
Index

Absolute value, 112, 278, 337–340,
346–348

Abstraction, virtues and terrors of,
vii–ix, 7, 139, 198, 224–227, 262,
268, 298, 431–432

Action, 131–132
Addition, 1–3, 5, 89–91

of functions, 104
of matrices, 48–50, 56

Adiabat, 319
Adjoint, 327, 416, 420
Adjugate, 327
Affine approximation, see Linear a.,

Differential
Affine function, 101–103, 117–121,

135, 137, 238–244
Affine subspace, 216–217, 230, 240–

244, 433
Algebra (abstract), 432–433, 435
Algebraic equation, 9–16, 27–44, 177
Algebraic topology, 372–376
Angle, 12, 71, 77, 88, 102–103, 164–

170, 272, 311, 388–389, 433
Angular momentum, 343
Angular velocity, 319, 343
Antisymmetric matrix, 54, 315, 342–

344
Arc length, 300–311, 358, 386–387
Area, 336-340, 388

see also Surface area, Volume
Artillery, 110
Associative law, 49–52, 56, 58, 86,

89–90, 433
Assyrian harp, 313
Atmosphere, 121–122, 319
Augmented matrix, 32–44
Ausdehnungslehre, 433–434
Axioms, eight, 89–94, 211, 434
Azimuth, 110, 170

Basis, 3, 5–6, 148–209, 277, 281–297,
303–306, 338–339, 395–408, 417–
419

for subspace, 215–216, 219–220,
242–287

Best approximation, see Linear a.,
Differential

Bijective, 233, 250, 255
see also Isomorphism

Bilinearity, 272, 277
Binormal vector, 303–306
Biot–Savart law, 344
Block-diagonal matrix, 72
Bound vector, 19
Boundary, 361–364, 375, 390
Boundary condition, 226, 230–231,

239, 242–248
Bounded, 223, 247, 280
Buoyancy, 319

C/Cn/C∞, 93, 215, 221, 276, 296, 395
C

n, see Complex numbers
C language, 19–20
Calculus of variations, 131–132
Cauchy-Schwarz inequality, 135–136,

278–280
Chain rule, 77–82, 135–147, 182–183,

258, 260–263, 301–302
Change of basis, see Basis, Coordi-

nate transformation, Similarity
transformation

Characteristic equation/polynomial,
397–406, 417–418

Charge, 96, 126–128, 245–246, 343–
344, 352, 370, 378

see also Poisson’s equation
Checkerboard rule, 321–322
China, 36
Closed (algebraically), 89, 92, 210–

217
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Closed curve, 361–366, 368–370
Closed surface, 354, 362–363, 365,

368–370
Codomain, 97–99, 194–201, 203, 224,

226, 237, 245, 297–300, 345, 393
Coefficients, 27–30, 178, 282–284
Cofactor, 83–85, 321–322, 326–327,

424
Cohomology, 372–376
Column vector, 10, 28–30, 52, 78,

100–101, 165–166, 190, 202, 397,
416

Commodities, 4–5, 54–55
Commutative law, 49–52, 89, 92, 433
Commutator, 61, 107
Complex numbers, 2, 6, 90, 273–276,

341–342, 401, 414–417, 433
Component, 2–4, 178
Composition, 51, 57–58, 104–105,

114, 185–186
Computer algebra, 36–38, 41–42, 114,

116, 146, 265
Computer memory, 19–20
Conic section, 212, 422–423, 430
Continuity, 113–115, 272, 275

of norm, 278
Continuum mechanics, 110, 316, 319
Contour line, 74–75
Contragredient, 66, 181, 204
Contravariant vector, 205

see also Column vector
Convex combination, 18
Coordinate transformation (linear),

178–184, 194–209, 277, 299, 397,
420–422

see also Curvilinear coordinates
Coordinates, 2–4, 178, 282

see also Curvilinear c., Polar c.,
etc.

Corresponding homogeneous problem,
240

Coulomb potential, see Charge, Pois-
son’s equation

Covariant vector, 205
see also Row vector

Cramer’s rules, 326–328, 331

Cross product, 14, 86–88, 303–306,
313, 316–319, 334, 340, 384,
387–388, 433

in dimension other than three,
340–344

Crystal, 110, 141
Cubic equation, 398
Curl, 313–320, 343, 363–378
Curvature, 303–306
Curve, 22–26, 165–167, 297–313, 361–

381, 386–387
Curvilinear coordinates, 111, 164–

170, 259, 264–271, 346–352
see also Cylindrical c., Spherical c.,

etc.

Cyclic permutation, 318–319, 323,
383

Cylindrical coordinates, 257–259, 334,
346, 353, 355–357

slanted, 351

Del, 313
see also Nabla

Density, 301, 319, 351–354
Dependence, see Independence
Derivative matrix, 120–121, 135, 138,

257–262
see also Differential, Jacobian m.

Determinant, 70–71, 82–88, 158, 255,
266, 321–352, 384–387, 398, 423–
428

of orthogonal matrix, 417
Diagonal matrix, 53, 71–72, 324, 394–

397, 419, 421
Diagonal value (of function), 147
Diagonalization, 399, 406–410, 418,

420–424
Differentiability, 114, 117–120, 272
Differential, 117–147, 315, 362
Differential equation, 5–7, 144–146,

156–157, 171–172, 213, 215, 226–
227, 237–248, 434

partial, 211–212, 230–231, 238,
239, 242–248, 371–372, 377

system of, 396, 406, 410–415
Differential forms, 357–360, 383, 434
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Differential geometry, 20,
Differential operator, 104–105, 230,

393–394, 396
Differentiation,

as linear function, 95–96
of vector-valued function, 297–301

Dimension, 31, 74–76, 83, 86, 170–
178, 210–211, 216, 218–220, 249

see also Rank
Dirac string, 375
Direct methods (of evaluating inte-

grals), 378–392
Direct sum, 212, 218, 287, 419
Directional derivative, 76–78, 120–

123, 126, 315–316
Discriminant, 278, 422–424
Displacement, 18–21, 306–307
Distance, 21, 112–113, 272–275, 278–

280, 300
Distributive law, 49–50, 56, 58
Divergence, 313–318, 362–363, 365,

368–370
Divergence theorem, see Gauss’s the-

orem
Division, impossibility of, 88, 90, 433
Domain, 97–99, 110, 113–115, 194–

201, 237, 245, 249, 393
Dot product, 5, 9–16, 76–78, 272–

277, 297, 306–307, 315–316, 358–
359, 378, 416–417, 420, 434

see also Inner p.

Echelon form, 33–35, 37, 66, 173,
251–254

see also Row operations/reduction
Economic applications, see Commodi-

ties
Eigenbasis, 394, 397, 418–419
Eigenfunction, 394
Eigenvalue, 394, 398–403, 417–419,

423–428
Eigenvector, 6–7, 393–431
Electric field, 1, 96, 141, 369–370

see also Charge, Laplace’s equa-
tion, Poisson’s equation

Ellipse, 423, 430

Elliptic coordinates, 169, 271, 350

Equations, see Algebraic e., Differen-
tial e., Linear e.

Euclidean motion, 102–103

Euler angles, 103

Even and odd functions, 215, 222

Even and odd permutations, 322–324

Exact differential/equation, 144–146,
370–375

Existence, 228, 239, 243, 251–254

of implicit/inverse functions, 260,
262

Expansion, 178

see also Coefficients, Coordinates,
Taylor series

Exponential (of matrix), 395–396,
406, 408–409

Extrema, 425–431

Fastest increase, direction of, 77, 80–
81

Fermions, 110, 434–435

Filon’s rule, 332, 335

First-order approximation, see Lin-
ear a., Differential

Flux, 353–354

see also Surface integral

Fredholm alternative, 247–248, 419–
420, 430

see also Rank

Force, 1, 5, 19, 131, 304, 306–311,
343–344, 359

Fourier series, 172, 212, 243, 283,
394, 396–397

Fourth-order equation, 248

Free vector, 19

Frenet–Serret basis/formulas, 303–
306

Function,

of matrix, 395–397, 406–410

see also Infinite-dimensional space,
Linear f., Nonlinear f.

Functional, see Linear functional

Functional analysis, see Infinite-
dimensional space
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Fundamental theorem of algebra, 154,
334, 401

Fundamental theorem of calculus,
361, 364

Galilean transformation, 103, 144
Gauss’s law, 366, 369–370
Gauss’s theorem, 356, 361–363, 365,

368–369, 376, 390
Gaussian/Gauss–Jordan elimination,

32, 34, 39
see also Row operations/reduction

General solution, 240–242
Generate, see Span
Geometry, 1-3, 9–20, 210, 216, 297–

306, 336–346, 358–359, 386–389,
432–435

Gibbs formalism, 313–320, 359, 363,
434

Gradient, 1, 75–81, 166–167, 205,
313–314, 316–317, 361, 367, 370–
376

of vector field, 122, 127, 315–318
Gram-Schmidt process, 284–296, 345–

346, 418–419
Graph, 22–24, 74–76, 354–356, 360,

379–383, 389, 391
Greek alphabet, 446
Green’s theorem, 361, 364, 366–367,

376, 390

Handedness, 337–339
see also Orientation

Harmonic polynomial, 212
Heat equation, 238, 242–243, 248,

396–397
Helix, 22–23, 304–305
Hermite polynomials, 289, 295
Hermitian symmetry, 273–274
Hessian, 426–427
Hilbert space, 93, 287
History, viii, 36, 313, 361, 431–435
Holes in space, 372–376
Homogeneity (of norm), 273–274
Homogeneous equation, 5–6, 171–174,

213, 229–230, 238–246, 398, 401,
403, 419–420

Homogeneous polynomial, 212
see also Quadratic form

Homology, see Holes in space,
Boundary

Hydrogen atom, 93, 289, 294
Hyperbola, 423, 430
Hyperbolic coordinates, 351
Hyperbolic functions, 117, 149, 157–

158
Hypersurface, 74–76, 120, 123

Identities (satisfied by nabla), 316–
320

Identity, additive or multiplicative, 89
see also Zero vector

Identity matrix, 52–53, 64–68, 258,
398

Image, 224, 225, 227, 249, 300, 339
Implicit function, 260–271
Increment, 118–119, 123–126, 128,

130, 136–139
Independence, linear, 149, 152–156,

172–176, 278, 281
of eigenvectors, 400–403, 412, 419
tests for, 158–162, 255

Index (of matrix), 256
Indirect methods (of evaluating inte-

grals), 366–372
Infinite-dimensional space, 91–93,

104–105, 171, 172, 211–212, 215,
216, 275–276, 283, 287–289, 292–
294, 300, 393–394, 396–397, 434

Inhomogeneous equation, see Nonho-
mogeneous e.

Injective, see One-to-one
Inner product, 272–297

see also Dot p., Orthonormal
Integral theorems, 356, 361–378
Intersection, 217–220
Invariants, spectral, 422–425
Inverse,

of linear function, 105, 186, 233,
255

of matrix, 64–74, 257-262, 298–299,
326–328, 395, 416

of nonlinear function, 257–260
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Isomorphism, 6, 184, 233, 255

Jacobi’s theorem, 346–352, 387
Jacobian determinant, 266-268, 346–

350, 384–389
Jacobian matrix, 120–124, 128, 135–

139, 165, 169, 257–260
relation to nabla, 314–316, 363,

372–373
Jordan canonical form, 402, 412

Kernel, 229–232, 240, 243, 245, 249–
252, 419

kth-column rule, 100-101, 184–190

Lagrangian, 131–132
Laguerre polynomials, 289, 292–295
Laplace’s equation, 211–212, 230,

244–246
Laplacian, 244, 313–314

of vector field, 316–317
Left-handed basis, 337–339
Legendre polynomials, 287–289
Leibnitz rule, 79, 312, 316–318
Length, 21, 89, 112–113, 272–276,

278–279, 359
Level curve/set/surface, 74–75, 77
Lie algebra/group, 103, 435
Limit, 111–115, 223, 272, 275, 280–

281
Line, 9–13, 16, 210–211, 216
Line integral, 306–313, 352, 356-359,

361, 363–375, 378–381, 386–387
see also Arc Length

Linear approximation, 24, 75–76,
117–124

Linear combination, 5–6, 150–155,
172, 220

infinite, 272
Linear equation, 27–48, 237–248
Linear formulas, see L. equation,

L. function
Linear function, 27–29, 52, 94–109,

135–137, 184–190, 194–209, 224–
257, 393–394

and determinant, 339, 345
differential of, 124
relation to subspace definition, 213

Linear functional, 94, 97, 98, 204

see also Row vector
Linear independence, see Indepen-

dence

Linear problem, 239–248

Linear system, see L. equation
List, 162, 178

Lorentz force, 343–344

Lorentz transformation, 103, 144

Magnetic field, 343-344, 360, 375

Magnetic moment, 1

Manifold, see Submanifold, Differen-
tial geometry

Mapping, 94

see also Linear function

Matrices (as a vector space), 214, 221
Matrix, 27–30, 32–45, 48–74, 99–101,

124, 180–209, 233, 250–255, 276–
277, 284, 326–328, 397–399, 402–
410, 416–431

see also Determinant

Matrix-valued function, 125–126,
298–299, 315

Maximal rank, 255, 260–262

Maximum, 425–431

Maxwell’s equations, 343

Metric, 272—274, 280, 359
Minimum, 425–431

Minor, 322, 424–425, 427

see also Cofactor
Möbius strip, 355

Model (in applied mathematics), 111

Monopole, 375
Moving trihedral, 304

Multilinear function, 326

Multiple integral, see Volume i.
Multiplication,

as linear function, 96, 105

of matrices, 30, 49–59, 120–124,
136–139, 194–205

scalar, see Scalar multiplication

“Mystical” identities, 382–389

n-tuples, see R
n
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Nabla, 313–320, 434
see also Vector field, Gradient,

Divergence, Curl, Integral theo-
rems

Natural basis, 3, 68, 156, 171, 179,
190, 194, 201–203, 281, 338–339

Newton’s law of motion, 131
Nonlinear function, 74–82, 97–98,

110–147
see also Curve, Vector field, Differ-

ential, Curvilinear coordinates
Nonorthogonal coordinates, 167, 264–

268
Nonhomogeneous equation, 217, 225–

228, 230–232, 238–246, 419–420
Norm, 272–281, 300
Normal, see Orthogonal, Perpendicu-

lar
Normal form, 149–150, 155

see also Jordan canonical form
Normal mode, 393–394
Normal vector, 11–16, 77, 166–167,

267–268, 303–306, 351, 354–355,
362–363, 365, 384, 387–389

Normalized, see Unit vector
Notation, 3–4, 10, 27–30, 52, 78, 96,

98, 110, 120, 122, 179, 194, 274–
275, 282, 363

Null set, 229
Null-space, 224
Nullity, 250–251
Numerical integration, see Quadra-

ture rule

O/o, 118, 123–124, 135–138
Odd function, 222
Odd permutation, 323
OG, 281

see also Orthogonality
Old and new bases, 181, 194–199
ON, 281

see also Orthonormal
One-to-one, 228–229, 233, 243, 250
One-to-one correspondence, see Bijec-

tive, Isomorphism
Onto, 227–228, 233, 243, 250

Operator, 94, 393–395
see also Linear function, Differen-

tial equation, Differential o.
Orbit, 368, 435
Orientation, 354–355, 362–363

see also Handedness, Rigid body
Origin, 1–2, 9, 11, 18–20, 216

see also Zero vector
Orthogonal basis, see Orthogonality
Orthogonal complement, 284–287,

297, 418–420
Orthogonal coordinates, 167
Orthogonal matrix, 297, 311, 403,

416–418
see also Rotation

Orthogonal polynomials, 287–289,
292–296

Orthogonal set, see Orthogonality
Orthogonality, 89, 272, 281–297, 417–

420
Orthonormal, 277, 281–297, 416–419

Pn, see Polynomials
Parabola, 423, 430
Parabolic coordinates, 169, 347–348,

350
Parabolic cylinder coordinates, 269
Parallel part, 285–287

see also Projection
Parallelepiped, 336–340
Parallelogram rule, 1–2
Parametrization, 10, 12–16, 22–26,

35–36, 40–41, 110–111, 300–303,
358–359, 380–381, 384–386

Partial derivative, 75–80, 120–121,
129–130, 139, 182–183, 262, 264–
265, 313–320

Partial differential equation, see

D. e., p.
Particular solution, 240–246, 252
Path independence, 366–368, 370–376
Pauli matrices, 435
Permutation, 84, 322–324
Perpendicular, 11–12, 15–16, 77, 270–

272, 281
see also Orthogonality
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Physical quantities, 1, 302, 306, 343,
352–353

Physical space, 4, 9, 18–21, 172, 210,
216, 233, 336, 358–359, 432–434

Pivot, 34, 42
Plane, 13–16, 210-211, 216, 353, 388–

389
Planetary atmosphere, 319
Pointers, 19–20
Points, 18–20, 216
Poisson’s equation, 244–248, 377
Polar angle, see Spherical coordinates
Polar cap, see Spherical cap
Polar coordinates, 129–130, 164–169,

257–259, 346–347, 374
Polynomials, 5, 91–93, 95–96, 151–

156, 171, 172, 189, 195, 211–212,
231–232, 244, 249–250, 276, 287–
289, 292–296

Position, 18–22, 319
Positivity, 272–274, 276–278, 408–

410, 422–427
Potential function, 370–376
Power (of matrix), 53, 58–59, 62, 395,

406–410
Power functions, 5, 151, 171, 190, 287

see also Polynomials
Pressure, 319
Prices, 4–5
Product, 89

see also Inner p., Multiplication
Product rule, 79, 312, 316–318
Projection, 3, 109, 284–288, 379–383,

418
Pseudovector, 343–344

Quadratic form, 420–431
Quadrature rule, 97, 330–333, 335,

390
Quantum mechanics, 93, 110, 275,

284, 289, 294, 434–435
Quaternions, 432–435

R
n, 1–5, 90–91, 99–102, 272–273,

336–346
Range, 224–228, 231–232, 243, 249–

250, 254, 300, 419–420

Rank, 249–257, 260–262, 430
Rational function, 395
Real numbers, 2, 433

see also R
n, Scalar

Recursive definition, 321
Reflection, 2, 103–104, 107–108, 417
Relativity, 20, 434–435

see also Lorentz transformation
Revenue, 4–5
Riemann sum, 306–307, 309, 353–354,

387–389
Right-handed basis, 337–339
Rigid body, 20
Rodrigues’s formula, 289
Rotation, 3, 20, 70–71, 102–104, 107–

108, 168–169, 303, 311, 319,
342–343, 417, 433–435

Roundoff error, 41–42
Row operations/reduction, 32–44, 66–

71, 159–162, 173–174, 251–255,
324–326, 339

Row vector, 10, 78, 101, 166, 182,
204–205, 359

Saddle point, 426–428
Satellite, 168
Scalar, 90
Scalar multiplication, 1–2, 5–6, 21,

89–92, 273
of functions, 104
of matrices, 49, 56, 324

Scalar product, 273
see also Dot p., Inner p.

Second-derivative test, 425–431
Secular equation, see Characteris-

tic e.
Separable equation, 145–146
Separation of variables, 243
Sequences (as vector space), 223–224
Shape (of matrix), 29, 49–53, 57,

251–254
Shear transformation, 109, 345
Similarity transformation, 198–200,

397, 399, 418, 430
Simplification, algebraic, see Normal

form
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Simpson’s rule, see Quadrature rule
Singular matrix, 66, 67, 83, 233, 255,

326
Singularity, coordinate, 265–268
Span, 150–152, 155–156, 172–173,

175–176, 216, 220, 227, 254–255
Speed, 24

see also Velocity
Spherical cap, 111, 391
Spherical coordinates, 84–85, 111,

170, 264, 289, 327, 346, 353,
355, 356, 385–386

Spin (quantized), 110, 434–435
Square matrix, 64–66, 252–253, 255,

393–431
Square root (of matrix), 395, 408–410
Steady-state solution, 242, 248
Stokes’s theorem, 356, 361, 363–370,

373–375, 390–391
Submanifold, 110–111, 217
Subspace, 210-237, 243, 284–287

of eigenvectors, 400–403
Subtraction, 21
Sum, 89

of subspaces, 212, 218–220, 287,
419

“Superdistance”, 280
Superposition, 6, 96, 237–248
Surface, 74–77, 166–167, 217, 267–268
Surface area, 352–357, 387–389, 391–

392
Surface integral, 352–366, 368–370,

374–376, 381–392
Surjective, see Onto
Symmetric matrix, 54, 402–404, 416–

431
and existence of potential, 128,

372–373
Symmetry (of quadratic form), 272–

274, 420
System of differential equations, see

D. e., s. of

Tangent hyperplane, 120
Tangent line, 24, 270
Tangent plane, 75–76, 270

Tangent vector, 23–26, 165–168, 267–
268, 297–306, 351, 387

Taylor series, 121, 426
Temperature, 1, 78

see also Heat equation
Time independence, 242, 248
Topology, 361–362, 376

see also Metric, Inner product,
Limit

Torque, 343
Torsion, 304–306
Trace, 314–315, 363, 422–425
Transfinite numbers, 171
Transformation, 94

see also Linear function
Translation, 102–103

see also Displacement
Transpose, 53–54, 66, 179–182, 195,

254, 321, 420–422, 430
of orthogonal matrix, 416

Trapezoidal rule, 332, 335
Triangle inequality, 273, 278–279
Triangle rule, 1–2
Triangular matrix, 324–325, 398
Trigonometric function (of matrix),

415
Triple products, 86–87, 316–319, 340

Union, 217–218
Uniqueness, 228–229, 239, 251–254
Unit matrix, see Identity matrix
Unit vector, 76–77, 166–168, 281–294,

301–306, 353–355, 378, 387–389,
419

Vandermonde determinant/matrix,
85, 331–333

Variables, change of, see Coordinate
transformation, Basis, Jacobi’s
theorem

Vector, 1–9, 89–94, 432–434
Vector differential operations, 313–

320
Vector field, 110, 126–128, 168–169,

306–311, 313–320, 352–392
Vector potential, 372–373, 375–376
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Vector space, 89–94, 210–211, 217–
220, 272–276, 297–300, 434

Vector-valued function, see Curve,
Vector field, Nonlinear function

Velocity, 1, 103, 124, 309–310, 343–
344

Viscosity, 319
Volume, 336–340, 346–347, 350
Volume integral, 346–352, 356, 362,

368, 384

Work, 5, 306–311, 370–372

Zero vector, 1, 89, 91, 92, 109, 153,
154, 156, 210, 212, 213, 229,
239, 394, 400

see also Origin



The Greek Alphabet

A . . . . . . α . . . . . . alpha

B . . . . . . β . . . . . . beta

Γ . . . . . . γ . . . . . . gamma

∆ . . . . . δ . . . . . . delta

E . . . . . . ǫ . . . . . . epsilon

Z . . . . . . . ζ . . . . . . zeta

H . . . . . . η . . . . . . eta

Θ . . . . . θ . . . . . . theta

I . . . . . . . ι . . . . . . iota

K . . . . . . κ . . . . . . kappa

Λ . . . . . . λ . . . . . . lambda

M . . . . . . µ . . . . . . mu

N . . . . . . ν . . . . . . nu

Ξ . . . . . . ξ . . . . . . xi

O . . . . . . o . . . . . . . omicron

Π . . . . . . π . . . . . . pi

P . . . . . . ρ . . . . . . rho

Σ . . . . . . σ . . . . . . sigma

T . . . . . . τ . . . . . . tau

Υ . . . . . υ . . . . . . upsilon

Φ . . . . . . φ . . . . . . phi

X . . . . . . χ . . . . . . chi

Ψ . . . . . ψ . . . . . . psi

Ω . . . . . . ω . . . . . . omega


