












Example 4

1. Consider the frequency response function

p
2⇡, ĥ(�) =

(
1 �1  �  1

otherwise
.

(a) Find the impulse response function.

Solution

h(t) =
1p
2⇡

Z 1

�1
ĥ(�)e�td�

=
1p
2⇡

Z 1

�1

e�tp
2⇡

d�

=
1

2⇡

eit � e�it

it
=

sin(t)

⇡t
.

(b) Find the frequency domain form of L for any f .

Solution dL[f ] =
p
2⇡ ĥf̂ , which gives us

dL[f ] =
(
f̂(�) |�|  1

0 otherwise.

This is a low pass filter; it passes all frequencies between �1 
�  1 and removes all higher frequencies from f .

(c) Suppose that f(t) = e�|t|
. Find L[f ] in both the time domain and

frequency domain.

Solution In a homework problem you showed that f̂(�) =
q

2
⇡

1
1+�2 ,

so in the frequency domain \L[e�|t|](�) =
q

2
⇡

1
1+�2 , for |�  1, and 0

otherwise. In the time-domain, we have L[e�|t|
] =

R1
�1 e�|t�u| sin(u)

⇡u du.

(d) Suppose that f(t) = 1 for 0  t  1 and 0 otherwise. (This is the

Haar scaling function.) Find L[f ] in both the time domain and

frequency domain.

Solution For the frequency domain, we need to find f̂ :

f̂(�) =
1p
2⇡

Z 1

0

e�i�tdt =
1p
2⇡

e�� � e0

�i�
=

1p
2⇡

1� e�i�

i�
.
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Thus, dL[f ](�) = 1p
2⇡

(
1�e�i�

i� |�|  1

0 otherwise

The situation in the time domain is more interesting:

L[f ] =

Z 1

�1
f(u)

sin(t� u)

⇡(t� u)
du

=

Z 1

0

sin(t� u)

⇡(t� u)
du. =

Z t

t�1

sin(v)

⇡v
dv

As the figure below shows, this filter has a big problem. The

output is coming in before the input signal does! This violates

the fundamental principle of causality: the signal is filtered before
it arrives!
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Acausal Filter

This violates causality. It implies that the filter “sees” the signal before
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it arrives. This is science fiction! Such a filter is said to be acausal. It can’t
be realized physically.

Causal filters are ones that don’t output a signal before it arrives. If

they had a slogan it would be“no output before input.” The text gives two

equivalent necessary and su�cient conditions for a filter to be causal. The

first is that h(t) = 0 for all t < 0, and the second is that frequency responsep
2⇡ĥ(�) is the Laplace transform of a function (ultimately the impulse re-

sponse function) evaluated at s = i�. For example, the Butterworth filter

has its impulse response, h(t) = 0, for t < 0. Its frequency response is

p
2⇡ĥ(s) =

Z 1

0

e�↵te�stdt, s = �.

Example 1 above is also causal. Example 2 is acausal.
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