REAL ANALYSIS MATH 608
HOMEWORK #8

Problem 1. Let (X, M, ) be a measure space. Show that:

(1) Forall f € Li(u),8 € Loo(ut) we have fg € Li(u) and ||fglli < f1l1llglleo, with equality if and only if
g = llglloo, p-a.e. on {f # 0O}.
(2) {fuln is a Cauchy sequence in Lo (1) if and only if there is A € Mwith u(A°) =0 such that limy, j—co SUP e | frn(X) —

()| = 0.
(3) Lo(w) is a Banach space.

Problem 2. Let 1 < p < g <r < oo, and consider the norm ANl AL, def £, + I fIl- on L, N L,. Show that

(1) (L, "Ly, -|lz,nz,) is @ Banach space.
(2) Show that the formal inclusion v: L, N L, — L is continuous.

Problem 3. Let H be a Hilbert space, S C H, and recall that
St={xeH:xL1y, forallyeS}.

Show that S+ is the smallest closed linear subspace of H containing S .

Problem 4.
(1) Show that if X is separable then the weak-+ topology on Bx- is metrizable.
(2) Show that if X* is separable then the weak topology on By is metrizable.

Hint: For (1) consider d(x*,y*) = >, 27"|(x" = y*)(zn)| Where {z,}, is dense in By. For (2) mimic the
argument in (1).

Problem S. Let 1 < p < g <r < oo, and consider the norm on L, + L, given by

C

def .
WfllL,+, = f{ligll, +lAll,: f=g+heLl,+L}
Show that

(1) (Ly+ Lyl llL,+L,) is a Banach space.
(2) Show that the formal inclusion v: Ly — L, + L, is continuous.



