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Compression and Random Walks

following Austin, Naor & Peres
written1 by Antoine Gournay

The aim of this note is to present the results from Austin, Naor & Peres [4] and Naor &
Peres [18]. Namely, we want to show a quantitative upper bound on the compression function
of an in�nite (�nitely generated) group into a Banach space. There are two cases: a bound
for any embedding in the case of amenable groups and a bound for equivariant embeddings.
These bound are expressed in terms of a property of random walks (the speed, i.e. the
growth of the expected distance to the identity) and a property of the Banach space (Markov
type p in the case of amenable groups and modulus of smoothness of power type p in the
equivariant case).

Throughout the text, we will restrict to �nitely generated groups.

1 Basic de�nitions and main results

1.1 Random walks

Let us start with random walk on graphs. The simple random walk on a graph G is a
sequence2 fWng1n=0 of random variables taking value in G de�ned as follows: W0 is the Dirac
mass at the identity element3 and

P(Wn+1 = y jWn = x) =
k

deg(x)
if there are k edges from x to y;

where the degree of x is the number of edges4 incident at x. Hence, one can compute
inductively the law of the Wi. The important point about formulating this inductively is
that these random variables are dependant.

We will almost exclusively look at random walks on �, a �nitely generated group. To
do so one constructs its Cayley graph for a generating set S which is �nite and symmetric
(s 2 S =) s�1 2 S). The inductive procedure is then written as P(Wn+1 = �jWn = ) =
1=jSj if there is a s 2 S such that � = s and is = 0 otherwise. This data which allows to
deduce the (n + 1)th variable from the nth is called the kernel of the Markov process. Here,
K(�; ) = 1S(�

�1)=jSj where 1S is the characteristic function of S.
One could also describe the law of Wn as follows:

� (push-forward) Pick uniformly at random n elements in S and multiply them. More
formally, look at the map Mn : S1 ! � given by Mn(s1; s2; : : : ; sn) = s1s2 � � � sn 2 �.
Take the uniform measure u on S and the corresponding product measure � = uN. The
law ofWn is the push-forward byMn of the latter, i.e. for A � �,Wn(A) = �(M�1

n (A)).

1Please email comments / corrections / improvements / references / insults / etc... to �rst-
name.name@gmail.com

2In fact, a Markov process.
3Sometimes, the �initial data� W0 is some probability distribution rather than a Dirac mass.
4Some people count loops as 2 edges and some as 1. It does not matter, as long as this factor is integrated

in the degree.
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� (Convolution) Given f; g : �! R, one de�nes their convolution as f�g() = P
�2� f(�)g(�

�1)
(one needs to assume the sum is convergent for any ). Let P = 1

jSj1S, then the law of

Wn is given by P � P � � � � � P (where P appears n times).

Example 1.1. The simplest example is the random walk on the group Z with S = f�1g.
Since the walker either moves to the left or the right, one can easily see that the law will be,
up to cosmetic di�erences, a Binomial distribution with n trials and p = 1=2. More precisely,
if Bn is a random variable with n-trials Binomial law, then

P(W2n+1 = k) =

(
P(B2n+1 = k + 2n+1�k

2
) if k is odd,

0 otherwise;

P(W2n = k) =

(
P(B2n = k + 2n�k

2
) if k is even,

0 otherwise.

Note that if one is only interested in �rough� properties of this walk, many of these properties
can be easily computed via the approximation of the binomial laz by the normal law: in
this case we get an approximation by N (0; n=4) (the normal law with mean 0 and variance
n=4). |

Short history

Polyá's theorem is usually seen as the one of the �rst result (for in�nite groups!). It states
that a random walker walking for an in�nite time in Zd will, with probability 1, visit the
origin in�nitely many times if and only if d � 2. It will �go to in�nity� with probability
1 if d � 3. This theorem relies on a good knowledge for the asymptotics of the function
f(n) := P(W2n = e�) as n!1 (namely f(n) � Kn�d=2).

These probability of return came up again in the work of Kesten [15]. He showed that
a group is not amenable [see de�nition below] if and only if lim f(n)1=2n < 1 (where, again,
f(n) = P(W2n = e�); the limit exists [exercise]).

On the other hand, bounded harmonic functions on Cayley graphs and random walks are
closely related: Avez, Choquet & Deny, Derrienic, Kaimanovich & Vershik, ... This gives a
strong link with an ideal completion of the Cayley graph (the Poisson boundary) and some
properties of the random walk (speed and entropy). Namely, if the random walker does not
�ee fast enough to in�nity then there are no bounded harmonic functions except the constant
function.

Speed

The quantity related to random walks which is of interest here is the speed (also called drift).
This is a measure of the expected distance after n-steps to the starting point. A �rst thing
to check (exercise!) is

E
�
dS(Wn+m; e�)

�
� E

�
d(Wm; e�)

�
+ E

�
dS(Wn; e�)

�
;

where dS is the distance in the Cayley graph.

De�nition 1.2. Given a group � and a generating set S, the [lower] speed exponent is

��;S = supfc 2 [0; 1] j 9K > 0 such that E
�
d(Wn; e�) � Kncg

= lim inf
n!1

logE
�
d(Wn; e�)

�
logn

:
F
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The speed exponent is tricky to compute. Although it is relatively easy to check that
� = 1=2 for Abelian groups, it was not known until 2005 (an argument of Virág, see Lee &
Peres [16]) that � � 1=2 for any in�nite group. [Abelian groups are somehow the �smallest�
in�nite groups.]

It is unknown whether � depends on S (for a �xed �). It even unknown if it depends on
quasi-isometries (between Cayley graphs!). Nevertheless, � and S will often be implicit from
the context.

Example 1.3. Let us go back quickly to our example with Z. After n steps, the distribution
is well approximated by a centred normal distribution with variance n=4. For example,
writing N for a random variable with law the standard centred Gaussian,

P(jWnj � A) ' P(jpnN=2j � A) =
Z 2A=

p
n

�2A=pn
e�x

2=2dx ' 4A=
p
n:

where the ' should be read as lower and upper bounds up to constants (near 0, e�x
2=2 ' 1).

Similarly, if F : N! R>0 is any increasing function with limn!1 F (n) = +1,

P
�
jWnj �

p
nF (n)

�
=
Z 2F (n)

�2F (n)
e�x

2=2dx
n!1�! 1

This implies that �Z;f�1g � 1=2. On the other hand,

P
�
jWnj �

p
n=F (n)

�
=
Z �2=F (n)

�1
+
Z 1

2=F (n)
e�x

2=2dx
n!1�! 1:

This also shows �Z;f�1g � 1=2. |
Knowing the speed for one group implies bound on speed for other groups, see �4.
Let us do an example with high speed.

Example 1.4. Let us show that if the Cayley graph of � is a tree T of valency v � 3 (e.g. �
is a free group on at least two generators, e.g. � = Z2 �Z2 �Z2) then the speed exponent is 1
(in fact, the expectation grows linearly). To do this pick an in�nite [geodesic] path R from e
to somewhere at in�nity. De�ne the level of a vertex v in the tree by L(v) = 2d(v;R)�d(v; e).

e
0

1

2

−1R

L
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Note that L(v) � d(v; e). L also de�nes a map L : T ! Z. Let Zt = L(Wt). Note that Zt is
going to be a random walk on Z but with a preference for a direction:

P(Zt+1 = k + 1 j Zt = k) =
v � 1

v
and P(Zt+1 = k � 1 j Zt = k) =

1

v
:

As in the previous example, the law of Zt will be (essentially) a binomial law (with probability

of success v�1
v
). The normal approximation will be N (nv�2

v
; nv(v�1)

v2
). Using this5, it is very

easy to show that,
P((1� �)nv�2

v
� Zt � (1 + �)nv�2

v
)! 1:

Since Zn � d(Wn; e), one concludes that

E
�
d(Wn; e)

�
� n(1� �)v�2

v
:

This implies � � 1 (and so � = 1, since the linear upper bound is trivially true). |

1.2 Amenable groups

For a set F � � the boundary @F is the set of edges between F and F c.

De�nition 1.5. Assume � is �nitely generated. A sequence fFng of subsets of � is Følner

if and only if the Fn are �nite and lim
n!1

j@Fnj
jFnj = 0. A group is said to be amenable if it has

a Følner sequence. F

Alternatively, a group is not amenable if there exists a K > 0 such that, for any �nite set
F ,

j@F j
jF j > C:

This is also known as a �strong� isoperimetric pro�le (or having a positive isoperimetric
constant).

Example 1.6. Here are example of amenable groups:

� �nite groups;
� Abelian, nilpotent, polycyclic and solvable groups;

� if Bn is the ball of radius n (around e) in the Cayley graph and lim inf 1
n
log jBnj = 0

then the group is amenable (exercise!). [Such groups are called of �subexponential�
growth.]

Here are examples of non-amenable groups:

� free groups on at least 2 generators;

� hyperbolic groups (non-elementary ones, i.e. except virtually-Z groups6);

� some in�nite torsion groups (�Burnside groups�). |
Given a few amenable groups there are many ways to build new ones:

5If you are into probability, it's probably more natural for you to use the Hoe�ding inequality [or Cherno�,
or Azuma-Hoe�ding, or ...] here.

6If P is a property of groups (e.g. being Z, being Abelian, being nilpotent, ...), a group group is said to be
virtually-P is it contains a subgroup of �nite index which has the property P .
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Theorem 1.7 (�The closure properties�)

Let �, N and f�igi�0 be amenable groups.

(a) If H is a subgroup7 of � then H is amenable �Subgroup�

(b) If H is an extension N by � ( i.e. 1! N ! H ! �! 1 is an exact sequence) then
H is amenable �Extension�

(c) If N C � then H = �=N is amenable �Quotient�

(d) If H is a direct limit of the �i then H is amenable �Direct limit�

Note that any group containing a non-amenable group is non-amenable (by (a)). The previous
properties (with the eventual exception of (d)) were �rst shown in von Neumann [23] (together
with the �rst de�nition of amenability).

1.3 The Main results

To �x notations let's recall the de�nition of compression exponent:

De�nition 1.8. Let B be a Banach space. A coarse embedding f : � ! B is a map such
that there exist an unbounded increasing function �f : R�0 ! R�0 and a constant C > 0,
satisfying 8x; y 2 �

�f(d(x; y)j) � kf(x)� f(y)k � Cd(x; y):

F

A very important note to make before going on is that the right-hand side is of a very
particular form. The reason is the following: in a graph metric, the �rst non-trivial value
of d(x; y) is 1. Hence, if the modulus of distortion8 !f is �nite, then the triangle inequality
(used along a path from x to y) implies kf(x)� f(y)k � d(x; y) � !f(1). This is an instance
of the Colson-Klee lemma.

De�nition 1.9. The embedding is said to be equivariant if there is a representation � :
�! IsomB of � in the isometries9 of B and f(x) = �()f(x).

The function �f : R>0 ! R>0 is called the modulus of compression (associated to f).
The bf compression exponent is

�(f) = supfc 2 [0; 1] j 9K > 0 such that �f(n) � Kncg = lim inf
log �f(t)

log t
:

The compression exponent of �, �B(�), is the supremum over all embeddings into B

of �(f). The equivariant compression exponent of �, �]
B(�) is the supremum over all

equivariant f : �! B of �(f). F

Markov type will be de�ned soon (in �2.1). For now, just note that Lp has Markov type
min(2; p). [The following theorem can be stated for any metric space, not just Banach space.]

Theorem 1.10

Let � be an amenable group and let b� = supS ��;S. If B has Markov type p, then

8!f is the modulus of distortion of the map f above if, for any x; y 2 �, kf(x)� f(y)k � !f (d(x; y))
9Here �isometries� stands for surjective isometries. Indeed, in order for this to a representation (i.e. a group

homomorphism) the target needs to form a group.
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p�B
b� � 1.

The following theorem restricts to equivariant compression but holds for any (in�nite �nitely
generated) group.

Theorem 1.11

Let b� = supS ��;S. If B has a modulus of smoothness with exponent of power-type p,

then p�]
B
b� � 1.

Theorem 1.11 is a strengthening of Guentner & Kaminker [14, Theorem 5.3]. Indeed, if

�]
L2 >

1
2
then � < 1. This implies the �Liouville property� which in turns implies amenability.

2 Proof of Theorem 1.10

2.1 Main ingredient: Markov type p

A Markov chain on Y is a sequence of random variables fZng1n=0 (with possible values in the
state space Y ) such that

P(Zn+1 = y j Zn = yn; Zn�1 = yn�1; : : : ; Z0 = y0) = P(Zn+1 = y j Zn = yn):

One usually see Zn as a random variable which evolves in time. The condition means that
the process has no memory (and its evolution is time independent): only the current state
determines the (possible) future evolution. Recall that the kernel is de�ned by K(x; y) =
P(Zn+1 = x j Zn = y) (does not depend on n!).

De�nition 2.1. A Markov chain on a �nite state space (Y is �nite) is stationary if �(y) :=
P(Zn = y) does not depend on n. It is reversible if �(x)K(x; y) = �(y)K(y; x). F

Example 2.2. Take the kernel of the simple random walk on a �nite graph. De�ne the
initial distribution (i.e. the law of W0) to be

P(W0 = x) = �(x) =
deg x

2jEj
where jEj is the number of edges10. The claim is that this is a stationary and reversible
Markov chain. First check it is reversible: if there are kxy edges between x and y,

�(x)K(x; y) =
k

2jEj = �(y)K(y; x):

Then check it is stationary:

P(Z1 = y) =
X
x

P(Z1 = y j Z0 = x)P(Z0 = x) =
X
x

kxy
deg x

�(x)

=
X
x

kxy
deg x

deg x

2jEj =
1

2jEj
X
x

kxy =
deg y

2jEj
This shows P(Z1 = y = �(y) so that Z1 has the same law as Z0. By a trivial induction, Zn

all have the same law. |
10Because of loops, there might some problem of convention related to how you count the edges. If loops

contribute 2 to the degree, then a loop count as one edge. If loops contribute to 1, then a loop count as 1=2 an
edge.
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The notion of Markov type has been used to attack (successfully) many embedding prob-
lems of �nite metric spaces. The main idea in Austin, Naor & Peres [4] is to use it on Følner
sequences (which are the �nite sets giving a �good� approximation of the in�nite group). The
notion was introduced by K. Ball in [5].11 Markov type 2 implies [Rademacher or usual] type
2.

De�nition 2.3. A metric space (X; dX) has Markov type p (p 2 [1; 2]), if for every sta-
tionary Markov chain fZng1n=0 on Y (�nite!) and every mapping f : Y ! X, one has

E

 
dX
�
f(Zn); f(Z0)

�p! � KpnE

 
dX
�
f(Z1); f(Z0)

�p!
F

A rough interpretation (for p = 2) is that the distance grows in expectation as
p
t times

the size of the �rst step, so that some �central limit� behaviour holds. In K. Ball's own
words: �This property was introduced as a nonlinear analogue of the classical type property
for normed spaces that arose in the theory of vector-valued central limit theorems and the
extension/factorisation theory of Kwapien and Maurey.�

K. Ball showed Lp has Markov type p for p � 2 and it was shown by Naor, Peres, Schramm
and She�eld [20] that Banach space with modulus of smoothness of power-type 2 (e.g. Lp

for p > 2) have Markov type 2. Negatively curved Riemannian manifolds and �-hyperbolic
spaces also have Markov type 2 (see again [20]).

Example 2.4. Let us show that R has Markov type 2. Let K be the kernel of the Markov
chain. It acts on functions f : Y ! R by convolution:

Kf(x) =
X
y2Y

K(x; y)f(y):

It turns out that the reversibility of the Markov chain implies thatK is self-adjoint in L2(Y; �):

hKf j gi =
P

xKf(x)g(x)�(x) =
P

x

�P
yK(x; y)f(y)

�
g(x)�(x)

=
P

x;y �(x)K(x; y)f(y)g(x)
rev.
=
P

x;y �(y)K(y; x)f(y)g(x)

=
P

y

�
f(y)�(y)

P
xK(y; x)g(x)

�
=
P

y f(y)Kg(y)

= hf j Kgi
The reverse (�self-adjoint� implies �reversibility�) is also true: just let f and g vary over
all possible Dirac masses. An important upshot for us is that (as an operator) it has real
eigenvalues. Furthermore, it has norm kKk`2!`2 � 1 (since K is convolution by a kernel
which sums to 1, use Young's inequality). If you don't know Young's inequality, just note
that

jKf(x)j2 = jX
y

K(x; y)f(y)j2 C�S�
�X

y

jf(y)j2K(x; y)
��X

y

K(x; y)
�
=
X
y

jf(y)j2K(x; y):

where C-S is the Cauchy-Schwartz inequality. This implies

kKfk2`2
X
x

jKf(x)j2 �X
x

X
y

jf(y)j2K(x; y) =
X
y

�
jf(y)j2X

x

K(x; y)
�
= kfk2`2:

11In this paper he shows that given X a metric space of Markov type 2 and Y a metric space of Markov
cotype 2 then any Lipschitz maps f : Z ! Y (where Z � X) extends to a Lipschitz map ~f : X ! Y .
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Let Kt be the kernel for the t-step Markov chain (the same Markov chain, but taking t steps
at a time). One still has

P
yK

t(x; y) = 1 (because one must get somewhere in t steps). As a
operator, it is the same thing as applying the operator K t times. In particular, Kt is also
self-adjoint (so also reversible).

If you rather want to see �directly� that Kt is reversible (for the same �), note that

Kt(x; y) =
X

x�x1�x2:::�xt�1�y
K(x; x1)K(x1; x2) : : :K(xt�1; y):

where the sum is over all path of length t between x and y. If one multiplies this by �(x),
one transform slowly the sum:

�(x)Kt(x; y) =
P

x�x1�x2:::�xt�1�y �(x)K(x; x1)K(x1; x2) : : :K(xt�1; y)
=
P

x�x1�x2:::�xt�1�yK(x1; x)�(x1)K(x1; x2) : : :K(xt�1; y)
...
=
P

x�x1�x2:::�xt�1�yK(x1; x)K(x2; x1) : : :K(y; xt�1)�(y)
=
P

x�x1�x2:::�xt�1�yK(y; xt�1) : : :K(x2; x1)K(x1; x)�(y)
= �(y)Kt(y; x)

Now let us do some massaging:

E
�
d(f(Zt); f(Z0))

2
�

= E
h�
f(Zt)� f(Z0)

�2i
=
X
x

E
h�
f(Zt)� f(Z0)

�2 j Z0 = x
i
P(Z0 = x)

=
X
x

hX
y

P(Zt = y j Z0 = x)
�
f(y)� f(x)

�2i
�(x)

=
X
x;y

�(x)Kt(x; y)
�
f(y)� f(x)

�2
=
X
x;y

�(x)Kt(x; y)f(y)2 +
X
x;y

�(x)Kt(x; y)f(x)2 � 2
X
x;y

�(x)Kt(x; y)f(y)f(x)

rev.
=
X
x;y

�(y)Kt(y; x)f(y)2 +
X
x;y

�(x)Kt(x; y)f(x)2 � 2
X
x;y

�(x)Kt(x; y)f(y)f(x)

= 2
X
x;y

�(x)Kt(x; y)f(x)2 � 2
X
x;y

�(x)Kt(x; y)f(y)f(x)

= 2
X
x

�(x)
�X

y

Kt(x; y)
�
f(x)2 � 2

X
x;y

�(x)Kt(x; y)f(y)f(x)

= 2
X
x

�(x)f(x)2 � 2
X
x;y

�(x)Kt(x; y)f(y)f(x)

= 2h(Id�Kt)f; fi
Hence one needs to prove that h(Id�Kt)f; fi � th(Id�K)f; fi. If f is an eigenfunction (of
eigenvalue �) this reads (1� �t) � t(1� �) or

t�1X
i=0

�i � t:

This is true since j�j � 1. Decomposing a generic f as a sum of eigenfunctions concludes the
proof. |

A similar argument can be used to show L2 has Markov type 2, and was �rst given by
K. Ball. He then used this (together with existence of isometric embeddings of L2 in Lp) to
show that Lp has Markov type p for p � 2. For more see Ball's original paper [5], Lyons with
Peres [17, �13.5, Theorem 13.16] or Naor, Peres, Schramm & She�eld [20].
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2.2 The proof

The �story� goes as follows. Assume the target space X has Markov type p and there is an
embedding � ! X which has a compression function with �f(t) � t�. How fast should a
random walker go in the image? Well, since this guy has speed exponent �, one �expects�
at time t some signi�cant mass at distance �f(t

�). On the other hand, the Markov property
says expected distance can only grow so fast; one can hope that a non-trivial bound pops up.
There are some things to �x, because the Markov type is only for �nite spaces.

Proof of Theorem 1.10: Take a coarse embedding f : �! B with �f(t) � Kt� for some
K > 0 and � 2]�B(�) � �; �B(�)[. Next, take a � � ��;S � � (for some � > 0). For some
t0 and any t > t0 we will obtain a bound on the compression function. Let Fn be a Følner
sequence. Let An = [x2FnB(x; t) where B(x; t) is the ball of radius t centred at x. It is an
exercise to check that the Følner condition implies

lim
n!1

jAnj
jFnj = 1:

Consider Zt to be he random walk restricted to An with initial measure the uniform distribu-
tion on An. By random walk restricted to An, we mean that the kernel is exactly as before,
except that if the element were to leave An from some vertex x, it remains at x (instead of
leaving). If you wish, just replace every edge going out of An by a loop. More precisely,

P(Zi+1 = y j Zi = x) =

8><>:
1=jSj if y = xs for some s 2 S and both x; y 2 An;
jxS \ Anj if y = x 2 An;
0 otherwise:

Instead of going through the computation to check that this is a reversible and stationary
Markov chain, just note that this is the same situation as in Example 2.2. Indeed, since all
vertices have the same degree, the initial distribution is the uniform distribution.

We will use the following inequalities: (K is always some constant > 0)

(MTp) Markov type p: E
�
dX
�
f(Zt); f(Z0)

�p� � KtE
�
dX
�
f(Z1); f(Z0)

�p�
(MTp)

(1-L) The embedding is 1-Lipschitz: kf(x)� f(e)k � Kd(x; e) (1-L)
(�f) The compression function lower bound: kf(x)� f(e)k � Kd(x; e)�0 (�f)

(Fol) The Følner condition: lim
n!1

jAnj
jFnj = 1 (Fol)

First use the Markov property to see one cannot get too far:

E

 
dB
�
f(Zt); f(Z0)

�p! (MTp)

� KptE

 
dB
�
f(Z1); f(Z0)

�p! (1-L)

� KptE

 
d
�
Z1; Z0

�p! � Kpt

where the last inequality follows since the random walk always makes one or no step:�
Z1; Z0

�
= 0 or 1. Next, working in the other direction:

Kpt � E

 
dB
�
f(Zt); f(Z0)

�p! (�f )� E

 
�f
�
d(Zt; Z0)

�p! � 1

jAnj
X
x2Fn

E

 
�f
�
d(Zt; Z0)

�p j Z0 = x

!

where the last inequality is obtained by noting that the terms removed in the sum (corre-
sponding to x 2 An nFn) are � 0. Pick �0 2]�� �; �[. Note12 that there is a � > 0 such that,

12The short way out is to note that there is nothing to prove if �p � 1 so that one may use Jensen's inequality
and (�f ) to interchange expectations and

p�0 . But one can still keep the compression function along for a while.
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for any t > t0, P
�
d(Wt; e�) > t�0

�
> � (otherwise the speed exponent would be less than �0).

If Z0 = x 2 An, the law of Zt is exactly the same as the law of Wt (because An contains the
t-ball around x). This13 implies:

E

 
�f
�
d(Zt; Z0)

�p j Z0 = x

!
� ��f(t

�0)p:

Hence,

Kpt � jFnj
jAnj��f(t

�0)p
(Fol)! ��f(t

�0)p

For any �0 2]�� �; �[, there exists14 C > 0 such that �f(t
�0)p

(�f )� Ct�0�0p. One gets that:

Kt � K 0t�0�0p

Remembering the � lost on the way:

(�B(�)� 2�)( b� � 2�)p � 1:

Taking �! 0, yields the conclusion15. �

2.3 Comments and questions

The theorem 1.10 is sharp for many amenable groups. In fact, to compute the exponent
� this is a very useful upper bound. The lower bounds can be obtained by explicit coarse
embeddings. See Austin, Naor & Peres [4] for a proof that, for coarse embeddings in Hilbert
spaces (they are all isomorphic), �L2(Z oZ) = 2=3. Further computations in wreath products
are done by Naor & Peres in [18] and [19].

The bound from Theorem 1.10 is also very useful as a bound on speed rather than a
bound on compression. Indeed, to show that � � 1

2
(and hence = 1

2
, thanks to the generic

lower bound of Virág, see [16]) it su�ces to show that �L2 � 1. It is often easier to produce
a good coarse embedding than to evaluate � by brute force. For more along these lines see
[13].

There are amenable groups with �Lp = 0, see Austin [3] for a �rst construction (a solvable
group) and Bartholdi & Erschler [7] for more (groups of intermediate growth).

Compression, when restricted to amenable groups has many other nice features. First,
there is �Gromov's trick� which says that if f : � ! H is a coarse embedding in a Hilbert
space H, then there is an equivariant coarse embedding g : �! H0 such that the function �f
for g is the same as the one for f .

In Naor & Peres [19, Theorem 9.1] this is done in the non-Hilbertian setting. Namely
�x a p 2 [1;1[. If X is a Banach space and f : � ! X is a coarse embedding then there

is a Banach space Y which is �nitely representable16 in `p and with �]
Y (�) � ��X(�). If,

furthermore X = Lp then Y may also be taken to be Lp. Hence �]
Lp = �Lp for amenable

groups.
Here is a very important corollary of these results:

13together with the fact that in a Cayley graph all the vertices are the same
14The constant C depends on many things, but what is important is that the only place where a dependency

in n or t occurs is in the ration jFnj=jAnj. Fortunately, taking n ! 1 then makes the dependency on t
disappear.

15Some constants will explode as �! 0, but that's not what matters for compression
16U is �nitely representable in V if for every � > 0 and for every �nite dimensional vector subspace F of U ,

there is a linear operator T : F ! V such that kxkU � kTxkV � (1 + �)kxkU for any x 2 F .
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Corollary 2.5

Let � be an amenable group. Then �]
Lp(�) is an invariant of quasi-isometry.

Indeed, it is obvious that �Lp(�) is an invariant of quasi-isometry. Since �]
Lp = �Lp for

amenable groups the conclusion follows. This is false for non-amenable groups: there are
groups with �]

Lp =
1
p
which are quasi-isometric to groups with �]

Lp = 0 (see the appendix in

Carette [11]).

What is true (for any group) is that �]
X(�) does not depend on the choice of generating

set.

Question 2.6 (Question 10.2 in Naor & Peres [19]). Find a hypothesis that ensures there
is a [equivariant] coarse embedding which realises the compression exponent?

Indeed, there are extremely few cases where this is known to be the case. For example for
Abelian groups this is true (they have a bi-Lipschitz embedding in Euclidean space). In de
Cornulier, Valette & Tessera [12] it is shown that a large class of groups among those having

�]
L2 = 1, these are the only ones.

Question 2.7 (Conjecture 1 in de Cornulier, Valette & Tessera [12]). Let � be a compactly
generated group and assume � has a bi-Lipschitz embedding in a Hilbert space. Does � act
co-compactly on some Euclidean space?

In particular, are the only amenable groups with a [equivariant] bi-Lipschitz embedding

in Hilbert spaces virtually-Abelian groups? [In [12], it is shown that �L2 = �]
L2 for compactly

generated amenable groups.]
Here is another �particular case� of 2.6. There are quite a few groups which are known

to have a bi-Lipschitz embedding in L1 (e.g. Abelian groups, Free groups, Z2 o Z, ...). It is
known that �L1(Z2 o Z2) = 1.

Question 2.8 (Question 10.1 in Naor & Peres [19]). Has Z2 o Z2 a bi-Lipschitz embedding
in L1?

The compression of wreath products is largely unknown when the base has exponential
growth:

Question 2.9 (Just before Question 10.7 in Naor & Peres [19]). Compute �Lp

�
Z2 o(Z2 oZ2)

�
.

Arzhantseva, Druµu & Sapir [2] constructed for any a 2 [0; 1], groups with �L2(�) = a.
However, these groups are non-amenable. For amenable groups, the values computed for �L2

fall in a very small set.

Question 2.10 (Question 7.6 in Naor & Peres [18]). Is there a �nitely generated amenable
group � with �L2(�) 2]23 ; 1[?

In fact, the only values which are known to be taken so far are f2k�1=(2k � 1)gk�0, 1
2

and 0. For �, more is known: there are groups with speed exponent 1
2
, f1 � 1

2k
gk�1 and

1. Furthermore, Amir & Virág [1] showed that for any b 2]3
4
; 1[ there is a group � (of

intermediate growth) such that ��;S = b (for some S). The range ]1
2
; 3
4
[ (which corresponds

in compression to the range ]2
3
; 1[) remains unknown.

Here is somehow a more fuzzy question:

Question 2.11 (Question 10.4 in Naor & Peres [19]). Can one say something about the set

of values de�ned by �]
Lp(�) as � runs over all �nitely presented groups? (except that it is

countable)
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3 Proof of theorem 1.11

3.1 Cocycles and the main �lemma�

An equivariant coarse embedding is, in fact, very constrained. Indeed, one may (by trans-
lating everything) always put f(e) = 0 2 B for simplicity. Next, recall that a surjective
isometry of a [real] Banach space is always a�ne17 (Mazur-Ulam theorem). Write

(MU) �(y)v = �(y)v + b(y)

where � is a map from � into the linear isometries of B and b is a map from � to B.
Note that f(y) = �(y)f(e) = �(y)0 = b(y). Using (MU) on each side of the equality
�(xy)v = �(x)�(y)v (which holds for all v 2 B) implies

�(xy)v + b(xy) = �(x)
�
�(y)v + b(y)

�
+ b(x) = �(x)�(y)v + �(x)b(y) + b(x):

This means � is a homomorphism and b satis�es the cocycle relation:

b(xy) = �(x)b(y) + b(x):

It is left as an exercise to check that a cocycle is always 1-Lipschitz.

The main �lemma� (a very nice theorem) enables to retrieve the bound coming from
Markov type by assuming instead the equivariance of the cocycle (and the smoothness). Let
us start with a simple case in the Hilbertian setting.

Lemma 3.1 (Hilbert case)

Let H be a Hilbert space and let b be a cocycle for [the linear representation] � : � !
Isom(H ), then, for any k > 0,

E
�
kb(W2k)k2

�
� 2kE

�
kb(W1)k2

�
:

Proof : Denote by �i each of the uniformly distributed letter, i.e. Wt =
Qt
i=1 �i. Next

consider W�1
t = ��1t � � ���11 and W�1

t W2t = �t+1 � � ��2t. These two variables are i.i.d., hence
so are Y1 = b(W�1

t ) and Y2 = b(W�1
t W2t). Use the cocycle relation on Y2 to get

(*) Y2 = b(W�1
t W2t) = b(W�1

t ) + �(W�1
t )b(W2t) hence Y2 � Y1 = �(W�1

t )b(W2t)

Remembering that � is isometric and that Wt, Y1 and Y2 are i.i.d,

Ekb(W2t)k2 isom.
= Ek�(W�1

t )b(W2t)k2 (*)
= EkY2 � Y1k2

= E
�
kY1k2 + kY2k2 � 2hY1 j Y2i

�
i.i.d.
= 2E

�
kY1k2)� 2hE(Y1) j E(Y2)i

i.i.d.
= 2E

�
kY1k2)� 2kE(Y1)k2 � 2E

�
kY1k2)

To conclude, recall Y1 has the same distribution as b(Wt) and use induction. �

17surjectivity is automatically assume here, since �() must have an inverse: �(�1).
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3.2 Smoothness, martingales ...

Proving the full statement will require another important theorem due to Pisier [21]. This
result requires to recall two notions.

De�nition 3.2. A Banach space X is said to have a modulus of smoothness of power
type p if there exists a K > 0 such that

�X(� ) := sup

(kx+ �yk � kx� �yk
2

� 1

�����x; y 2 X and kxk = kyk = 1

)
� K� p: F

Being uniformly smooth is equivalent to lim
t!0

�X(t)
t

= 0. One can check that necessarily
p � 2 (exercise!).

Proposition 3.3 (see Proposition 8 in [6])

X has modulus of smoothness of power type p if and only if there is a constant S > 0
such that

kx+ ykp + kx� ykp � 2kxkp + Sp
pkykp:

for any x; y 2 X.

For the record, Lp has a modulus of smoothness with power type min(2; p) for p 2 [1;1[.
See Benyamini & Lindenstrauss [9, Appendix A] for more on this topic.

As for martingales, we will present the de�nition in a simpli�ed context. Let (
;F ;P)
be a probability space and G � F be a sub-�-algebra of F and let X : (
;F ;P) ! R be a
(real-valued!) random variable. One could ask what is the G -measurable content of X?

Assume (for simplicity) that X 2 L2(
;F ;P) (i.e. E(X2) < +1) and denote hX j Y i =
E(XY ). De�ne E(X j G ) to be (the random variable) given by the projection of X on
L2(
;G ;P). In other words (this is done by picking Y = 1A), this is equivalent to

8A 2 G ;
Z
A
XdP =

Z
A
E(X j G )dP:

The important consequence of this (using A = 
 2 G ) is

E
�
E(X j G )

�
= E(X):

Example 3.4. If X is already G -measurable then E(X j G ) = X.
LetX be the �-algebra generated by X�1(U) (for U � R). IfX and G are independent18,

then E(X j G ) = E(X). Indeed, since X � E(X j G ) is orthogonal to L2(
;G ;P), for any
B 2 G ,

0 = hX � E(X j G ) j 1Bi = E

��
X � E(X j G )

�
1B

�
indep.
= E

�
X � E(X j G )

�
E(1B): |

De�nition 3.5. A sequence of random variables (Xn)n�0 is a martingale with respect to
the �ltration19 Fn if

E(Xn+1 j Fn) = Xn: F

18This means that 8A 2X and 8B 2 G , one has P(A \B) = P(A) � P(B).
19increasing sequence of �-algebras.
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The general idea is that Fn describes the total information that will be available at time
n. The interpretation (in its original appearance, where two players play a game with N
rounds and Xn is the gain or loss after n rounds) is that the expected future gain cannot be
predicted from past information.

Example 3.6. Let � be a group, S a �nite generating set and � = 1S=jSj. The underlying
�-algebra for the random walk Wt is given by the �cylindrical� sets: subsets of SN of the form
x� SN where x 2 Sk (for some k 2 N). Let Fn = fx� SN j x 2 Sng.

A function f : � ! R is said to be harmonic if it satis�es the mean value property:
f() = 1

jSj
P

s2S f(s) or f = f � �. The claim is that f(Wt) is a martingale (for Fn):

E
�
f(Wn+1) j Fn

�
= E

�
f(Wn�n+1) j Fn

�
= 1

jSj
X
s2S

f(Wns)
harm.
= f(Wn):

where the second equality comes from the fact that the �-algebra of �n+1 is independent of
Fn and that Wn is F-measurable (see Example 3.4). |

3.3 ... and the full �lemma�

Let us now state the theorem of Pisier [21] which will be crucial for the lemma. (The constant
below is taken from Theorem 4.2 in Naor, Peres, Schramm & She�eld [20].)

Theorem 3.7

Let 1 � p � 2 and X be a Banach space with modulus of smoothness of power type 2.
Let fMtgnt=0 be a martingale with value in X, then

E(kMn �M0kp) � KX

n�1X
t=0

E(kMk+1 �Mkkp):

where KX = Sp(X)p=(2p�1 � 1) and Sp(X) is the constant from Proposition 3.3.

Here is the full statement of the main �lemma�:

Theorem 3.8

Let X be a Banach space with modulus of smoothness with power type p, let b be a
cocycle for [the linear representation] � : �! Isom(X). Then, for any t � 1,

E(kb(Wt)kp) � Cp(X)tE(kb(W1)kp);

where Cp(X) = 22pSp(X)p=(2p�1 � 1).

Proof : Recall that �i are the i
th randomly chosen letter, i.e. Wt =

Qt
i=1 �i. Also the �i are

i.i.d. uniformly in S.
First try would be to use the cocycle identity repeatedly on Wt:

b(Wt) = b(Wt�1) + �(Wt�1)b(�t)
= b(Wt�2) + �(Wt�2)b(�t�1) + �(Wt�1)b(�t)
...
=
Pt

j=1 �(Wj�1)b(�j);
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with the convention that W0 = e. Unfortunately, this is not a Martingale, so there is not
much hope to get anywhere.

Second try is to change this a bit to be a martingale: write v = E
�
b(W1)

�
and let

Mt =
tX

j=1

�(Wj�1)
�
b(�j)� v

�
=

tX
j=1

�(�1�2 � � ��j�1)
�
b(�j)� v

�

Let's check that Mt is a martingale:

E(Mt j �1; : : : ; �t�1) = E

�
Mt�1 + �(�1 � � ��t�1)

�
b(�t)� v

� �����1; : : : ; �t�1�
�t?�j
= Mt + �(�1 � � ��t�1)

�
E
�
b(�t)

�
� v

�
W1��t= Mt:

Thus Mt is a martingale. However, we are adding t terms with a v, so there is not much
chance of getting anywhere either.

Third try is to note that there is another way of writing the cocycle relation:
(�) b(e) = b(e2) = b(e) + �(e)b(e) = 2b(e) (because �(e) is the identity) so that b(e) = 0.
(��) 0 = b(e) = b(x�1x) = b(x�1) + �(x�1)b(x) = b(x�1) + �(x)�1b(x), so that b(x) =
��(x)b(x�1).

Using (��) we have that
b(xy) = b(x)� �(xy)b(y�1):

Iterating this on b(Wt) as above gives:

b(Wt) = �
tX

j=1

�(Wj)b(�
�1
j ):

What is great in the above expression is the ��� sign. Indeed, when adding the terms in v
in Mt one can add them symmetrically in this expression. In the meantime, just tag the sum
of our two identities by

(C) 2b(Wt) =
tX

j=1

�(Wj�1)b(�j)�
tX

j=1

�(Wj)b(�
�1
j ):

Next introduce a quantity similar to Mt:

Nt :=
tX

j=1

�(W�1
t Wj)

�
b(��1j )� v

�
=

tX
j=1

�(��1t ��1t�1 � � ���1j+1)
�
b(�j)� v

�

Since S is symmetric, �i and ��1j have the same distribution (and are independent unless
i = j). Thus, Mt and Nt actually have the same distribution! Furthermore, (C) reads:

(C') 2b(Wt) = Mt + �(Wt)Nt � v + �(Wt)v:
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Now we are ready to �nish. Since

(TIp) k
kX
i=1

aikp � kp�1
kX
i=1

kaikp

and �(�) is an isometry:

2pE(kb(Wt)kp)
(C')

� E(kMt + �(Wt)Nt � v + �(Wt)vkp)
(TIp)

� 4p�1E(kMtkp) + 4p�1E(k�(Wt)Ntkp) + 4p�1kvkp + 4p�1k�(Wt)vkp
isom.� 4p�1E(kMtkp) + 4p�1E(kNtkp) + 2 � 4p�1kvkp
Mt�Nt= 2 � 4p�1E(kMtkp) + 2 � 4p�1kE

�
b(W1)

�
kp

� 2 � 4p�1E(kMtkp) + 2 � 4p�1E
�
kb(W1)kp

�
Note that the very last term on the right is already a bound like the one we are after. Hence
a bound on E(kMtkp) is the only thing which stands in the way. This is where Theorem 3.7
comes in (M0 = 0): indeed, since Mt is a martingale, then

E(kMtkp)
Th.3.7� K

Pt�1
k=0 E(kMk+1 �Mkkp) = K

Pt�1
k=0 E(kb(�k)� vkp)

TIp

� Kt2p�1E(kb(�k)kp + kvkp) �k�W1= Kt2pE(kb(W1)kp):
This completes the proof. �

3.4 The proof

With Theorem 3.8 in hand, the proof of Theorem 1.11 basically goes as the one of Theorem
1.10. Recall the classical result

Theorem 3.9 (Jensen's inequality)

If Z is a (real-valued) random variable and g : R! R is convex then g
�
E(Z)

�
� E

�
g(Z)

�
.

Functions x 7! x� are convex for � � 1.

Proof of Theorem 1.11: Note that the desired inequality is trivial if �] � 1=p (since
� � 1) or b� = 0. So pick �0 2 [ 1

p
; �][, �0 2]0; b�[ and some generating set with �0 < ��;S.

Pick b a cocycle with �f(t) � Kt�0.
As before, we will use the following ingredients: (K is always some constant > 0)

(tmL) Theorem 3.8: E(kb(Wt)kp) � KtE(kb(W1)kp) (tmL)
(1-L) The embedding is 1-Lipschitz: kb(x)� b(e)k � Kd(x; e) (1-L)
(�f) The compression function lower bound: kb(x)� b(e)k � Kd(x; e)�0 (�f)

(spd) The speed: E
�
d(Wt; e)

�
� Kt�0 (spd)

(�) Cocycle are normalised: b(e) = 0. (�)
(Jen) Jensen's inequality: E(Zp�0) �

�
E(Z)

�p�0
. (�)

Note that Jensen's inequality require p�0 � 1. On one side:

E(kb(Wt)kp)
tmL� K1tE(kb(W1)kp) (�)

= K1tE(kb(W1)� b(e)kp) (1-L)
= K2tE

�
d(W1; e)

�
kp) = K2t:
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On the other:

E(kb(Wt)kp) (�)
= E(kb(Wt)� b(e)kp)

(�f )� K3E(d(Wt; e)
p�0)

(Jen)

� K3E
�
d(Wt; e)

�p�0 � K4t
p�0�0:

Combining these two equations, taking �0 ! � and �0 ! b� gives the conclusion �

3.5 Comments and Questions

Theorem 1.11 is sharp for the free groups on 2 generators, where b� = 1 and �]
Lp min(2; p) = 1

(see Naor & Peres [18, �2] for details).

It is absolutely unclear what happens to the compression exponents under relatively
generic group operations, e.g. semi-direct products. The best example is the semi-direct
product � = Z2o SL2(Z) (with the obvious action of SL2(Z) on Z

2). Kazhdan showed it has
no proper action on a Hilbert space (more precisely it has property (T )). As a consequence
it has equivariant compression exponent 0, although the equivariant compression of Z2 and
SL2(Z) are well-known (respectively 1 and 1

2
).

Naor & Peres also show in [18, Lemma 2.3] that �]
Lp(�) � �]

L2(�) for any p � 1. In the
non-equivariant case, more is known: for 1 � p � q � 2, Lq embeds isometrically in Lp, so
�Lp(�) � �Lq(�). Also L2 embeds isometrically in Lp for any p, so �Lp(�) � �L2(�) for all
p � 1. See [19, Paragraph before Question 10.4] for more inequalities (they involve isometric
embeddings between �snow�aked� Lps).

Yu [24] has shown that hyperbolic groups have �]
Lp � 1

p
for some p large enough. See also

Bourdon [10].

Question 3.10 (Question 7.7 in Naor & Peres [18]). Assume � is hyperbolic. Is it true that

�]
Lp(�) � 1

2
for some p? or at least �]

Lp(�)! 1
2
as p!1?

There are also some potential subtleties which are not investigated. In the cases where
a computation is done, the upper bound is done in Lp but the actual coarse embedding is
in `p. This enables to show �?

Lp = �`p. Yet, it needs not be the case in general. Baudier [8,
Corollary 14] showed that �Lp = �`p.

Question 3.11 (Question 10.7 in Naor & Peres [19]). Is there a group with �]
Lp 6= �]

`p?

Lastly, let us mention a theorem from the article where compression exponents were
introduced: if �L2(�) >

1
2
then � is exact (see Guentner & Kaminker [14, Theorem 3.2]).

4 More about random walks

The speed exponent satis�es a monotonicity for surjective homomorphism. However, in order
to state it correctly, one needs to allow other measures for the choice of the random letter �i
than the uniform measure. Hence, instead of having P being uniform, it may only be some
�nitely supported20 measure which satis�es P (s) = P (s�1).

20One may also say interesting things about non-�nitely supported measure if some �moment� condition
holds.
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Lemma 4.1

Assume � : � � H is a surjective homomorphism. Let S be generating for G be such
that �(S) generates H. Then ��;S � �H;P where P (h) = j��1(h)j=jSj.

In particular, since it is relatively easy to show �Z;P = 1=2 for any symmetric P , one gets
that ��;S � 1=2 for any � with non-trivial map to Z. As mentioned above, there is a way of
proving that ��;S � 1=2 for any group (due to Virág).

Proof : Let dH be the distance of the Cayley graph with respect to SH = support of P .
De�ne the function d0 : � ! N by d0() = dH

�
�(); e

�
. Note that d0() � d�(; e): indeed

dH(h1; h2) = d�
�
��1(h1); ��1(h2)

�
, so that d0() = d�(N;N) where N = ker�. Let W �

n be

the random walker on � and WH
n be the random walker on H (which moves according to P

as in the statement). Note that P
�
d(WH

n ; e) = i
�
= P

�
d0(W �

n ) = i
�
. This implies

E
�
dH(Wn; e)

�
= E

�
d0(W �

n )) � E
�
d�(W

�
n ; e)

�
�

Let us mention a last (easy) example.

Example 4.2. Let us try to compute the return probability in Zd. Pick some symmetric
generating set S. If pn is the law of Wn, recall that pn = P � � � � � P (with n appearances of
P ). Because the Fourier transform turn convolution in multiplication, let, for � 2 [��; �]d,

�(�) =
X
s2S

es��P (x):

Fourier analysis tells us

pn(x) = (2�)�d
Z
[�1;1]d

e�ix���(�)nd�:

Now, pick S+ � S so that S = S+ [ �S+.

�(�) =
X
s2S

eis��P (s) =
X
s2S+

cos(s ��)P (s)

This shows � is real and �(�) = 1 if and only if � = 0. This can be made even more visible
by writing

�(�) = 1� X
s2S+

�
1� cos(s ��)

�
P (s):

Pick b1; : : : ; bd 2 S a basis of Rd, then,

�(�) � 1� X
s2fb1;:::;bdg

�
1� cos(s ��)

�
P (s) � 1� Cj�j2

for some C > 0 depending on fb1; : : : ; bdg and jSj. This last expression is very useful, for
example one gets, using 1� Cj�j2 � e�Cj�j

2

:

pn(0) = (2�)�d
Z
[�1;1]d

�(�)nd� � (2�)�d
Z
[�1;1]d

e�nCj�j
2

d� � K=nd=2

for some K > 0. |
Further computations lead to �Zd;S = 1=2.
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5 Examples of equivariant compression

The simplest example is for Zd

Example 5.1. Let � = Zd and f : � ! Rd be the identity map. Put the `p-norm on Rd

and note that kd�(x; y)k = kx� yk`1

d
1
p
�1kx� yk`1 � kx� yk`p � kx� yk`1:

Hence �f can be taken to be a linear function. It turns out this is also a �equivariant�
embedding. Indeed, this is the cocycle obtained by looking at � acting by translation on
Rd (as a subgroup). The linear representation corresponding to this action is the trivial
representation (cocycles for the trivial representation are just homomorphisms). |

Free groups were also among the very �rst case investigated in Guentner & Kaminker
[14].

Example 5.2. Assume � is a free group with generators a1; : : : ; ad. Take � = characteristic
functions of words beginning with a1, i.e.

�(g) =

(
1 if g = aw where w is a word and aw is reduced
0 else.

Note that this function can be used to de�ne a cocycle with values in `p(�) (for the right-
regular representation �`p�): Indeed,

b()(g) := �(g)� ��(g) = �(g)� �(g) =

8><>:
�1 if g = w�1 and  = waw0(reduced)
1 if g = aw�1 where  = wa�1w0(reduced)
0 else.

so kb()kpp =number of appearance of the letter a�11 in .
Now take another cocycle for each letter ai and look at the cocycle b0 given by the direct

sum (i.e. � acts on �d
i=1`

p� diagonally). One has kb()kpp � Kjgj (for some K > 0) so that
�]
p(Fd) � 1=p. Theorem 1.11 shows this is an equality for p 2 [1; 2]. For p > 2, the correct

value is 1
2
, see Naor & Peres [18, Lemma 2.3]. |

The �trick� in the previous example is sometimes referred to as �virtual coboundary�.
Indeed, if � would be in `p�, b would be a [usual] coboundary. Here, � =2 `p� but nevertheless
b is well-de�ned.

Example 5.3. Let B := `p� and let � act diagonally on each factor by the right-regular
representation. De�ne a cocycle via a �virtual coboundary�, i.e. �rst put f =

P
n�0 an�n

where �n 2 `p� and an 2 R are to be chosen. We would like to de�ne a cocycle by

b() = f � �f:

We need to insure that, for each , b() is indeed in `p�. Using the cocycle relation, it su�ces
to check this for s 2 S: we need

k�sf � fkpp =
X
n

�p
nk�s�n � �nkpp < +1:
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Just let kr�nkp := P
s2S k�s�n � �nkp and pick �p

n = kr�nk�pp n�1��, where � > 0. Next (see
exercises), we only need a lower bound on kb(g)k.

kb(g)kpp =
X
n�1

n�1��
k�n � �g�nkpp
kr�nkpp � X

njdiam sup
�

n<jgj
n�1��

k�nkpp
kr�nkpp :

Take �n = 1Fn where Fn is a sequence of �nite sets such that Fn ( Fn+1 and @Fn\@Fn+1 = ;
(here @F is the set of edges between F and F c). Then krfkp � Kj@Fnj for some K > 0.X

�p
nj@Fnj < +1 ) �p

n := n�1��j@Fnj�1:

where � > 0 is arbitrary. This gives, for n = supfl j diamFn < jgjg,

kb(g)kpp �
nX

k=1

 
nX
i=k

�i

!p
(jFkj � jFk�1j)

with F0 = ;. Now, assuming further the �n are decreasing, for p 2 R�1 the inner sum can
be written as

kb(g)kpp �
nX

k=1

(n� k + 1)p�p
n(jFkj � jFk�1j)

Since
Pc

k=1 ak(bk � bk�1) = bcac +
Pc�1

k=1 bk(ak � ak+1) (given b0 = 0), one has

kb(g)kpp � �p
njFnj+ �p

n

n�1X
k=1

jFkj((n� k + 1)p � (n� k)p)

So let

Rn =
1

j@Fnj
nX

k=1

jFkj((n� k + 1)p � (n� k)p)

!

then kb(g)kpp � Rnn
�1�� for n = supfl j diamFn < jgjg.

Apply this to the case where � has polynomial growth, the Fn can essentially
21 be chosen

to be sequence of balls. One �nds,

Rn ' 1

nd�1

nX
k=1

kd(n� k)p�1 ' np+1

where the last equality was using Euler-Maclaurin with
R T
0 xa(T � x)b ' cstT a+b+1. Thus,

with n = jgj,
kb(g)kpp � Knp�� for some K > 0:

Taking �! 0 shows that �]
`p(�) = 1 for groups of polynomial growth. |

Note the above bound on compression (together with the fact that nilpotent groups surject
on Z), gives a proof that ��;S = 1=2 for any generating set.

More careful computations can be used to show �]
`p(Z2 o Z) � 1=p (which is not sharp!..

unless p = 1) and gives some result for groups of intermediate growth. See Tessera [22] for a

more general class of groups with �]
`p(�) = 1 and further techniques.

21one needs to pick some careful subsequence
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6 Exercises

Everywhere: � is a �nitely generated group. For hints look at the end.

Exercise 1 Let f(n) = P(W2n = e�). Show that f(n +m) � f(n) � f(m). Deduce that
the limit of f(n)1=2n exists.

Exercise 2 LetBn be the ball of radius n in a Cayley graph of �. Show that lim infn!1
jBn+1j
jBnj =

1 implies the group is amenable.

Exercise 3 Show that the Følner condition does not depend on the generating set S, i.e.
fFng are Følner sets for S they are also Følner sets for T .

Exercise 4 Show that E
�
d(Wn+m; e�)

�
� E

�
d(Wm; e�)

�
+ E

�
d(Wn; e�)

�
.

Exercise 5 Given a cocycle b, many of the conditions for a coarse embedding are auto-
matically satis�ed.

� Show that it su�ce to check that �f
�
d(e; )

�
� kb()k � Cd(e; ) + C for all  2 �.

� Show that a cocycle is always Lipschitz (i.e. the upper bound always hold): kb()k �
Kd(e; ) for some K > 0 (K depends on b).

Conclude that the only inequality to establish to see that a cocycle is a coarse embedding is
kb()k � �f(jj).

Exercise 6 Show that there cannot be a Banach space with modulus of smoothness of
power type p for p > 2. Likewise for Markov type.

Exercise 7

Hint[s] for 1: One has more chances of returning at identity after time n+m as returning at time n and

n+m. Let g(n) = � log f(n) then g(n+m) � g(n)+ g(m) and by Fekete's subadditive Lemma lim g(n)
n

exists.

Hint[s] for 2: jBn+14Bnj
jBnj

= jBn+1j
jBnj

� 1 and j@Bnj � jSj � jBn+14Bnj

Hint[s] for 3: Write the letters of T as words in S (and vice-versa) to see that the T -boundary of a set is
at most some thickening of the S boundary. The size of a regular tree being bounded, this yields a bound on
the T -boundary in terms of the S-boundary.

Hint[s] for 4: All points in a Cayley graph are the same. In particular, from each possible position at
time n, one has the same future after m steps. Check for the �worst case scenario� (triangle inequality).

Hint[s] for 5: Use that � is isometric and the cocycle relation. For the second point, write  as a word,
and use the cocycle relation many times.

Hint[s] for 6:

Hint[s] for 7:
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