
shown to be equivalent to the result obtained in Ref. 25. Ifstructure changes according to the location of the two stokes-
we takeF’'=0 in Eq. (16), we get the result for a single lets.

stokeslet in the presence of a plane boundéry. In Fig. 5 the streamlines are shown for a pair of stokes-
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FIG. 5. Exterior flows: Streamlines for a pair of stokeslets of different strengths and of different sign with and without rotation. The axes efstbéssiok
in the x-direction and we have choséi = —2F. (a) c=a+1,c¢'=a+1, k=0.0; (b) c=a+0.5,¢c’'=a+1, k=0.0; (c) c=a+1, c'=a+0.5k=0.0; (d)
c=a+1,¢c'=a+1,k=05; (¢ c=a+1,c’'=a+1,k=0.9; (f)c=a+1,c'=a+0.5k=0.9.

lets with different strengths and of opposite sign for the casepletely dictate the eddy locations, its size, and shape in all
(i) with rotation and(ii) without rotation. The strength of the the situations.

stokeslet located atc(, ) is chosen ag'=—2F. In both

cases, a symmetric pair of eddiésymmetrical about the C. Pair of stokelets with their axes along the  y-

x-axis) appears. In the absence of rotation, sinel shapeof  direction

th_e eddy structurare altered by the Iocatipn of the ;tokeslets Now we consider a pair of stokeslets of strengfhand
[Figs. E(a)—S((;)]. In the presence of rotation, the size, shapeg- positioned at (,6)=(c,0), and ¢,0)=(c’, ), respec-
gnd .the location of the eddy structure change remarkably &ely. Herec,c’>a. The axes of these stokeslets are taken
in Figs. 3d)-5). Whenk=0.9 and the stokeslets are 10- {, e along the-direction. The stream function correspond-

cated equidistant from the cylinder, the eddy on the positivqng to this pair of stokeslets in an unbounded flow is
side ofy-axis is destroyed and the one on the negative side is

distorted[Fig. 5(€)]. Whenk=0.9 and the stokeslets are lo- = —F(r cos§—c)logR+F'(r cosé+c’)logR’. (17)
cated at nonequidistant positions, the symmetric pair of tor-

oidal eddies appears diagonally opposite to each dffigr  The solution to Eq.(3) satisfying Egs.(6) and (7) in the
5(f)]. The rotation parameter and the stokeslet locations conpresence of the cylinder and the stokeslets is
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a2

cRy
r cosf— e log

z//(r,e):F[—(rcosa—c)logR+ a

+(c2—a2)| R +(c2—a2)| r\ a?c?—a?)? (rc cosd—a?)
¢ 0g(cRy) ¢ %3 2¢c® RZ
2/ ~2 2 2 2
a“(cc—a”) c°—a
TR%UZCZ cos 20— 2a°r cosf+a*) + T
a? c'Ry
+F'| (r cosé+c’)logR; — rcose+? log a4
(c'?—a?) (c'?—a?) r\  a’c'?-a®?(rc’' cosf+a’) a’*(c'?-a?® ,
- 'R/ 4+ — |+ + ’
+ o log(c'R;) o log 5075 Riz 2c’5R12 (rec’'“cos 29
12_a2
+2a’rc’ cosf+a’)— —5giz " cost|. (18

The image system for a stokeslet at,qQ) consists of a The above expression represents the solution for the flow due
stokeslet, a rotlet, a potential-dipole, and a Stokes-dipole &b a pair of stokeslets along thedirection near a plane
(a?/c,0) together with a rotlet at the origin and a uniform boundary. The solution for a pair of opposite stokelets was
flow along they-direction at infinity. For a stokeslet at derived by Liron and Blaké WhenF'=—F, h,=h;=1,
(c’,m), the image system is the same as the previous onea;=a;, Eq.(21) can be shown to be equivalent to the result
except that the direction of the uniform flow is reversed. At aobtained in Ref. 25.

large distance from the cylinder, we have The streamlines for a pair of stokeslets along the
2 2 2 2 y-direction are plotted for various values ofindc’ in Fig.

c°—a c'“—a ) )

~|E| ———+1loal =| | = F’ 6 using Eq.(19). In the case of two equal stokeslets at equi-
lib 2 2 g 2 12 . . . . . .

¢ a ¢ distant positions, the flow field is dominated by the uniform

c’ stream as noticed from Figs(86—6(b). In the case of oppo-
+log 3)) r cosé, (19 site stokeslets, eddies appear surrounding the cylinder, and

also surrounding both the cylinder and the stokedeee
which corresponds to a uniform stream in thelirection.  Fig. 6(c)]. For nonequidistant positions, eddies enclosing the
The speed of this uniform stream also depend&0R’, the  cylinder and the stokeslets appear. Moreover, another set of
radiusa, and the singularity locations as in the previous caseeddies near the stokeslet closer to the cylinder also appear, as
As in the case of rotlets, the uniform stream vanishes for twahown in Figs. &)—6(f). The size and shape of this eddy
equal stokeslets along tlyedirection withc=c'. The torque  structure changes significantly with the location of the
acting on the cylinder can be obtained from the force-freestokeslets.

representation Eq17) and is given by In Fig. 7 we have sketched the streamline patterns for
c2_ a2 o252 the case of two stokeslets with rotation. WHen0.9, a sym-
T=47u|F +F’ - . (20 metric pair of eddies appears in the neighborhood of the
c c

cylinder. One of these eddies is above the cylinder and the
The torque depends on the location of the primary singulariother is below and both are encapsulated in a single larger
ties and the radius of the cylinder. It vanishes if the stokeslet§ddy[Fig. 7(@)]. If the stokeslets are placed equidistant from
have the opposite strengtkise., F'=—F) and are equidis- but closer to the cylinder, then the larger eddy disappears and
tant from the cylinder on its either side along thexis. the smaller pair isolates from each otHeee Fig. T)].

In the limit a, ¢, andc’ approach infinity while ¢—a) However, if the stokeslets are located closer to the cylinder at
_>h1' and (C/ _a)_>h1 and using the procedure described nonequidistant pOSitionS, then Only a Single set of Eddy exists
in the case of a pair of rotlets, E6L8) becomes near the stokeslet closer to the cylinder, as evident from Fig.

7(c). The structure of the eddies for a different intensity of
2xh(x+hy)

z//(x,y):F[(hl—x)(log R~ logRy,) + = rotation (i.e., for differentk) is shown in Figs. ®)—7(f).
1t

IV. INTERIOR STOKES FLOWS
+F'| (hi=x)(logR; ~ logRy,) R —_—
As in exterior flow, the center of the cylinder is taken to
, , be the origin of the coordinate system and the primary sin-
2xhi(x+hy) o : : T
) (21)  9ularities are assumed to lie on theaxis but inside the
1t cylinderr<a. The basic formulation for this interior Stokes
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FIG. 6. Exterior flows: Streamlines for a pair of stokeslets alongtaérection in the absence of rotatiofi) Equal stokeslets(a) c=a+1.5,¢c’'=a
+1.5; (b) c=a+0.5, c’'=a+0.6; (ii) opposite stokesletgc) c=a+1.5,c'=a+1.5; (d c=a+0.5c'=a+1.0; (e c=a+0.2,c'=a+0.6; (f) c=a
+0.6,c’=a+0.2.
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flow is similar to that of Sec. Il. Therefore, we follow here cR; r2\ (a*—c?r?)
the notations used in the previous sections. Furthermore, we #(r,6)=F|logR— |09? + ( 1-z 2(:2R2}
adopt here the terminologies used in Sec. Ill. BeRwR’, ’ !
R;, R; are given by the same formulas as in the exterior cRy
case. Now, we discuss the various singularity generated +F'llog R,_|09?
flows inside a cylinder.
r?\ (a*—c?r?)
A. Pair of rotlets +(1 2| 2cR7 |’ (22

We consider a pair of rotlets of strengtRsandF’ po-
sitioned at ¢,6)=(c,0), and ¢,0)=(c’,7), respectively. It should be pointed out that the solution for a single rotlet
Here c,c’<a. The stream function corresponding to theseinside a cylinder was derived independently by Rafftend
rotlets in an unbounded flow is given in E®). The com-  Meleshkoet al?’ Their solution may be recovered from Eq.
plete solution satisfying the equations of motion and the22) by puttingF’=0. We now discuss different flow topolo-
boundary conditions may be obtained by the use of Fouriegies in the case of a pair of rotlets.
expansion method. The final closed form solution is In Fig. 8, the flow patterns are shown in the case of equal
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FIG. 7. Exterior flows: Streamlines for a pair of stokeslets alongythéection for different values of the rotation parameke«i) k=0.9: (a) c=a+1,
c¢'=a+1; (b) c=a+0.4,c'=a+0.4; (c) c=a+0.3,c'=a+0.6; (i) k=1.1: (d) c=a+1,c’'=a+1; (¢ c=a+0.4,c'=a+0.7; (f) c=a+0.7,c'=a
+0.4.

rotlets F=F") located at various equidistant positions in thethe neck of the larger eddy. A typical case of this scenario is
absence of rotation. As seen from this figure, the distancehown in Fig. &) where c=c’=2.4. Moving the rotlets
parametersc and ¢’ affect the flow patterns qualitatively. even farther away from the center causes the larger eddy to
When the rotlets are positioned close to the center, a singlgplit into two smaller eddies each around the rotlets, as
larger eddy enclosing the rotlets and extending up to thehown in Fig. 8) wherec=c’=2.5. Furthermore, the pair
cylinder wall appears as shown in FigaB Of course, the of attached eddies that existed before now connect at the
fluid in the neighborhood of the rotlets exhibits a circulatory center giving birth to a double homoclinic orbit. The double
motion as expected. Interestingly, the latter nearly circulahomoclinic orbit seems to disappear if the rotlets are moved
streamlines cross each other at the center giving birth to aven farther away from the centisee Fig. &)]. Now the
double homoclinic orbit. If the two rotlets are moved away squeezing effect is reduced and the fluid around the center
from the center according to equidistant criteria, the outergets stretched along thyeaxis, making the eddies around the
larger eddy starts thinning in the middle, as shown in Figrotlets thinner. If the rotlets are located very close to the wall,
8(b) for the case=c’=2.3. As the rotlets are moved farther the fluid between them gets stretched alongxidérection as
away, this thinning process continues due to the increase ishown in Fig. &). The core of the eddythat occurs in the

the size of each of the attached eddies just above and belomiddle) has the shape of an ellipse.
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FIG. 8. Interior flows: Streamlines for a pair of equéd£F’'=1) and equidistantq=c’) rotlets in the absence of rotation for several choices of rotlet
locations.(a) c=c’=1.5; (b) c=c'=2.3;(c) c=c'=2.4; (d) c=c’'=2.5; (e) c=c’'=2.7; (f) c=c’'=3.5.

Next we investigate the flow situations by fixing the rot- eddies each around the rotlets, as seen in Kig. The ed-
lets at equidistant positions and allowing the cylinder to ro-dies attached to the wall now move closer to the center while
tate in the counterclockwise direction. The flow topologiesthe width of the circulatory flow region around the center
for various values of the rotation paramekeare shown in increases. Further increasekathanges the size and shape of
Fig. 9 keeping the rotlet locations fixed et=c’=1.5. For the different eddiefsee Figs. &)—9(d)]. The two symmetric
small values ok, a larger eddy enclosing the rotlets and aeddies become a single larger eddy having a pair of cores on
pair of symmetric eddiegsseparated from the larger eddy either side of the/-axis. This eddy has an unusual size and
attached to the wall appear, as shown in Fi@).9The rota- shape and seems to occur due to the cylinder rotation. For
tion of the cylinder causes a circulatory motion of the fluid higher values ok, the shape of the unusual eddy changes
near the center. The circular streamlines around the rotledignificantly while the circulatory flow region expands.
cross each other just above and below the center yielding 8ome of this scenario is shown in FiggeB-9(f). The plots
pair of stagnation points lying on theaxis(not shown in the also show the thinning of the eddies around each rotlet as we
figure). When k=0.5, the larger eddy breaks up into two increase the value & In all of these cases, the fluid close to
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FIG. 9. Interior flows: Streamlines for a pair of equél<F’'=1) and equidistantq=c’=1.5) rotlets in the presence of counterclockwise rotation of the
cylinder for several values of the rotation paramétefa) k=0.3; (b) k=0.5; (c) k=0.6; (d) k=0.7; (e) k=0.9; (f) k=1.1.

the wall exhibits a circulatory motion due to the rotation of the cylinder wall enclosing a pair of smaller eddies right
the cylinder. above and below the center also appears. The streamline
Figure 10 shows the flow patterns for a pair of equalbounding this eddy is a heteroclinic orbit, as seen in this
rotlets F=F'=1) for two different values of rotation pa- figure. Next, we show some streamline patterns for a higher
rameterk and for various rotlet locations. Whén=0.5 and  speed of rotation of the cylinder in Figs. &D-10d) (k
c=c’'=1.0 (equidistant rotlets the flow structure shown in =0.89). Figures 1@) and 1@d) correspond to the cases of
Fig. 10@) is almost identical to that depicted in Fig@®  equidistant and nonequidistant rotlets, respectively. In the
The flow is more interesting for the same valuekdfut for ~ equidistant case, the flow has a pair of stagnation points on
nonequidistant positions of the rotlets. FigurglGhows a  the x-axis which are on a heteroclinic orbit. The fluid motion
typical case where=1.0, andc’ =2.0. In this case, an eddy around the center and the rotlets in the present case are very
around each rotlet and a circulatory flow region around thesimilar to those depicted in Figs(®—-9(e). In the nonequi-
center appear. In addition, an outer eddy attached to most afistant caséFig. 10(d)], a careful scrutiny of the streamlines
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FIG. 10. Interior flows: Streamlines for a pair of equal rotlgts=(F' =1) in the presence of counterclockwise rotation of the cylinder for several values of
k and rotlet locations(i) k=0.5: (a) c=c’=1.0; (b) c=1.0,c’ =2.0; (ii) k=0.89: (c) c=c’=2.1; (d) c=1.1,c'=2.1.

plotted shows that flow topology does not have heterocliniovhich is on the positivex-axis. Further, an attached larger
orbit. Here some of the flow features resemble those of Figeddy enclosing the center and the stokeslet on the negative

10(b). x-axis appears. The flow around the center is circulatory as
The flow topologies for a pair of opposite rotlets for two expected. There appears to be a saddle stagnation point on
different locations for fixed= 0.5 are shown in Figs. 14—  the negativex-axis and perhaps a double homoclinic orbit. It

11(b). The flow topologies for both equidistant and nonequi-may also be pointed out that some of the flow topologies
distant rotlets are almost the same as seen from these plotsfdund here are similar to those found in the vortex mixing
circular eddy appears in the neighborhood of the stokeslgtows?!

pr3 -4 -2 0 2 4 L] ] -4 -2 o
(a) ®)

FIG. 11. Interior flows: Streamlines for a pair of opposite rotléts=(— F’'=1) in the presence of counterclockwise rotation of the cylinder for several values
of k and rotlet locations(a) c=c’=3.0; k=0.5; (b) c=2.1,c’=3.1,k=—0.89.
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FIG. 12. Interior flows: Streamlines for a pair of equéf{F’'=1) and equidistantd=c’=3.5) stokeslets with their axes along thelirection

in the presence of counterclockwise rotation of the cylinder for several valugs(af k=0.05; (b) k=0.1; (c) k=0.15; (d) k=0.2; (e) k=0.4; (f) k
=0.8.

B. Pair of stokeslets with their axes along the cR,
x-direction Y(r,0)=Fqr siné|log R—IogT
Now we consider a pair of stokeslets of strengthand 5 o
F’ positioned at (,0)=(c,0), and ¢,0)=(c’,m), respec- Jr(rz_az)(cfa2 +F'r sing| logR’
tively. Herec,c’<a. The axes of these stokeslets are taken 2¢°Ry
to be along the-direction. The stream function correspond- cR! (c2—a?)
ing to this pair of stokeslets in an unbounded flow is given in - Iog? +(r’—a?) S3RZ | (23
Eq. (13). The complete solution satisfying the boundary con- 1
ditions is The solution for a single stokeslet located inside a cylinder
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FIG. 13. Interior flows: Streamlines for a pair of equal stokeslEts F'=1) with their axes along the-direction for various stokeslet locations. Here the
rotation parameter is fixed &=0.1.(a) c=1.0,c’'=1.0; (b) c=2.0,¢'=2.0; (c) c=1.0,¢’'=2.0; (d) c=2.0,c’=3.0.

may be obtained by putting’=0 in Eqg. (23). It may be points in the lower half of the cylindgmot shown in Fig.
worthwhile to point out that this solution has not been de-12(a)]. The flow structure described above continues for all
rived before in the literature. Below, we use the solution insmaller values of the rotation paramekesis seen from Figs.
Eq. (23) to discuss the flow topologies for a pair of stokes-12(b)—12(c). The locations of the stagnation points are dis-
lets. played in these plots. It is also clear from these plots that the
The flow patterns for a pair of equal stokeslets with theirstructure of the different eddies changes as we incr&ase
axes parallel to the-axis for several values é&fare shown in  Indeed, the symmetric eddié®m the upper as well as in the
Fig. 12. Here, the equidistant stokeslets are located verlpwer half) shrink while the attached eddin the upper half
close to the wall. For smaller values kf different sets of grows as we gradually increase the valué&.dlVe also notice
eddies are generated in the flow region as shown in Figthat the circulatory flow region around the center grows. The
12(a). In the upper half of the cylinder, a pair of symmetric symmetric eddies continue to shrink as we increase the value
eddies appears each in the neighborhood of the stokesletsf k as shown in Figs. 1#8)—12(e). Whenk=0.8, the sym-
Right below these eddies, the streamlines between thmetric eddies in the lower half disappears while the size of
stokeslets have nonuniform curvature, yielding an attachethose in the upper half become smallsee Fig. 1&)]. It
eddy which is symmetrical about tlyeaxis. In the lower half may be worthwhile to point out that for higher valueskof
of the cylinder, the structure of the flow topologies is quali- the fluid migration increases and the circulatory flow around
tatively the same as those in the upper half but quantitativelyhe center becomes intense.
different. A pair of symmetric eddies appears each in the In Fig. 13, the flow topologies due to a pair of equal
neighborhood of the stokeslets but with their sizes smallestokeslets are shown for various stokeslet locations with
than those in the upper half. Right below these eddies, théxed k=0.1. When the stokeslets are close to the center
fluid migrates between the stokeslets as it does in the uppdocated atc=c’' =1, two attached eddies in each half sym-
half, but with nearly uniform curvature. At the center the metrical about the-axis appear as shown in Fig.(&B If we
flow is circulatory as expected. It is interesting that themove the stokeslets away from the centes¢’'=2), a pair
streamlines due to the migration of the fluid in the two re-of smaller eddies are generated within each attached eddy as
gions cross each other, giving birth to a pair of stagnatiorseen from Fig. 1®). The streamline crossing seems to occur
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FIG. 14. Interior flows: Streamlines for a pair of opposite stokeslEts {- F’'=1) with their axes along the-direction for several stokeslet locations. Here
the rotation parameter is fixed kt=0.1. (a) c=2.0,c¢’=2.0; (b) c=1.0,¢'=3.0.

at they-axis and so one would expect a pair of stagnatiomally opposite flow regimes. In the case of nonequidistant

points on this axis. The circulatory flow around the centerstokeslets, the figure eight shaped eddy occurs away from the

increases as we move the stokeslets away from it. The flowenter. Here it appears that there is a single stagnation point

structures for nonequidistant stokeslets are illustrated in Figsa the flow which possibly occurs on theaxis. This stagna-

13(c)-13(d). The flow in this case is symmetrical about the tion point appears to be the center of a double homoclinic

x-axis but not about thg-axis. _ orbit. The eddies at the diagonally opposite regimes are
The flow patte_rns for a pair of_opp_osne stokeslet_s forgmaller in the present case.

two different locations are shown in Fig. 14. For a fixed

value ofk=0.1, the flow has quantitatively different features - pair of stokeslets with their axes along the

for the two stokeslets positions as seen from Figsat4  _girection

14(b). If the stokeslets are equidistant, a larger eddy with two

cores and enclosing the center appear as in Fita)1%his We consider a pair of stokeslets of strengkhand F'

eddy has the shape of a figure eight. An interior streamline opositioned at«, #) =(c,0), and ¢,6) =(c’, ), respectively.

this eddy appears to collide with a circular streamline of theéHerec,c’>a. The axes of these stokeslets are taken to be

circulatory flow region around center indicating the birth of aalong they-direction. The stream function corresponding to

pair of stagnation points. Right outside the figure eightthis pair of stokeslets in an unbounded flow is given in Eq.

shaped eddy, a pair of symmetric eddies appears at diag¢t7). The complete solution in the presence of a cylinder is

r2 a?
a?)  cR (c*~a’) a7_1) r(r—Fcosa) (c?-a? cR
el — _ — 2 ogt _ -1
Y(r,0)=F| —(r cosf—c)logR+| r cosd C)Iog a + 5c Rf c log a
r2 a?
22 'R (c'2—a?) ;—1)r r+?cos¢9) (c'?—a?) 'R
’ ’ r_ - 1 1
+F'| (rcosf+c’)logR (rcos¢9+ o log a + o Riz o log a

The solution for a single stokeslet located inside a cylindeiare displayed in Fig. 15. Here, the stokeslets are located
may be deduced from Ed24) by taking F'=0 and this equidistant from the centec&c’=1.0). A symmetric pair
solution does not seem to have been obtained before. Nerf attached eddies occur adjacent to each stokeslet. The fluid
we use the solution in Eq24) to discuss the flow topologies exhibits a rotational flow surrounding the origin in the region
in the case of a pair of stokeslets along thdirection. between these two eddig¢see Figs. 1&)—15b)]. For the

The flow topologies for a pair of equal stokeslets with values ofk>0.5, two symmetric pairs of smaller eddies are
their axes parallel to thg-direction for various values df  generated in the vicinity of the origin in addition to the al-
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FIG. 15. Interior flows: Streamlines for a pair of equBl=F’'=1) and equidistantq=c’=1.0) stokeslets with their axes along telirection for various
values of the rotation parametier(a) k=0.3; (b) k=0.5; (c) k=0.7; (d) k=0.85; (¢) k=0.9; (f) k=0.95.

ready existing eddies as seen from Figs(ci515f). Fur-  culatory region, the pair of eddies, and the stokeslets. Just
thermore, the streamline crossing occurs near the cent@utside this second circulatory region, another pair of sym-
yielding four stagnation points. These interior saddle pointsnetric eddies are generated as shown in Figa)l&-inally,

are seen more clearly in Fig. (. the third circulatory region is seen adjacent to the wall. If the
In Fig. 16, the flow patterns for a pair of equal stokesletsstokeslets are moved further away from the centet ¢’
for various stokeslets locations with fixée= 0.9 are shown. =3), the flow again has three circulatory regions but the size

When the stokeslets are equidistant from the center, severaf those symmetric eddies change considerdlsige Fig.
eddy patterns are seen in the flow field. For the values of 16(b)]. The symmetric pair of eddies adjacent to the first
=c'=2, three concentric circulatory flow regions are seen incirculatory region grow in size while the pair adjacent to the
the flow field. The first circulatory region appears in the vi- second region shrinks. The above flow structure prevails
cinity of the center and is trapped between a pair of symmeteven in the case of nonequidistant stokeslet positions. How-
ric eddies. The second region occurs engulfing the first cirever, in the latter case the sizes of the eddies change due to
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FIG. 16. Interior flows: Streamlines for a pair of equal stokeslEts F’'=1) with their axes along thg-direction for various stokeslet locations. Here the
rotation parameter is fixed &=0.9.(a) c=c'=2.0; (b) c=c’=3.0; (c) c=1.0,c’=2.0; (d) c=1.0,c’=3.0.

eccentric locations of the stokeslets. The eddy that appeafourier expansion method. In all of these flows, the axes of
next to the stokeslet closer to the center is bigger and the ortee line singularities are assumed to be parallel to the axis of
that exists next to the stokeslet away from the center ishe cylinder and all of these axes lie in one plane. In the

smaller. These features are shown in Figdcik616(d). plane of flow, thex-axis contains all of these singularities
The streamline patterns for a pair of opposite stokesletand the center of the cylinder.
for two different locations with fixecdk=0.9 are shown in The first part of this paper investigates flows past a Cy|_

Fig. 17. If the stokeslets are equidistant{(c’=1), an at-  inder for various combinationéstrengths and location®f
tached larger eddy enclosing the stokeslets and the centgfe singularities. The far-field behavior in all of these cases is

appears as depicted in Fig. (&) Just outside this, another 4; of yniform flow with speed and flow direction depending

aFtached eddy smaller in size exists. Of course, the flow ®n the primary singularities and their locations. In the case of
circulatory around the center. If the stokeslets are at nonequi; pair of rotlets and a pair of stokeslets with their axes along
distant positions¢=1.0c’=2.0), the larger eddy grows and

the smaller eddy shrinks as shown in Fig(t)7 The stream- the y-direction, the far-field uniform flow vanishes if the pri-

lines due to the stokeslet closer to the origin and the circulaf &Y singularities have gqugl strength;. In the case .Of a pair
streamlines around the origin intersect yielding a pair off)]c stokgslets along thedirection, the.unlform flow vanishes
- A}the primary stokeslets have opposite strengths. The stream-
lines are plotted in each case in order to display interesting
flow patterns and eddies of different shapes, sizes, and struc-
tures. In the presence of rotation of the cylinder, eddies of
V. CONCLUSION unusual sizes and shapes appear in the case of a pair of
Singularity induced two-dimensional Stokes flows insiderotlets. The rotation parameter also significantly influences
and outside a circular cylinder are studied by careful investhe eddy structure in the case of a pair of stokeslets.
tigation of the level sets of stream functions of these flows. ~ The second part discusses the flows inside the cylinder
The types of singularities considered here include rotlets anth the presence of same singularity types as above. Eddies of
stokeslets. The exact expression for the stream function fadifferent sizes and shapes occur and their structures depend
each of these flows is obtained by using the straightforwaran the rotlet locations. In the presence of the cylinder rota-

on the positive side of the-axis.
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FIG. 17. Interior flows: Streamlines for a pair of opposite stokeslets {- F' =1) with their axes along the-direction for several rotlet locations. Here the
rotation parameter is fixed &=0.9.(a) c=c’'=1.0; (b) c=1.0,c’'=2.0.
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