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ABSTRACT

Closed Path Approach to Casimir Effect in Rectangular Cavities and Pistons. (July 2009)
Zhonghai Liu, Doctor of Philosophy, Texas A&M University

Chair of Advisory Committee: Stephen Fulling

We study thoroughly Casimir energy and Casimir force in a rectangular cavity and
piston with various boundary conditions, for both scalar field and electromagnetic (EM)
field. Using the cylinder kernel approach, we find the Casimir energy exactly and analyze
the Casimir energy and Casimir force from the point of view of closed classical paths (or
optical paths). For the scalar field, we study the rectangular cavity and rectangular piston
with all Dirichlet conditions and all Neumann boundary conditions and then generalize
to more general cases with any combination of Dirichlet and Neumann boundary condi-
tions. For the EM field, we first represent the EM field by 2 scalar fields (Hertz potentials),
then relate the EM problem to corresponding scalar problems. We study the case with all
conducting boundary conditions and then replace some conducting boundary conditions
by permeable boundary conditions. By classifying the closed classical paths into 4 kinds:
Periodic, Side, Edge and Corner paths, we can see the role played by each kind of path.
A general treatment of any combination of boundary conditions is provided. Comparing
the differences between different kinds of boundary conditions and exploring the relation
between corresponding EM and scalar problems, we can understand the effect of each kind

of boundary condition and contribution of each kind of classical path more clearly.
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CHAPTER I

INTRODUCTION

A. Origin of Casimir Effect

In 1948, H.G.Casimir predicted the well-known Casimir effect [1], that is, two extremely
clean, neutral, parallel, micro-flat conducting surfaces, in a vacuum environment, at zero
temperature, attract one another by a very weak force that varies inversely as the fourth
power of the distance between them [2] :

n*he

Fa == 04

(1.1

where a is the separation between two parallel plates, A > a? is their area and c is the
speed of light. In the following we set hA=c=1. From dimensional analysis with A, ¢ and the
separation a, the Casimir force per unit area is inversely proportional to the fourth power
of the separation a. The Casimir effect was first demonstrated by M.J. Sparnaay in 1958
[3] and was confirmed to good accuracy by S. K. Lamoreaux’s experiment in 1997 [4].

The Casimir effect is a prediction of quantum electrodynamics (QED). However, Casimir
and Polder’s first attempt to compute the Casimir energy (force) was not based on QED;
instead, they investigate the Van der Waals forces in colloidal fluids [5]. There is an in-
teresting story on the history of the Casimir Effect that H.B.G.Casimir stated on his own
words [6]:

During a visit I paid to Copenhagen, it must have been in 1946 or 1947, Bohr asked
me what I had been doing and I explained our work on Van der Waals forces. “That’s nice,
that is something new”, he said. I then explained I should like to find a simple and elegant
derivation of my results. Bohr thought it over, then mumbled something like “must have

something to do with the zero-point energy”. That was all, but in retrospect I have to admit



that I owe much to this remark.

It turns out that zero-point energy is the key word to understand Casimir effect.

B. Understanding of Casimir Effect

The Casimir effect is widely regarded as a rising from the zero-point fluctuations intrinsic
to any quantum system. The QED vacuum is a sea of virtual photons; in another words,
it may be regarded as an enormously large collection of harmonic oscillators representing
the fluctuations. A harmonic oscillator with frequency w has a ground state energy which
is nonzero:

e(w) = %w (1.2)

For free Minkowski space, the spectrum of frequency is continuous, so integration over

possible frequency gives the energy density:

€= f‘” e(w)p(w)dw = f‘” la)p(a)) dw (1.3)
0 0o 2

When boundaries are introduced into free Minkowski space, the spectrum of frequency will

be discrete; the integration in (1.3) has to be replaced by a summation:

1
£= zjl 501 (1.4)

With boundaries the field is constrained to a finite spatial volume and is forced to satisfy
certain boundary conditions on the boundaries. It is the presence of boundaries that makes
the field constrained and changes the spectrum from continuous to discrete [7]. The Casimir
effect can be understood as resulting from the modification of zero-point fluctuations of

QED vacuum [8]. For the original model, parallel plates, Casimir energy corresponds to



the energy difference between constrained field and unconstrained field (free field) [7]:

1 <1
AE = Eplates — Efree = Z E(UJ - f E(U,D((,U)d(x) (L.5)
7 0

One is faced with the problem of ultraviolet divergence when summing the zero-point en-
ergy over all modes [9]. Careful renormalization is needed to take care of the divergence.
There are many approaches to yield finite results for Casimir energy with different mecha-

nisms.

C. Various Approaches to Casimir Effect

Various methods have been developed to evaluate Casimir energy since H.B.G. Casimir’s
famous paper [1] in 1948. The Casimir energy can be defined directly as the sum of half-
frequencies that is interpreted via {-function regularization [10]. Multiple reflection ex-
pansion [11] and optical approximation [12] are based on the analysis of density of states
and they develop general methods to deal with either flat or curved surfaces by bringing in
stationary path/optical path analysis. The Green function formalism [13], and heat kernel
expansion [14] find systematic applications to quite a lot of problems.

Our approach to scalar field Casimir problems is closed path analysis based on the
cylinder kernel [15, 16]. For the electromagnetic (EM) field, we find that the Hertz potential
approach is convenient to convert the EM problem to a scalar problem; thus we can analyze
it by closed paths as well [17].

Casimir energy depends strongly on geometry and the relation between sign of Casimir
force and geometry is nontrivial. The earliest and simplest geometry is parallel plates,
which can be dealt with by almost every approach. The piston geometry has attracted
much interest since Cavalcanti published his first piston paper [18]. The piston geometry

is our focus in this dissertation, for both scalar field and EM field. The measurement of



the force between two parallel plates is not as easy as its derivation because of alignment.
An experimentally interesting geometry is a sphere above a plate, since that is a highly

symmetrical geometry. We will discuss more about measurement in the following section.

D. Measurement and Application of Casimir Effect

One of the main pioneers in measuring the Casimir force was M.J. Sparnaay in 1958 [3].
He used the standard parallel plate geometry with a spring balance, measuring the capaci-
tance between the two plates to determine distances, obtaining results not in contradiction
with the Casimir theory, but with large experimental errors. Since then greater and greater
accuracy was achieved through a succession of different techniques. The Casimir effect was
measured more accurately by S. K. Lamoreaux in 1997 [4] and by U. Mohideen’s group in
1999 with the use of an atomic force microscope (AFM) [19]. In practice, rather than using
two parallel plates, which would require phenomenally accurate alignment to ensure they
were parallel, the experiments use one plate that is flat and another plate that is a part of a
sphere with a large radius. In 2001, a group at the University of Padua finally succeeded in
measuring the Casimir force between parallel plates using micro-resonators [20].
Presently there are many applications of the Casimir effect to modern physics. Per-
haps most directly applicable to theoretical physics is the Casimir effect’s role in the ex-
tremely small distance scales at which quarks interact; physicists studying QCD have mod-
eled hadron interactions within nucleons using the chiral bag model [9]. The dynamical
Casimir effect is one of the more interesting predictions in modern physics. Physicists have
theorized that such an effect might explain the phenomenon of sonoluminescence [21].
Moreover, it has been suggested that the Casimir forces have application in nanotech-

nology, in particular silicon integrated circuit technology.



E. Structure of This Dissertation

We shall begin in Chapter II with the foundation of the closed path approach based on the
cylinder kernel, with a brief review of other approaches; by applying every approach to the
parallel plates model we explore the relation between our approach and others. In Chapter
III a thorough study of the scalar piston will be presented, starting from a 3-D rectangular
cavity and extending to the piston. Comparison with existing results will be conducted. By
means of Hertz potentials, we deal with the EM piston in Chapter IV. Once the EM field is
converted to scalar fields, the systematic method for scalar fields developed in Chapter 111
is convenient to apply. The Casimir effect for a curved boundary such as a sphere will be
investigated in Chapter V, where the idea of multiple reflection expansion (MRE) is applied

to compute the corresponding Green’s function. Chapter VI presents conclusions.



CHAPTER 1I

FOUNDATION OF CLOSED PATH APPROACH

Although the vacuum energy observable in the laboratory arises from quantum electrody-
namics (QED), the simpler model of a scalar field is frequently studied and casts light on
most of the questions of principle that arise for QED. In Chapter IV we will treat an elec-
tromagnetic field by decomposing it into two corresponding scalar fields by means of Hertz
potentials.

This chapter presents a systematic study of the relationship between vacuum energy
and Green’s function for a massless scalar field since the scalar field model provides a
simple relationship to classical paths which can improve our understanding intuitionally.
Since our concern is vacuum energy or vacuum energy density, it’s a good idea to explore
the stress tensor, which has energy density as its first component, Ty. It turns out that

vacuum energy density is closely related to the propagators.

A. Relation between vacuum energy and propagator of Klein-Gorden equation

A massless scalar field satisfies the Klein-Gordon equation (K-G equation or wave equa-

tion):
P o
i Vg =0 (2.1)

For the whole space, the normal-mode solution satisfying the K-G equation, with its stan-

dard normalization, is:

1
P(r,1) = p(r)e = T e (2.2)
w



The corresponding propagator (Green’s function) G(¢—t', r, r’) satisfies the inhomogeneous
Klein-Gordon equation:

02

(55~ VHG(t -1, r,r') = =P (x - 1r')o(t - 1) (2.3)

and it is understood as the vacuum expectation value (VEV) of the time-ordered product of

two fields [21]:
G@it-rt,r,v')=To(r, o', 1)) 2.4)

where T is the time ordering operator.
It’s necessary to discuss the reduced Green’s function G(¢t — t',r,r’) by taking the
inverse Fourier transform of G(¢ — ¢, r,r’) with respect to time ¢:

Gr,r,w) = f dte G -1, r,1) (2.5)

(%)

it thus satisfies

(w* + VHG(r, ¥, w) = -Pr -1) (2.6)

Correspondingly, G(z—1, r,r’) can be achieved by taking Fourier transform of G(¢—7,r,1’)
with respect to w:

0 d ’
G@it-1t,rr)= f Z_w YOG, T, w) 2.7
o 2T

The reduced Green’s function G(r, r’, w) is a good starting point. The eigenfunction expan-

sion for the reduced Green’s function is

Gn (1) (1)

2 _ )2
kX —w

G(r,r',w) = (2.8)

For the whole space, however, eigenfunctions ¢,(r) should be replaced by the usual set of

plane waves normalized to a -function. This gives

d3p etp~(r—r’) ezw|r—r’|
G/(r,v,w) = = 2.9
(r,r, w) QrY p*—w?* dn|r-r| (29




We call the reduced Green’s function for the whole space free propagator; it will be useful
later.
Now we derive the relation between the stress tensor and the Green’s function. The

stress tensor, for flat space and minimal coupling, is [2]

1
Too(f — t/, r, I'/) = 5 [80¢60f¢’ + 81¢31/¢, + 82¢82/¢, + 03¢83f¢’]

(2.10)
1 G, tr,t
= 5[60(9()/ + 616]f + 32(92/ + 8363/]&
1
Taking the inverse Fourier transform on both side, we find from (2.4),
1 G b ,’
Too(t — r,r, l") = E[a)2 + 0101 + 0,0y + 0383/]M (2.11)

We now integrate over w; the relation between vacuum energy density and the reduced

Green’s function comes out as

0o d ,
TOO(I - t’, r, r,) = f % Too(r’ r,, (1)) e_lw(t_t )
- 2.12)

1 P do , Gr,r,w
:—f‘—%wwww+mm+@@+@m+i__l
2 ). 21 1

From the analysis above, we see that once we know the reduced Green’s function, the

energy density can be evaluated by integration over w. Now we apply Green’s function’s

approach to the parallel plates with separation a. For parallel, the Green’s function is [21]:

d’k, K xx) [ 4w (1-1)
I l_lj / — IK) (X=X —lw(l— ’ } 2.1
G-ty = | G5 f e (R (2.13)

Here A* = w* — k% and the reduced Green’s function g(z, 7, A) satisfies

2
(—;—ZZ - gz, 7, ) =6(z—7) (2.14)

Take into account the Dirichlet boundary condition on plates, g(0,7’, 1) = g(a,z’,4) = 0,



we got the reduced Green’s function as

g(z,7, ) = - sin Azsin A(z — a) (2.15)

Asin Aa

Substituting into (2.13) and (2.10), the vacuum energy density for parallel plates is:

| 1 (®dw d*k 1 . )
Ty (r,r) = =% feo p (271;2 Tonia [(w? + ki) sin Azsin A(z — a) + 4> cos Az cos A(z — a)]

1 1
=1 f dwd®k, 0 [w? cos Aa — k> cos A(2z — a)]
(2.16)

Perform a complex frequency rotation: w — 1,4 — ik

1 I 1 k> cosh k(2z — a) 1
T (r,r) = — de | dik* = coth de | di® -+ - _ -
(1) =~ 73 f gf L7 cothkax 167r3f gf LT gsinka 1440 o

(2.17)

This recovers the well known result for the 3-D parallel plates model. However, this is not
the only way to construct the Green’s function.

An alternate way to construct the Green’s function possibly more instructively is to
introduce the method of images. By the method of images, we can construct the Green’s
function for parallel plates starting from the free propagator in (2.9),

tw(2na+z 7) Lw(Zna+z+Z )

G'(r,r,w) = Z[4ﬂ(2na+z—z) dn(2na +z+7')

] (2.18)

Knowing this Green’s function is enough to evaluate the energy density for parallel plates.
Before doing that, let’s study the contribution to the stress tensor from the free propagator.

Substituting (2.9) into (2.13), and performing a complex frequency rotation w — 1, we



10

can get the 00-component of the stress tensor contributed by the free propagator:

dw G/'(r,v,w
Tgo(r, r') = Ef o —[w® + 810y + 0,0y + 5263']¥
1 ~ el e~dIr-r'l
= dow w* = 2 2.19
a2 )y Y - 47r2f L 19
1 1

2 r—r
To obtain the energy density we would like to set r = r’. However, (2.19) is determined
by the distance between the two points and inversely proportional to the fourth power of
that length. In (2.18) we see that the Green’s function for plates can be constructed as a
summation of free Green’s functions with different path lengths. From the point of view of
the method of images, the summation is over number of reflections. Different numbers of
reflection indicate different lengths of path between the two points, d,. When putting the
two points identical, the contribution from the free propagator is divergent, hence it should

be excluded. But all other terms in (2.18) contributes a finite result.

[ee)

11 1
T|| , — N —
(T ) 27 d 2712 Z [(Zna)4 (2na + 220

] (2.20)

The total vacuum energy is the integral of energy density over space. The integral of the
second sum in (2.20) yields a surface divergent term which is independent of the plate
separation a and hence does not affect the Casimir energy. We will discuss this issue in
later chapters, see [33, 37] for more extensive discussion. The integral of the first sum in
(2.20), which is position-independent, yields the total energy of the parallel plates:

a2 1

272;0 Qnay 144043 @21

E=—
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B. Relation between vacuum energy and propagator of Laplace equation

1. Definition of cylinder kernel and its relation to vacuum energy density

The Laplace equation relates to the K-G equation by converting the time parameter ¢ in

K-G to an imaginary time parameter t — it:

2
2—5 +V=0 (2.22)

The Green’s function of Laplace equation is named as Poisson kernel or cylinder kernel,
we will use the second name “cylinder kernel” throughout this dissertation. We should
understand that cylinder kernel is just a name for one special kind of Green’s function (for
Laplace equation) and has nothing to do with circular symmetry. The cylinder kernel in

unconstrained space is defined as:

— 1 ,
T(t, r, r/) — fdw ¢(r)¢*(r1)e—tw — fdw 5elw(l‘—r )e—wt

1 1
2P+ r-r P

(2.23)

Correspondingly, the cylinder kernel in constrained space has discrete spectrum other than

continuous spectrum.
T(tr,1) = = > gD ()e ™ (2.24)
On the other hand, the stress tensor of a scalar field in flat surface is,

1
Tpv = (1 - 25)8,1925&([) + (2‘;: - E)quaxl(ﬁa/l(p - 2‘,{;:‘]56/181/(]5 (225)

where R is the curvature scalar, and £ labels different possible gravitational couplings. Note
that £ does not affect the total energy. Throughout this dissertation we choose & :}‘ because

doing so simplifies the relation between the stress tensor and the total energy. When ¢ is
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set to 3—‘, the energy density (00-component of the stress tensor) is simplified as [33]:
Too = 2 3 o) (2.26)
2 = n .

Based on the definition of cylinder kernel in (2.23) and (2.24) and the definition of vacuum
energy density in (2.26), we can see the relation between cylinder kernel and vacuum en-
ergy density directly. By taking second derivative of cylinder kernel with respect to t we

get the vacuum energy density:

1 0% — 1 ,
et.r.r) = Toot,x.1) = =  lim -5 T(t,r,1) = 5 f we" e dw (2.27)

~'@ can be understood as a cutoff function. The structure of cutoff de-

The exponential term e
pendence is simple and clear since we have an asymptotic expansion in . For instance, the
leading divergent term depending on cutoff is proportional to the volume V of the rectangu-
lar cavity and 14, as we will discuss in detail later. The inverse of ¢ here is the counterpart
of A (upper limit of frequency) in [12]. However, not all divergences are removed even
after the cutoff. Be aware that there are also other divergences such as a surface divergence

proportional to 1/d> appearing in the expression of energy density; here d is the distance

fromr tor’. we will talk about that when studying the rectangular cavity in the next section.

2. An alternate derivation of the relation between cylinder kernel and vacuum energy

It 1s worthwhile to investigate the relation between energy density and free propagator as

in (2.11) in more detail.

1 G/'(r,r',w
Too(l‘, r’,a)) = 5[(,()2 + 0101/ + 8202/ + 8303,]—( ~ )
2 2 wlr-r’| 2 o ’ ’
w w- e w SINw | r—r —ICOSwW [ r—r
Y w) = _ W | | | |
l dmi|r—r'| 4n |r—r'|

(2.28)
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If we take Laplace transform on both sides of (2.28) with respect to w, we get,

,sinw | r—1" | ,Cosw | r—r|

1 1
—L[w ,w o t]—1—Llw

Too(r,t;x', 1) =
o0 )= Ir—1 | 4 Ir—1 |

,w—t] (2.29)

where L[ f(w), w — t] represents Laplace transform operation of f(w) with respect to w.
We take the real part since the energy density is a real number. To go forward, refer to the
formula [22]

2

9
LW f(w),w — 1] = ﬁL[ flw),w — 1] (2.30)

so w? inside the L operation is equivalent to two ¢ derivative outside L, so

Too(r. 1.0 1) = 1 62L[sinw|r—r'| 1 1
O T g o™ Jr—r | A0 (1 -1+ r—1 P
5 (2.31)
10 [ 1 1 |
202 22 (t—t)>+|r—1 P
The cylinder kernel 7T is defined as :
= , 1 1
T, t,r',t)=— (2.32)

2_7r2(t—t’)2+ |r—r |?

Since we get this expression from the free propagator, it is the cylinder kernel for the whole
space; we call it free cylinder kernel. The relation between energy density and cylinder

kernel is [33]:

Too(r,t;x', 1) = 1az?(rt'r’ ') = ! !
00 L] > - LR s - 27'[2'['—1'/'4

T (2.33)

Thus we have reproduced the result from Green’s function analysis in (2.19) by cylinder
kernel analysis.

Let’s recall the differential equation which the reduced Green’s function satisfies:
(w* + VHG(r, ¥, w) = 6P -1) (2.34)

As mentioned in (2.7), reduced Green’s function and Green’s function are related by Fourier
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transform (with respect to w). Starting from the reduced Green’s function, we can get
more information besides the corresponding Green’s function. As we see above, taking the
Laplace transform (with respect to w) of the reduced Green’s function leads to the cylinder

kernel (Poisson kernel),
T(r,t;r',f) = f dwe " G(r, 1, w) (2.35)
0
which is the 4-D Green’s function of the inhomogeneous Laplace equation

62
Gn

ol VOT(r, 1,1, 1) = 6P —1r)o(t — 1) (2.36)
The term e~““) is understood as a cut off function, and the parameter ¢ is a manifestation
of cut off frequency; that is, % ~ A with A the cut-off frequency [12, 23].

3. Application to 3-D parallel Plates

For the parallel plates, we can build the cylinder kernel from the free cylinder kernel by the

method of images. It is helpful if we define an operator D, as
DQT(t, xr,x,r)= —T(t, 2a - x,r,x', 1) (2.37)
the cylinder kernel satisfying both Dirichlet boundary conditions at x = 0 and x = a is
Ton(t, %10, X,¥,) = T + DT + DT + DoD,T + DuDoT + .. (2.38)

the cylinder kernel is organized by number of reflections:

[ [

_ 1 1 I !
Top(t,x, v, X, X)) = =2 ) S+ 55 2%
pp(t, x,x,x',r)) ) Z 2+ 2la)} = 2x Z 2+ (2la + 2x)* ( )

—00

—00

The corresponding energy density is:

2 _ 1
epp(r,t;1,t') = —=—=Tpp(r,t;r,t') = -

ISR
208 2n? g[(zza)‘* " @la+ 20" (2.40)
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The vacuum energy density derived from cylinder kernel using methods of images in (2.40)
recovers the expression in (2.20) which is derived from the Green’s function of K-G equa-
tion. Integrate the vacuum energy density in (2.40) over space to get the total energy, it will

definitely recover the result in (2.21):

2
il
_ 3 __ 7 —
Epp = stD(r 6, ) dr 2ﬂ2 Z (2na)4 =TS (2.41)

4. Heat Kernel Analysis
If instead we take Laplace transform of the reduced Green’s function with respect to E =
w?, we will get the heat kernel [9],

Ie—r’|2

K, ;Y1) = f dE e B G, v, w) = 3¢ (2.42)
0

which is the Green’s function of the inhomogeneous heat equation

((% ~ VK, 11, 1) = —=6P(r - ¥')s(t — 1) (2.43)

C. Optical Approximation Analysis

Let’s land our discussion on the free propagator one more time.

) 1 Gf , /, 2
To(r.x' @) = S + iy + 20y + 0201 T _ Vi v ) (244)
l l

The energy density is thus

’ * dw ’ * wz ’
T({O(r, r ) = I ET(J)CO(I.’ r, (,L)) = ‘fov d(.l);Gf(r, r, a))
“1 2wG(r, 1, “1 2
= f —wdw[w] = f —wdw[_wImG(r’ r’, (,U)]
0 0 2 T

2 b

(2.45)

where

2
—wImG(r, r,w)=pr,r,w) (2.46)
n
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is the density of states.

For the parallel plates, we can build the corresponding Green’s function by method of
images as we did in (2.18). As we already argued, the Green’s function is a summation
over number of reflections, n. The nth Green’s function is related to a length of path, d,:

a)d,l

G (r, v, w) = Z( ' G'(r,r w)-Z( D'y (2.47)

l’l

(—1)" marks the difference between odd and even numbers of reflections. The energy den-

sity is therefore:

1wdy,

“ dw “dw e
Tflat , ’ :f 2Gflut , /’ — -1 nf __
o0 (1) 0 T @ rr,w) Zn D m 4nd,

0
(2.48)

The optical approximation developed by Scardicchio and Jaffe [12] provides a formula

for Casimir energy density for general surfaces [12],

Too(r,r') = ——— Z( d3(’(;c (2.49)

where the parameter A, is called ‘enlargement factor’ in [12], which is the modification
of the inverse-square law of radiation intensity caused by the curvature of a boundary.
Determining the enlargement factor is the key part of the optical approximation and that is
not easy. We will investigate the enlargement factor for a spherical surface in Chapter V.
However, for a flat surface, the enlargement factor is simple, A, = 1/ df. Therefore, for flat
surface case, the optical approximation reduces to (2.48) which is derived from method of
images. From the point of view of the cylinder kernel, for a flat surface, if we construct the
cylinder kernel by method of images and express the cylinder kernel as a summation over
number of reflections, we can reproduce the optical approximation’s result for flat surface

and it turns out that the energy density varies inversely as the fourth power of the lengths



of the closed paths as the optical approximation.
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CHAPTER III

3-D PISTON WITH MIXED BOUNDARY CONDITIONS FOR SCALAR FIELD
Since R. M. Cavalcanti introduced a 2-dimensional piston model obeying Dirichlet bound-
ary condition (B.C.) for massless scalar field [18], the piston geometry has attracted more
and more interest and been generalized to higher dimension, different B.C. (Neumann B.C.
or mixed B.C.) and even different kind of field (Electromagnetic field) [24, 25, 26, 27, 28,
29, 30, 31, 32, 33]. A 3-dimensional piston has a movable partition inside a rectangular
cylinder as shown in Fig.1. A great advantage of piston geometry is the cancelation of sur-
face divergent terms of region A and region B [18] in the force calculation. When it comes
to the B.C., the movable partition and the 6 faces of the rectangular cylinder may obey dif-
ferent B.C.. Edery studied the scalar piston with purely Dirichlet B.C. and purely Neumann
B.C. on all faces and the partition [27, 28]. Zhai&Li studied the scalar piston with hybrid
B.C. (Neumann B.C. on partition and Dirichlet B.C. elsewhere) [29]. Lim&Teo studied
both scalar piston with purely Dirichlet/Neumann B.C. and electromagnetic piston with
perfect electric conductor/perfect magnetic conductor [30, 31, 32]. Jaffe’s group studied

the electromagnetic piston with perfect conductor conditions using their optical approxi-

Il e R
oy

Fig. 1. 3-dimensional piston model. The freely moving partition divides the rectangular

cylinder into 2 regions: A and B.
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mation method [24, 26]. Electromagnetic pistons with cross sections other than rectangular
are considered by Marachevsky [34, 35].

In this chapter, we will investigate the 3-Dimensional piston obeying general B.C. for
scalar field. For a rectangular cavity, the B.C. on each pair of opposite faces could be both
Dirichlet B.C., both Neumann B.C. or mixed B.C., where mixed B.C. means Dirichlet B.C.
on one face and Neumann B.C. on another for a pair of opposite faces. Therefore there are
3 x 3 x 3 = 27 possible B.C. for a rectangular cavity. For the purpose of studying piston
geometry, we fix the movable piston plate (partition) at x = a, and after considering the
symmetry of interchanging y with z, only 18 B.C. are essentially different. They can be

classified into 4 kinds, listed in Table I:

Table I. Table of 4 kinds of B.C.

B.C. kind Description/Examples

B.C. of Istkind: no mixed B.C. included
Examples: NN-NN-NN, NN-NN-DD, NN-DD-DD,

DD-NN-NN, DD-DD-NN, DD-DD-DD

B.C. of 2nd kind: one mixed B.C. included
Examples: DN-NN-NN, DN-NN-DD, DN-DD-DD,
NN-DN-NN, NN-DN-DD, DD-DN-NN, DD-DN-DD

B.C. of 3rd kind: two mixed B.C. included
Examples: DN-DN-NN, DN-DN-DD, NN-DN-DN, DD-DN-DN

B.C. of 4th kind:  three mixed B.C. included
Examples: DN-DN-DN
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We will provide a general method for the scalar piston with B.C. of each kind. Starting
from the cylinder kernels, we can find out the Casimir energy for an individual rectangular
cavity. To obtain Casimir energy of a piston, we need to sum up Casimir energy of two
rectangular cavities. It is straightforward to go from piston energy to piston force. Next we

will analyze the piston force in detail for the 4 kinds of B.C. one by one.

A. Scalar Piston with B.C. of 1st Kind

1. Cylinder Kernel for a Rectangular Cavity

a. Cylinder Kernel for Dirichlet Rectangular Cavity Constructed By the Method of Im-

ages

To construct the cylinder kernel is always our starting point. Knowing the cylinder kernel
we can derive vacuum energy and then Casimir force. To find the corresponding cylinder
kernel for 3-D rectangular cavity which satisfies Dirichlet B.C. on each face of the cavity,
say TDD_DD_DD, we start with the free cylinder kernel T’ and then construct T 0" by
the method of images.

Let’s start from a simpler problem: how to construct the cylinder kernel which satisfies
Dirichlet B.C. on just one face of the cavity, say x = a. By the method of images, it is
=D ’ =f o =f o
T, ,tr,x)=T (t,x,r.,,x',¥r)—-T (t,2a - x,r.,x',r)
1 1 N 1 1
2R (=X (-2 —7)? 2P+ QRa-x— X2+ -Y)?+(—7)>

3.D

It will be helpful if we define a Dirichlet reflection operator D¢ as [36, 37]

D f(x) = —f(2a - x) (3.2)
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The cylinder kernel can then be simplified as
=D ’ = ’o a_f ’o
T, _,(rxy)=T (xr.,x,v)+DT (t,2a - x,r.,x',r)) (3.3)

The next problem would naturally be: how to construct the cylinder kernel which
satisfies Dirichlet B.C. on both the face x = 0 and the face x = a, say the slab (0, a) x R*. It

turns out to be [37]
TfD(t’ x9 rJ_’ x/’ r/J_) =
e P e T BN EX
DUDDYT + Y (DSDY'T + Y (DeDY'DIT + (DYDY DT
n=0 n=1 n=0 n=0

The first two terms represent even numbers of reflections and the last two terms represent

odd numbers of reflections. So (3.4) can be reorganized by number of reflections:
T. (6, x,r, X,x,) =T + DT + D'T' + D'D'T" + DD'T' +.. (3.5

all odd number reflections on either x = 0 or x = a are summed up as chdde, all even

. =
number reflections are summed up as D¢"'T" .

=DD / = dd
T, (t,r,x')=Dy"T" + DT

s |
- 2n? P+QCua+x-xY+@y-y)>2+z-2) (3.6)

n=—oo

. 1 i 1
22 ?+QRna—-x—x)P+Q—-y)Y+(z-27)

n=—oo

Now we get the cylinder kernel TfD which satisfies Dirichlet B.C. on both the face x = 0
and the face x = a.

Go further to the next problem: how to construct the cylinder kernel which satisfies
Dirichlet B.C. on both the face y = 0 and the face y = b and at the same time it satisfies
Dirichlet B.C. on both the face x = 0 and the face x = a as well. If we build the cylinder

kernel from TfD, the B.C. along x direction is naturally satisfied. For the tube (0, a) X
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(0,b) X R', we got a similar expression to 3.4

—DD-DD ,
Txy (t’x9rJ_9-x9rJ_) =
NP R o B b 01 0 vb\1 37
D0y T + 3 DDy T, + Z(D DYy DT, + Z(D Db
n=0 n=1
Rewrite by number of reflections:
—DD-DD AN [even][even]_f [even][odd]_f [odd][even]_f [odd][ndd]_f
Txy (t,r,xr") —ny T + ny T + ny T + ny T
1 i 1
22 e 2+ 2na+x—x)+Qmb+y-—y)?*)?
1 — 1
+ -
272 n;m 2+ Q2na—x—x)+Qmb+y+y)? (3.8)

[

N 1 Z 1
2?2 o 2+ Q2na+x+x)+Qmb—y-—y)?

[

1 Z 1
22 e 2+ Q2na+x+x)+Qmb+y+y)?

Finally we are on the problem for 3-D rectangular cavity: how to construct the cylinder

kernel T, T2 7PP™PP Ghich satisfies Dirichlet B.C. on each face of the cavity. Based on
—DD-DD

xy 9
=DD-DD-DD .,

xyz (t’ xa rJ_’ X 7rJ_) =

—DD-DD —DD-DD —DD-DD —DD-DD

Z(DCDO) T, Z(DODC) T, Z(DCDO "D, T, Z(DODC)"DS o

n=0 n=1 n=0

3.9
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We can rewrite (3.9) as a summation over number of reflections:

—DD-DD-DD

/N _ yleven][even][even] =/ [even][even] [odd]_f [even][odd][even] = [odd][even] [even]_f
- (t,r,¥') =D T' + DI T + DI T + D! T

Xxyz

=/ =/ =/ =/
+ Dgggen][odd][ndd]T + Dg;c;’d][even][odd]T + Di(;jd][odd][even]T + D&?gd][()dd][()dd]T

1 <« 1
T2 Zwﬂ+(2na+x—x’)2+(2mb+y—y’)2+(21c+z—z’)2)

l,m,n=—

[

1 1
+_
2m2 Z 2+ Q2na—x—x)+Qmb+y-y)2+Ql +z—z’)2)

n=—o0o

(o9

1 1
+_
272 lng:—oo P+QRna+x—x)2+Q2mb—y—y)Y2+Qlc+z- Z/)z)

(o)

1 1
+_
2m2 me 2+ QRna+x—x)+Qmb+y—y)>2+ Q2 —z—z’)z)

1 1
_2_7721 ;mtz+(2na—x—x')2+(2mb—y—y’)2+(2lc+z—z’)2)

=33 1 )
22 i ?+Qna—x—x)Y+Qmb+y—y)+ Qlc—z-7)>

=33 1 )
272 i 2+Qna+x—x)+Q2mb—y—y)+ Qlc—z-7)>

+ ! i ! )
27r2[ Ootz +QRna—-x—x)2+QCmb—-y—y)Y+QRlc—z-27)

m,n=—

(3.10)

For abbreviation, define

V318233 — _L i 1
! 202 Ld P2+ Qlatx+ex)+Q2mb+y+ ey )+ Q2nc+ 2+ £37)
- (3.11)

Values for g; (i = 1,2, 3) are either ‘-’ or ‘+’, where ‘—’ means even number of reflections

and ‘+’ means odd number of reflections. The cylinder kernel which satisfies Dirichlet
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B.C. on each face of the cavity is therefore

I e e A T iUl e I Voo C B )

b. An Alternate Way to Construct the Cylinder Kernel [

We can write down the explicit expression of the normalized normal modes of the scalar

field ¢(r) for 3-D cavity with Dirichlet B.C. on each face as

2
B (X, ¥, 2) = sin = x sin Xy sin 22 ¢ (3.13)
C

Vabc a b

By the definition of the cylinder kernel in (2.24), we have:

oo
—DD-DD-DD 8 B
T (60 E) == Y ——— (O, (K )
ot Winnabc

(3.14)

(o)

8 . mxr pm I, mm, . nm,_..
= - ——— sin —x sin —y sin —z sin —x’ sin — )" sin —z'e”"“™
Pt wWymabc a b c a b c

where w7, = m*[(£)* + (%)% + (2)*]. We can then rewrite (3.14) as

—DD-DD-DD
T (t,r,1r)

o
1 A omn o Am,  omm, . onm,
————— sin —xsin — Yy sin —zsin —x’ sin —)’ sin —z'e”"™
wymabce a b c a b c

l,m,n=—c0

[Se]
- Z : ! M=) _ gtk (et o0 _ ptha (43 ) ][ oh3G2) _ pika(@+2)] gt
W

l,m,n=—co mn@be
N 1
— v _
= - Z ﬁ[ezkl(x ¥) k2= pik3=2)
Wimnaoc
l,m,n=—co

_ elkl(X+X’) elkz(y—y’) elk3(z—z’) _ elkl(x—X’) elkz(y+y’) elk3(z—z’) _ elkl(x—x’) elkz(y—y') elka(z+z’)
+ ezkl(x+x )elkz(y+y )elk3(z—z ) + etk|(x+x )elkz(y—y )ezk3(z+z ) + elk| (x+x )elkz(y—y )elk3(z+z )
_ ezkl(x+x’)elk2(y+y’)elk3(z+z')]e—lw1m,,

(3.15)
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Bear in mind the free cylinder kernel is defined as

- 1 , 1 1
Ttrxr)=- | —“""e¥dy = ————— 3.16
( ) fw 2m2 2 + |r —r')? ( )
Apply the Poisson summation formula, getting
bl e_t(/-)lmn
- Z 107X koY) ik (e=2)
e 8wymmabc
bl —IWimn
= ——1 Z —e l 62711(%,%,%)(x_x”y_y’,z_z/) (3 17)
(20)(26)(20) |, 24 Wi

1 - 1
Ly _ . _y—
22 A 2+ (x—x +2ia)2+ -y +2jb)>2+ (z— 7 + 2kc)>
so the cylinder kernel becomes to

—DD-DD-DD
T

O, ¥) = Vi = Vi = Vi = Vi e VI VT Y oy (BU8)

Now we have reproduced previous result (3.15) in an alternate way.

c. General Expression of Cylinder Kernel For Rectangular Cavity with B.C. of 1st Kind

Firstly let’s see another special case: purely Neumann B.C. (NN-NN-NN). Define a Neu-

mann Reflection Operator N{ as

Nif(x) = fQ2a - Xx) (3.19)

which is different from D, by a ‘-’ sign. In the derivation of cylinder kernel, replace all

D, with N,; it will be straightforward to obtain the cylinder kernel for purely Neumann

. =—=NN-NN-NN
rectangular cavity T

TNNN(t, rr)==V,  + VT + VTV RV vt v v (3.20)

where V{'®® is defined as in (3.11).
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It’s possible to generalize these results to more general cases, say B.C. of 1st kind. If
we represent a general cylinder kernel of 1st kind Taﬂy, where a, B, y are restricted to either
DD or NN, indicating 2 Dirichlet or Neumann B.C. on opposite faces, and define nppp = —1

and nyy = 1, the the cylinder kernels for rectangular cavity with B.C. of 1st kind are,

—afy o __ Ca __ _ _ _
T =V 0V 0V A0, Vi 4+ nans VT + 0, VT 400, VT + 10, VT

(3.21)
2. Energy Density and Total Energy of Rectangular Cavity with B.C. of 1st Kind

In our analysis, the expression of the cylinder kernel contains 8 parts; each part is related

to one kind of path length and all 8 parts can be classified into 4 kinds in Table II:

Table II. Table of 4 kinds of closed paths

Path Type Path Length Number of reflections at
[x=0,ally =0,b][z=0,]

Periodic Path  d~~~ = +/(2la)? + (2mb)? + (2nc)? [even] [even] [even]
Side Paths ~ d*~ = \/(2la + 2x)* + (2mb)? + (2nc)? [odd] [even] [even]
d*" = (la)* + 2mb + 2y)* + (2nc)? [even] [odd] [even]
d~" = \[2la)? + 2mb)? + 2nc + 2z)? [even] [even] [odd]
Edge Paths  d**~ = /(2la + 2x)? + 2mb + 2y)? + (2nc)>? [odd] [odd] [even]
d* = \J2la)? + 2mb + 2y)* + (2nc + 2z) [even] [odd] [odd]
d** = J(2la + 2x)? + (2mb)? + 2nc + 2z) [odd] [even] [odd]

Corner Path d*** = \/(2la +2x)* + 2mb + 2y)? + (2nc + 2z)? [odd] [odd] [odd]
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When we are interested in the Casimir energy, which is the integral of energy density
over the cavity (which was studied by [38, 39, 40]), we find that all paths except corner
paths contribute to the Casimir energy.

a. Contribution from Periodic Paths

The energy density contributed by periodic paths is:

S S A 1 < dp-37 1. 3 X d-32
g = _Eltl—%l ﬁ‘ﬂ =50 1,‘jglmz;laz+d%)3 = _ﬁltl_%l[zyﬂﬁ +,,Zn;1 —(t2+d12[,)3]
h . (3.22)

where dp = d~7~ is the length of periodic paths and the primed sum ).’ means the term
with (I,m,n) = (0,0,0) is to be omitted. The divergent term, ﬁ, is just coming from
(I,m,n) = (0,0,0) and is a universal leading divergent term. Since dp is position indepen-
dent, when integrating the energy density over the space to get the total energy, there will
be a corresponding cutoff-dependent term 23r_2Vt4 and for all other terms we can take the limit
t — 0 now.

The total energy coming from the periodic paths is thus

WV 1
Ef:fsf"dV: 2 __ZZ 2 2 22
2m2tt 2w - [2la)? + 2mb)? + (2nc)?] (3.23)
abc 3V
= - Z3(a,b,c;4) +
where Z,(ay, ...,ay; s) 1s the Epstein zeta function.

b. Contribution from Side Paths

There are three kinds of side paths: ds, ds, and ds_. Their corresponding cylinder kernels
are V77, V7'~ and V7", Let’s take side paths d°* as example to obtain the total energy

coming from side paths.
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The energy density contributed by side paths type ds, is

52 1 dg -3¢
= — __1lim _+——: N T
& =5l Al 272 lrl—%lz (2 +dj )}
(2la + 2x)? — 3¢ 2 & (529
a+ 2x
27r2 Z [2 + (2la + 2x)*]? lona=00) =3 2; Zi,

Since the side path length dy _ is only x-dependent, integrating the energy density over

space to get the total energy is easy:

1
Sy _ o
Ey = bcf Cdx=-53 f Z Z [(2la 1227 + @mby + Gnof P

f (Zla +2x)? - 312 dx (3.25)
o2 t2 + 2la + 2x)*)?

bc
__6TZZ(b C; 3)+_t

Agam > 1s a divergent, cutoff dependent term.

Similar formulas hold for the other two side paths types, ds, and ds._:

EY = -2 7@ c:3) + —cg
6‘2 4]§ (3.26)

S. _ e Rl

E = -~ Z(a.b:3)+ 1

c. Contribution from Edge Paths

Let’s first consider the edge path dg,, and then generalize it to the other 2 kinds of edge
paths, dg, and dg.,.

Energy density contributed by edge paths d, is

62 1 [ d2 _ 3t2
i Y oyttt —
e =g lmaaV, 22 lt‘lrolz @ +d2 )
3.7
1 0 dlsz -3 ( )
o ﬁ l,m:Z—oo (tz + déx_v)3 n:O 2n 2 lm—Z—oo n—Z di

The edge path dg,, is both x—dependent and y—dependent, so the integration over space
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includes double integrals. Evaluate this integral to obtain the total energy from the edge

path dg, is [15]

E,, _
E® = M- dxdy = — dxd
1 cf f e axay 2712f fo Z Z (2za+2x)2+(2mb+2y)2+(2nc)2]2 Y

Lm=—c0 n=

c f “ f Qla + 2x)* + 2mb + 2y)* — 3>
- = Z dxd
272 Jo Jo - [2 + (2la + 2x)? + 2mb + 2y)?]3

_{(2)+ c T c

lonc ' 8x2  96c ' 8a

(3.28)
Similar formulas hold for the other two edge path types dlmn and dlmn
2
L LI, S
16ma  8nt? 96a  8nt? (3.29)
B _ {(2)+b B 7r+b ’
' 16nb  8n2 96b 82
d. Contribution from Corner Paths
The energy density contributed by corner paths d¢ is
1. & 1 > dE -3
+++ +++ .
MMt T e %Ln(}z [+ dZ]? (30

The total energy contributed by corner paths is:
ES = f ETdedydz
Qla + 2x)* + 2mb + 2y)* + 2nc + 27)* — 31
Z sdxdydz
27T2 [2 + (2la + 2x)? + 2mb + 2y)? + (2nc + 22)?]3

=0

(3.31)

We summarize the total energy contributed from 8 parts of 4 kinds in Table III. It’s

straightforward to give the general total energy expression for rectangular cavity with B.C.
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of 1st kind:
Eaﬁy EY +n,E} +77BE +777E +7]a77ﬁE +77ﬁ177E +7yanyE + NampnyES (3.32)
where n7pp = —1 and nyy = 1 as defined before.

Table III. Table of total energy by path types, 1st kind B.C.

Path Type Path Length Total Energy
Periodic Path  dp = +/(2la)? + 2mb)* + (2nc)? EY = —#573(a, b, c;4) + 345
Side Paths  ds, = /(2la + 2x)* + (2mb)? + (2nc)>? El = -27,(b,c;3) + L5
dg. = \/(2161)2 + (2mb + 2y)* + (2nc)? Ef‘ = —-D(a,c;3) + 1=
= 2la)? + 2mb)> + (2nc + 2z)> Ej" = -27)(a,b;3) + £
Edge Paths  dg, = \/(2la+2x)? + @mb + 2y + 2nc)?  E° = —& + 2%
di,, = \J(2la)> + 2mb + 2y)? + (2nc + 2z)? EY =~ + 3%
= Qla +2x)? + 2mb)? + (2nc + 2z)? Ef = -& +

Corner Path  dc = /(2la + 2x)2 + 2mb + 2y)* + 2nc + 22)> EC =0

3. Casimir Force for Scalar Pistons of 1st Kind
a. Casimir Force for Neumann Scalar Piston

For a rectangular cavity a X b X ¢ with Neumann B.C. on each face, the total energy is:

EMN = EP L ES: v E v EN 4 EL +Eli 4+ ES 4 ES, (3.33)

abc abc
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If we consider only a—dependent terms,

E,.
abc

NNN; \ _ P Sy
Eabc (Cl) _Eabc + Eabc

+E% +E
abc

) / oo 7
1

abc 1 ab
- 32 . Z [(la)? + (mb)? + (nc)?]> 647rl’2 [(la)? + (mby]}  (3:34)

aci’ 1 7T1+3abc+ac+ab+a]
64n £ [(la)? + (nc)?]2  96a  2ntt  Ane Antt 8nr?

Before talking about piston, let’s consider just a rectangular cavity. If we would like to
calculate the force on the face x = a, we need to take derivative of E with respect to a. For

the 4 a—dependent parts of E, we get the corresponding force

00 ’

5, bc 1 4Pq?
Fcpuvity = __Ezwity EY ) Z [ 2 72 2 2 23]
Oa 32, & [(la)? + (mb)* + (nc)’)*  [(la)* + (mb)* + (nc)’]
0 b 1 31
Fonin = =5 Eonin == D | - -
’ da 64, = [ay + (mb3]:  [(la)? + (mb)]:
S, _ _i S, _ C i ,[ 1 _ 312612
cavity ~ cavity ~ 3 3
da 6dm, = [(la)* + (no)*):  [(la)* + (nc)?]:
E,. 0 k. m1
F }4,. — __E )u,. - _
cavity (961 cavity 96 612

(3.35)

Notice that here we operate on only the finite parts of EF, ES», ES» and E®=, the divergent
parts of them are discarded since when another rectangular cavity is introduced they will
be canceled exactly. Then the force on the face x = a for the cavity with Neumann B.C. on

each face is

FNNN — FP + FS)' + FSZ + FEW (336)

cavity cavity cavity cavity cavity

Next we extend the rectangular cavity along the x direction to form a piston with the

face at x = a as the partition.
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The total energy of the the second rectangular cavity (L —a) X b X c is

NNN _ P Sy S Ey:
EL—GJLC - EL—ll,b,C + EL—a,b,c + EL—a,b,c + EL—a,b,c (337)

Take the limit L — oo and bearing in mind that Z,(ay, ...a4; $)|lay o0 — Za—1(az, ...aq; )

L —a)bc (L-a)b (L -a)
ENNN :—(—z b,c;4) — Z(b;3) — Zi(c;3
Pahe == g Zab. ) = = =2 (b:3) - == Zi(e:3)
abc ab ac
:327[222(17, c, 4) + 64—7T21(b, 3) + 64_7'[21(6’ 3) (338)
abc ' 1 ab — " ac — "
_32712ng_00 [(mb) + (o)’ 647rm22_w mlb)? 6471”;0 kel

Here Z,(b; 3) is just the Riemann Zeta function {(b; 3) and we’ve discarded the a—independent
terms. The force on partition x = a contributed by the second rectangular cavity (L—a)xXbXc
is

be 1 b S c 1
FNNN o _ T _ _
Lrabe 327r2mZ [((mb)? + (nc)*]? 647rm:Z_:OO (m|b|)3 64nn;O (nlcl)? (3-39)

,N=—00

This part of the force is a—independent; therefore, it is a constant term. Observing the

relation between ENVN and ENMV | we find
L-a,b,c ab,c

NNN  _ NNN
EL—a,b,c - _Ea,b,c |1=0

(3.40)

So we conclude that the sum of EYVN “and ENMY will be just ENYN with all [ = 0 terms

excluded. The total energy of the whole piston is the sum of the total energy of two rectan-

gular cavities with B.C. of 1st kind (a-dependent parts only):

EQVNN :EZ)/XN + E]Lvi\']a],\';,c|L—>‘>O = EZ?/ZNllio = E;:istvn + Ei;ston + Ei;vt()n + Efli‘:jton
_ abc i 1 ab <« 1
3271-2 1,m,n=—00;#0 [(la)2 + (mb)2 + (nc)2]2 647Tl,m:—oo;l¢0 [(la)Z + (mb)l]% (341)

ac 1 T
64r, Z [(la)? + (nc)?]> 96a

=—00;[#0



33

We are ready for evaluating the piston force on the partition x = a. E?, Ef)', Ef" and Ef)
stand for the corresponding combined energy of the a X b X ¢ and (L — a) X b X c cavities

with B.C. of 1st kind.

1 41%a?
Ff:—iEP bc Z[ IFa

da ' 3212 A F[(lay? + (mb)* + (nc]? * [(a)* + (mb)> +(nc)2]3]
Y T 1 3Pd®
Ff):_a_Ef) :JZ[ T~ a 3
a T S [ + (mb)Y1:  [(la)? + (mb)?]: (3.42)
(9 I 1 3[2612
Ffz:_a_EfZ:M Z[ 2 B [(lan 213
a T fom [da)* + (no)?]2  [(la)* + (ne)?]>
! 0 E.. 71
FE)Z [ yz -
1 aa 1 96 az

If we let the piston bottom be the face x = 0 and the partition be the face x = a and let

b=candn= ‘é, then F fy =F f and we can write down the Neumann piston force as

FVWN —FP L F 4 FS: 4 FP
1 417

1
- 3272p? #;;n[ (P2 +m? + 12> [P +m? + n2]3] (3.43)

1 1 3Pn? n 1
+32b22[22 23 1224213 96b2 1?2
ot ow [Pn* +n*]2 [Pn* + n?)> n

Notice that

IESIDIEDIRDIL DI

1#0,m,n 170 m#0,n0 m=0,n#£0 m#0,n=0 m=0,n=0

o o o (3.44)
=8 Z +8 Z +2Z
I=1,m=1,n=1 I=1,n=1 I=1
and

D= +>1=4 i +2i (3.45)

1#0,n 170 n#0 n=0 I=1,n=1 =1
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S

P y
So we can rewrite F Diston® F Diston and F>: Diston AS

Z 4[2772
1 327r2b2 (2% + m2 n?>  [Pnp? + m? + n?)?

1 > ad 1 412772
- 2 -
32n2b? (8 Z +8 Z - Z)[[lznz +m?+n?)?  [Pp*+m?+ n2]3]

I=1,m=1,n=1 I=1,n=1 =1

]

(3.46)

[ee)

1 Z [ 1 4Pn?
Awp | A (PR m? P [P+ m? + 0]

Z [ 4l2n2 7.[2
2b2 [lzn + I’l2]2 [lznz + n2]3 480b2774

s, s. 1 1 3P
F y — F = —
1 L 64rb2 Z[[lznz + nz]% [12772 + nz]%]

_ 1! 30
_647Tb2 IZ ,Zl)[ [I’n? + n2]2 (2% + nQ]%] (3:47)
1 i 1 3127]2 ~ ((3)

[

Tl6nb? L P ) (P2 16bPp

1
FIE“‘” = @—2 (348)

In unit of 1/b2, we plot F¥VN, FF FY FP* ~ pand FNNN FP . F>  phe

cavity® © cavity’ © cavity’ © cavity ~n

NNN
Fcavtty

and

in the Fig.2. Notice that the difference between F'V

is just a constant term

FNNN

Labe We can see from Fig. 2 that for the piston geometry, | Ff [> ny [> Ff” |, so the

contributions from periodic paths F| are dominant. At the limit n — co, F'*" — 0 while

FNNN [Zz(l ;4)

cavity 7 755+ “3)] The force for the piston of infinite length is always attractive,

while there is a turning point for the cavity where the force changes from attractive to

repulsive.
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Fig. 2. The force F on a Neumann piston with square cross section (b = ¢) as functions of

1 = a/b, rescaled as 480F/x* . The solid black line is total force FYV considering

FNNN

cavity considering only the rectan-

the piston and the dashed black line is total force
gular cavity a X b X c. Solid red, solid blue and solid green stand for the contribution
from periodic paths, side paths and edge paths for piston respectively, while their

dashed counterparts are for the rectangular cavity a X b X c.
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b. Casimir Force for General Scalar Piston with B.C. of 1st Kind

We have analyzed the piston force for the NN — NN — NN type piston,; it is straightforward
to extend our analysis to other pistons with B.C. of 1st kind. Based on the formula of total
energy in (3.32) the formula of piston force in (3.42), the piston force for general piston

with B.C. of 1st kind is
107 Sy . E,.
F = FP 4+ qpF + 0, F° + ngn, F° (3.49)

Note that the cutoff divergent terms of two rectangular cavities are canceled. The 1st term
is a universal term standing for contribution from periodic paths; 2nd and 3rd terms are
contributions from side paths, their sign are determined by the B.C. on sides, NN for ‘+’and
DD for ‘-’; the last term stands for the contribution from edge path E,, and its sign is the
product of 7z and 1,, determined by B.C. on sides as well. Overall, we see the B.C. on the
base x = 0 and the partition x = a does not affect the force, that is, for either NN or DD at
x = 0, a, the force does not change. So we conclude that the piston forces are the same for
piston NN — NN — NN and DD — NN — NN. Among the other 4 kinds of pistons with B.C.
of 1st kind, NN — DD — DD is the same as DD — DD — DD and NN — DD — NN is the
same as DD — DD — NN. So it will be adequate to study 3 pistons with B.C. of 1st kind:
NN—-NN-NN,NN—-DD—-DD and NN - DD —NN. The piston forces for these 3 pistons
are
FVWN = FP 4 P 4 By P

Sy

= FY 4 FUT (3.50)

NDD P
F =F -F 1 1

Ey.
1

=

NDN _ [P Sy S
FYPN = FP —F" + F* = F
Recall that the force for two parallel plates on unit area with separation a is

N ?
}‘plam = ~ 1807 (3.51)
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If we would like to compare the piston force with the force of parallel plates, a natural way

is to divide the piston by #V

slares- 10€ force from periodic paths F P is (for b = ¢),

o1 3 1 ey
b7 30m2p2 (22 + m? + n?)> [P + m? + n?)?

1#0,m,n

3.52
_ b2n4 Z 1 ~ 412772 ( )
32n%a* A (22 + m? + n2)2  [Pn? + m? + n?)?
so the force per unit area is
FY 159*  x? 1 4P
Fl==- Z[_—4]Z[22 2 22 (2 Z el
b bis 480a A [I°n% + m* + n?] [’ + m? + n?]
. ” - (3.53)
15y FN Z [ 1 41°n
oo S [P? + m? + n?)>  [Pn? + m? + n?)?
Other forces per unit area are
, 157* 1 3Pn?
7—‘15>:7-‘lsz:_227_~1NZ[22 e 22772é
Y3 izom P>+ 0712 [IP7 + 072 (3.54)
.5
i ==L
With these forces per unit area, we can convert the piston forces in (3.50) to
7_~1NNN :7:]P + 7_~15y + 7:1Sz + 7:]Eyz
7_-1NDD :?-IP _ 7_-15y _ 7_-lSz " 7:1Eyz (3.55)

7:1NDN :7_~1P _ 7:1 Y

We plot these 3 forces before and after division by " in Fig. 3 and 4. At the limit
n — 0,ora < b = c, the piston force is the same as the parallel plates force. Since
the difference between piston and parallel plates is the sides, when a < b = c, the sides’
effect is small enough to be ignored. However, with 1 increasing, the sides’ effect become
visible and cannot be ignored any more. When comparing with parallel plates force, we

can understand the piston force as being based on the dominant term F; periodic paths’
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Fig. 3. The force F on a piston with square cross section (b = ¢) as functions of n = a/b.

Solid red= FY™V, solid blue= F°” and solid green= F"".

10—~

Fig. 4. The force F on a piston with square cross section (b = ¢) as functions of n = a/b,

2

normalized to the parallel plates force ¥ = = —-Z—. Solid red= FY™V, solid

plates 480a*
blue= F)PP and solid green= F}'"V
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contribution provides an attractive force which reduces to the parallel-plate force at the

y

limit  — 0. It is augmented by side path contribution (1, F f and n,F fz) and edge path
contribution (n,n.F f”z). For NN — NN — NN piston, the two side path contributions and
the edge path contribution all have ‘+’ sign; they provide a contribution with same sign as
the dominant term and make the attractive force’s magnitude greater. Thus in the figure
4, we see FYNN start from 1 and then increase. For NN — DD — DD piston, two side
paths contribute negatively (with ‘-’ sign) and edge path still contributes positively (with
‘+’ sign). With the knowledge that the side-path contribution is greater than the edge-path
contribution, we conclude that F"°P will decrease and be below 1. For NN — DD — NN
piston, the two side path contributions cancel each other and the edge path term contributes
negatively (with ‘- sign), so FP will be slightly below 1. Based on these arguments, we

conclude that F""¥ damps more slowly than the parallel-plate force ¥ ., while F}'*?

and FYPN damp more quickly than F)

aress With FPP the most quickly. We can also see

this from Fig. 3: FNPP damps most quickly and FY"¥ has greatest magnitude.

B. Cylinder Kernel for Rectangular Cavity with 2nd Kind of B.C.

The 2nd kind of B.C. includes one mixed B.C.. DN — DD — DD, DN — DD — NN and
DN — NN — NN have the mixed B.C. on base and partition (x = 0,a) while DD - DN — DD,
NN-DN-DD, DD—DN —NN and NN — DN — NN have the mixed B.C. on sidesy = 0, b.
We will take DN — DD — DD as an example first, which is studied in [29] and is called

hybrid B.C.

1. Cylinder Kernel for a Rectangular Cavity with Hybrid B.C.

Suppose the only Neumann B.C. is imposed at x = a and Dirichlet B.C. elsewhere for

the rectangular cavity. Our notation for the cylinder kernel with hybrid B.C. is TMDD,
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where M means mixed B.C. at two faces x = 0,a and D means Dirichlet B.C.. Similar
to the definition of Dirichlet Reflection Operator D f(x) = —f(2a — x), we could define a

Neumann Reflection Operator as N{ as
Nif(x) = fQ2a-x) (3.56)

Following the procedure for the derivation of cylinder kernel of purely Dirichlet B.C. but
replacing the Dirichlet Reflection Operator D¢ at x = a with Neumann Reflection Operator

N¢, we will get the cylinder kernel for hybrid B.C. as:

R e o R I N L VAo i (3.57)

where

(o8]

perees _ L Z (-1)
P 2w, A 24 Qlatx+exX')? + 2mb+y +&y)? + (2nc + 2+ &37)
(3.58)

It is different from V;'**** by including an extra term (—1)’ inside the summation.

For general cases of 2nd kind of B.C., define pp = —1, nyy = 1 and 7y, = 1; we have:
—aBy

T =V, 40V +nVy 0,V T nansVs T+ nen, Vo T 4 0an, Vo T + e, Vo
(3.59)

2. Energy Density and Total Energy for Rectangular Cavity

In the following calculation, we will ignore the universal divergent terms since the scheme

of analysis is the same as before.



a. Contribution from Periodic Paths

The energy density contributed by periodic paths is:

Y | (—1)(d2 - 38 1 (-1
£ =M __27r211—>012 (& + d2) __ﬁl; :

The total energy coming from the periodic paths is:

. abe (1)
ES = dV = —
: f 32n2h; [(la)* + (mb)? + (nc)*]?
b. Contribution from Side Paths §,

The energy density contributed by side paths of lengths dy_ is

> (-Di(d5. - 3r%)
o i Py L Z
& = limaaV2 27 fi%ll; @ +d2 )}

S S (-1
B 271222

Lm n=-c0

Since the side path dfnjn is only z-dependent, the total energy is:

oo/ oo

. (-1
By =ab f “ dz__Z_Jﬂf Zm: Z [@ia)’ + @by + Qne + 27F

__ab (-1)!
B 647%: [(la)? + (mb)]3

Similarly for side paths of type S, we get,

oo /

[
o _ac (-1
? 647%“ [(lay? + (nc)]2
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(3.61)

(3.62)

(3.63)

(3.64)



c. Contribution from Side Paths S ,

The energy density contributed by the S , side path is

2 1 * (=D'(dg - 3r)
8 =—— imZ S

(2 +d2 )

The total energy is

’
c 0 (9]

&)

Sy _
Ez’—dbf dX——z—ﬂ.z

Z,; I:Z—;o [(2la + 2x)? + 2mb)* + (2nc)?]?
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(3.65)

dx =0 (3.66)

This is the significant difference: the contribution from side paths where mixed B.C. occur

1S zero.

d. Contribution from Edge Paths E,,

The energy density contributed by edge paths is
o (_1V( 2
(-1,

—-37%)

1. & 1
—++ _ —++ _ __ " 1;
2 =73 7 Hm FrAd 13011;1 +d2 )

s

The total energy is

l

*Mg
Ny

I
m

) co /

(3.67)

b l

. ) (-1
E) = dydz = — = d
,=a f & aydz=-5; f(; fo Z Z;O [(2la)? + 2mb + 2y)* + (2nc + 22)*]? dydz

mn=—oo [=—
o
" 192a

(3.68)
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e. Contribution from Edge Paths E,,

The energy density contributed by edge path dzEan is

© (-1)(d}_ - 3P)

272 150 (P +dz )’
e ey (3.69
i 2 2

The total energy is

| Sk (=D
Efs=b | & dxdz = —— drde =0
2 f i 27r2f fo ZZ Z [(2la + 207 + QmbY + (2nc + 2P

(3.70)
Same property holds for edge paths E.,;:
Efﬂ =0 (3.71)
f. Contribution from Corner Paths
The energy density contributed by corner path d¢ is:
1. & 1 S (=D'(dg - 30)
T Z oyttt — NN e
£ =73 ltl—%l or V2 272 lHo lm;w [ + d2)? (3-72)

The total energy contributed by corner path is:

ES = fef*dxdydz

"(=DU(Q2la + 2x)* + 2mb + 2y)? + 2nc + 22)% — 32)
Z dxdydz = 0
27r2 0 [2 + 2la + 2x)? + 2mb + 2y)? + 2nc + 22)*]3

lLm,n=—co

(3.73)

Thus we have obtained the total energy contributed from all paths, listed in Table IV:



Table IV. Table of total energy by path types for 2nd kind B.C., mixed B.C. on base and

partition

Path Type Total Energy
. . P _ _ abc ’ (G20}
Periodic Path  E) = -39 3w oo
Side Paths ~ E5* =0
Sy . -1
E = _ac 4 (
2= o 2 o
S: b N/ (bl
Ef=-223 ——
2 4T a4 (mby? )3
Ey
Edge Paths E,;” =0
Eyz _ T
E)" = vom
Ey<=0
Corner Path  E§ =0

The total energy for a general rectangular cavity with 2nd kind B.C. is

Q X Sy S Eyy Ey; Ey,
EZ'BY :Eg + UaEg‘ + nﬂEz + 777E2 + nanﬁEz + nﬁnyEz + nanyEz + nanﬁn)’Eg (3.74)

where npp = —1, nyy = 1 and 1y, = 1 as defined before.
For the purpose of studying the piston with hybrid B.C. (Neumann B.C. at x = a and

Dirichlet B.C. elsewhere)

EMPD —EP L ES< —E) —ES —E)” + E5° — EX (3.75)
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3. Casimir force for Hybrid Scalar Piston

The total energy of a rectangular cavity a X b X ¢ with Neumann B.C. at x = a and Dirichlet
B.C. elsewhere is written in (3.75). Since our concern is the a—dependent terms, we shorten

this to

EMDD — EP _ Ejl;C _ Ejgc + E‘E»"Z (376)

abc abc abc

Next we extend the rectangular cavity along the x direction to form a piston with the x = a

face as the partition; the total energy of the the second rectangular cavity (L —a) X b X c is

MDD _ P Sy S Ey. 377
EL—a,b,C - EL—a,b,C EL—a,b,c EL—a,b,c + EL—a,b,c ( ' )

The total energy of the whole piston is the sum of the total energy of two rectangular

cavities with B.C. of 2nd kind:

MDD _ MDD MDD
E2 _Eabc +E'L—a,b,cha—"’o

_abc (=1 ab (=1
T 3m Zn [(Ia)? + (mb)? + (nc)*)? - 647 Z [(la)? + (mb)2]> (3.78)

1#0,m, 1#0,m

ac (=1 n 1
" 64 Z [(la)? + (nc)2]? " 1924

1#0,n

Taking the derivative of E with respect to a, we can get the force,

FYPD —F} — F) — FS + Fy~ (3.79)
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where
[ a9 £ bc Z (1) ~ (-D)/4Pd?
P 0a T 32w AV [(la)? + (mb) + (nel P [(la)? + (mb) + (nc)
b5 0 s b Z (1) (= D3Pa?
Oa > 64m L "[(la)* + (mbP1E  [(la)? + (mb)*]} (3.80)
" 9 5. ¢ (1) (-1)'3Pa?
FSL:_(?_EZ:64 Z[ 2 I 2 213
a T om (@) + (ne)?]z [(la)* + (nc)?]>
E,, 8 E.. T 1
F vz [ vz -
2 da > 192a?
Letting b = ¢ and 7 = ¢, we can rewrite the piston force as
p_ 1 Z [ 1 DAk
2322 A [P mE 22 (PP 4 m? 0]
1 -1) —1)'37
ng — Fg — > Z[ ( ) - - ( ) 775] (381)
64nb® Lo [P +n2]: [Py? + ]2
Ey. _ T l
20 192p2 2

We can easily extend our argument to more general cases such as DN — DD — NN
and DN — NN — NN. From (3.74) the Casimir force F)'" for DN — DD — NN piston

(1o = 1,mg = —1,1,=1) and FY"N for DN — NN — NN piston (5, = 1,15 = 1,37, = 1) are

o
FéWDN :Fg — Fi) + ng _ FzEyz — Fg _nyz

In Fig.5, we plot F)/"N FMPN

and F)'PP_ At the limit 7 — 0, the piston force is the same
as the parallel-plate force with Dirichlet B.C. on one plate and Neumann B.C. on the other
plate. The periodic paths’ contribution F? is still the dominant term, so the force is always
repulsive. The sides’ effect are brought in with 7 increasing. For side paths and edge
paths, when they have same sign as the periodic paths, we call it contributing positively,

otherwise negatively. For F)/"V

, side paths and edge paths all contribute positively, so it
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1.5 2

Fig. 5. The force F on a piston with square cross section (b = ¢) as functions of n = a/b.

Red=FPN-NN-NN ‘Blue=FDPN-PP=DP and Green=F2N PPNV,

has the greatest magnitude. For F}/PP

, side paths and contribute negatively and edge path

contribute positively, so it has the least magnitude and damps most quickly. F}'" is in the

middle since side paths’ contribution is greater than edges’.

4. Casimir Force for Scalar Piston with the Mixed B.C. on Sides

There is another kind of B.C. for the piston with the partition at x = a, which has both
Dirichlet/Neumann B.C. at x = 0,a, but mixed B.C. at y = 0,b or z = 0, ¢, such as
NN — DN — NN and NN — DN — DD. We fix the mixed B.C. at y = 0, b, that is, Dirichlet
B.C. aty = 0 and Neumann at y = b. The total energy for each kind of path will differ from
the previous cases; we have to make some adaptations for the position change of mixed
B.C. as in Table V.

Since the partition is still at x = a, for the Casimir force, we need only the a-dependent

terms; there are only 2 such now, EZ and Eg ‘. The corresponding piston forces from these
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Table V. Table of total energy by path types for 2nd kind B.C., mixed B.C. on sides

two energies are

Path Type Total Energy
odi P _ _ abc < (=1y"
Periodic Path E; = —3s > T T
Side Paths ESt = —bc 57 (D"
2 047 = by 4 (ne)?]
Ey =0
ES: = —ab gy G
2 641 S a2 +(mb))3
Edge Paths Ef ¥ =0
EE = 0
E. x
E)" = o3
Corner Path E2C =0
(—1y" (= 1) 4l

1
P _
F2_327r2b2 Z[

1#0,m,n

(P2 + m? + n?)>  [Pn? + m? + n?)?

(_1)m ~ (_1)m312772

1
Fy =
2 7 64nb? 2!

1#0,n

So the Casimir force becomes

FDMN — pNMN _ pP | 3

S,
Fé)MD _ FéVMD _ Ff _FS

[P + n2)> [2n? + n2)3

2

2

(3.83)

(3.84)

These two forces are plotted in Fig. 6. At the limit 7 — 0, the piston force is the same

as the force between two Neumann parallel plates. The force is always attractive. There is

no edge effect. F)'™? damps more quickly than F)'MV.
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Fig. 6. The force F on a piston with square cross section (b = c¢) as functions of n = a/b.

Red=F)™P and Green=F)™MN
C. Casimir Force for Scalar Piston with B.C. of 3rd Kind

The 3rd kind of B.C. means, there are two pair of faces with mixed B.C. and the other pair
have both Dirichlet B.C. or both Neumann B.C. on the opposite faces. This kind of B.C.

includes: DN — DN — DD, DN — DN — NN, DD — DN — DN, NN — DN — DN.

1. Cylinder Kernel for Scalar Piston with 3rd Kind of B.C.

T =V Vi Ve i Vs 4 nams VT 4 pm, Ve Vi + Vi

(3.85)
where
Ly (D'
Vit = —o— 3.86
3 27[2[ng=—00 2+ 2la+ x + £x)% + 2mb + y + &y)* + (2nc + 7 + £37)* ( )
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2. Casimir Force for Scalar Piston with 3rd Kind of B.C.

a. When Mixed B.C. Are on Base and Partition x = 0, a

When the two mixed B.C. are imposed at x = 0,a and y = 0, b, such as DN — DN — DD,

DN — DN — NN, the total energy contributed by different kinds of paths is listed in Table

VI:

Table VI. Table of total energy by path types for 3rd B.C., mixed B.C. on base and partition

Path Type

Periodic Path

Side Paths

Edge Paths

Corner Path

Total Energy
L M e T
ES =0
Eiy =0
Sz b i1y
EE" =0
EF" =0
EEf =0
E{=0

There are only two nonzero terms E} and Eiz; they are both a—dependent. The corre-

sponding piston forces from these two energies are

P

(=D'=D" (=D'(=D)"4Py?

1
FP=—
37 32m2h? #;,;n[[lz’?z + m? + n?)?
(—D(-=1)"

(2% + m? + n?)?

_ EDID)m3Ry 87

1
F =
3 64nb? Z [

1#0,n

(P2 + n2]2

[P + n2)3
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Fig. 7. The force F on a piston with square cross section (b = ¢) as functions of n = a/b.

Red=F}"" and Green=F3"""

So the Casimir force becomes

FIMN = FP 4 P
(3.88)
P < B

These two force are plotted in Fig. 7. They are both repulsive and reduce to the force
between two parallel plates with Dirichlet B.C. on one plate and Neumann B.C. on another

asn — 0.

b. When Mixed B.C. Are Not on Base and Partition x = 0, a

When the two mixed B.C. are imposed at y = 0,b and z = 0, ¢, the cases DD — DN — DN
and NN — DN — DN, we have both Dirichlet or both Neumann B.C. on base and partition.

The total energy contributed by different kinds of paths is listed in Table VII:
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Table VII. Table of total energy by path types for 3rd B.C., mixed B.C. on sides

Path Type

Periodic Path

Side Paths

Edge Paths

Corner Path

Total Energy

Ep = —fhe 5 L
S be s DD

By =~ m

Ey =0

E; =0

Ey" =0

Ey" =0

Ef<=0

ES =0

The only a—dependent term is EZ, so the piston force is

NMM _ pDMM __
F3 _F3 -

p__ 1
37 30722

(=D"(=1)y"4Py?

1#0,m,n

Z =Dt
(22 + m?2 + n2)?  [Pn? + m? + n?)?

]

(3.89)

This force are plotted in Fig. 8. It is attractive and reduces to the Neumann parallel-plate

force asn — O.

D. Casimir Force for Scalar Piston with 4th Kind of B.C.

The 4th kind of B.C. means, the three pair of faces are all equipped with mixed B.C. on the

opposite faces: DN — DN — DN.
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Fig. 8. The force F}'™" on a piston with square cross section (b = c¢) as functions of n = a/b.

1. Cylinder Kernel for Scalar Piston with 4th Kind of B.C.

—aBy

T =V, +nVy  +nVe 0,V +nansVET A nen, Vi A 0an, VT 4+ 0anen, VI

(3.90)

where
1 ad -1 l —1y"(=1)"
Vj[&g% = - Z . - ( )( ) ( ) . . (391)
2r i Qla+ x+ &1x)> + 2mb + y + &y)? + 2nc + 7 + £32)
2. Casimir Force for Scalar Piston with 4th Kind of B.C.
The only nonzero a—dependent term is Ef = —25 3 M%. So the piston force
1S
1 —D'(D"=D" D) (=aly?
MMM _ pP _ _
4 4 32722 Z [[12,72 +m? + n2)? [12,72 +m? + n2P ] (3.92)

1#0,m,n

This force is plotted in Fig. 9.
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Fig. 9. The force F4"™M on a piston with square cross section (b = ¢) as function of n = a/b.
E. Conclusion

For a rectangular piston geometry, which includes 2 rectangular cavities a X b X ¢ and
(L — a) X b X c, if we fix the partition on the x = a face, there are 4 kinds of possible B.C.
for the cavity a X b X c; the B.C. for the cavity (L —a) X b X ¢ will be the same. The general
properties for each kind of B.C. are: (1) There are only 4 a—dependent terms, which are
contributed by periodic paths, side paths S, and S, and edge paths E,,. For some kinds
of B.C., side paths’ contribution and edge paths’ contribution might be absent; however,
periodic paths’ contribution always stays and dominates. (2) The relative weight from
different kinds of paths is different; the contribution from periodic path always dominates,
then that of the side paths, then that of edge paths the least if it exists. (3) When the mixed
B.C. are at x = 0, a, the piston force on the partition is always repulsive with the parallel-
plate force as the a — 0 limit. But when DD or NN B.C. are at x = 0, a, the piston force is

always attractive. Let’s rewrite the general formula for piston force as

F = FP + g F% + 1, F5< + ngn, F®* (3.93)
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Fig. 10. The force F on a piston with square cross section (b = ¢) as functions of n = a/b.
Solid red= F)'™V, dashed red= F;"™¥, solid black= F}"™" solid green= F}"",

dashed green= F}™P and solid blue= F3'°P.

Again a,,vy take a value from DD, NN and M and npp = =1, nyy = 1 and 17y, = 1.
Notice that 17, does not appear in this formula; 74 and 71, determine the sign of side paths
and the product of 775 and 7, determines the sign of edge paths. (4) When no mixed B.C. is
included on sides (y = 0, b; z = 0, ¢), we have a contribution from each kind of path. When
1 mixed B.C. is included on the sides, the energy from edge paths will be zero and hence
FEx= is absent; furthermore, when the mixed B.C. are at y = 0, b, then E S, 1s zero and F S,
will be absent and similarly Fs. = 0 when the mixed B.C. are at z = 0,c. When the B.C.
on sides are both mixed B.C., we see that the contributions from side paths and edge paths
are all absent and only periodic paths contribute.

We plot the piston force for all cases with mixed B.C. at x = 0, a in Fig. 10. Neumann
B.C. on sides make a positive contribution to the force since nyy = 1, while Dirichlet B.C.
on sides make a negative contribution due to 17pp = —1. For mixed B.C. on sides, although

nu = 1 the corresponding energy is absent so there is no side-path contribution; that is why
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.5 2

Fig. 11. The force F on a piston with square cross section (b = ¢) as functions of n = a/b.
Solid red= FY"V, dashed red= F)™V, solid black= FY"™ solid green= F}PV,

dashed green= F)’™? and solid blue= FP".

the mixed B.C. effect is intermediate in strength between Neumann and Dirichlet B.C.. The
same argument applies for the piston with Neumann B.C. at both x = 0 and x = a , the
forces are plotted in Fig. 11. Since 5, does not affect the piston force, if we switch NN
on x = 0,a to DD, the piston force will stay unchanged for corresponding B.C.. At the
limit  — 0, we can omit the effect from sides and the piston will reduce to corresponding
parallel plates. As 7 increases, the piston force damps rapidly but the effect from sides

becomes greater.
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CHAPTER IV

3D PISTON FOR ELECTROMAGNETIC FIELD—HERTZ POTENTIAL APPROACH
We have studied the 3D piston thoroughly for a scalar field, with general B.C. considered.
If we can relate the Electromagnetic (EM) piston problem to corresponding scalar piston
problems, it will be significantly convenient. A candidate to do so is Hertz potentials,
which represent the EM field by 2 scalar fields. The essential equation of EM field is the
Maxwell’s equation:

V-E=0; VxB=0 4.1
We can obtain E and B from the 4-vector (@, A) under Lorentz gauge V-A + 9,0 =0

E=-V®-0,A
4.2)
B=VxA

However, that is not the only way to express the EM field. Let us define two vectors as
below [41, 42, 43]:
(®,A) =(-V-II,,011, + VxIIL,) 4.3)

We can rewrite the Maxwell’s equation and get E and B expressed in terms of II, and
I1,,; they are the so called Hertz potentials. For a highly symmetric geometry such as a
rectangular cavity, it turns out very convenient to express the EM field by two scalar fields,
also called Hertz potentials. We can single out one particular direction, say &3, and choose

the Hertz potentials as I, = ¢&3 and I1,, = y/&5; then [42]

(D, A) = (=030, i, =01, Do) (4.4)

It’s straightforward that if ¢ and ¢ satisfy the wave equation themselves, [lp = 0 and

Ly = 0, then the Maxwell’s equation is satisfied. We can always obtain E and B expressed
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by these 2 Hertz potentials:

E = —-V® - 0,A = (0,030 — 00021, 02030 + 001, 03¢0 — O5¢h) “s)
B=VXxA-= (0062¢ - 6163171/, —6061¢ + 62631#, 8%1// - B(Z)w)

For a surface, there are 2 typical boundary conditions for the EM field: Conducting Bound-
ary Condition (CBC) indicates E, = 0, B, = 0 on the boundary and Permeable Boundary
Condition (PBC) requires E,, = 0, B; = 0 on the boundary. We investigate the piston with

all faces CBC as our first example and then generalize to other kind of B.C..

A. Purely Conducting Piston

1. Implication of B.C.

A purely conducting piston is an extension of a rectangular cavity with CBC on each face.
So we start our argument from a rectangular cavity. The CBC on each face requires that E

and B have to satisfy the following equations
Bxlx:O,a =0 Ey = Ezlx:O,a =0
Byly:O,b =0 E,= Ez|y:0,b =0 (4.6)
Bz|z:O,c =0 Ex = Eylzzo,c =0
Substituting (4.6) to (4.5), we obtain the corresponding constraints on the 2 scalar fields ¢
and
¢x|x:0,a =0 a)cwx|x:0,a =0
Gyly=06 =0 OWWyly—0p =0 4.7)

azﬁbzlz:O,c =0 wzlz:O,c =0
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Therefore the appropriate normal modes of the Hertz potentials for the conducting cavity
are

1 l_” 1n 2“x nrw —iWjmnt
sin Zx sin %7y cos " ze

|k[J,_nn| \} 2a)lmn

x cos ZEy sin M zeiwm!
1
lklmn \} 2wlmn

where w; = ki +k; + k3, ki = ki + k3 and ky = l;”, ky = "% k3 = "X It follows from the

¢lmn(x’ Ys Z) = Dlmn
4.8)

I
a

COS

l,[’lmn(xa Yy, Z) = D,

canonical normalization conditions for E and B that:

€0/ €0m €0
|l)lmn|2 = m (49)
abc
where €; = 1 for i = 0 and €; = 2 otherwise. Now we can go forward to give the

expressions for the vacuum expectation value (VEV) of each components of E and B.

- |Dlmn|2(k% + k%)

E%(t— r,r,r) = "
Imn

sin k; x sin ky cos ksz sin ky X’ sin kyy’ cos ksz ¢ @m =)

I,m,n=1

(4.10)

> Dyl (k3 + k2
E(-rrr)= ) Dl G5 + 15)

I,m,n=1
n i |Dlmn|2(k% + kg)

2(")lmn

> cos ky x sin kyy sin k3z cos ky X sin kpy’ sin k37’ e ")
Wimn

. . . . : ¢
sin kyx cos k,y sin ksz sin ki X’ cos ky’ sin ksyz’ ™)

lm,n

(4.11)

= |Dlmn|2(k12 + k%)
Bt—t,ry)= » — 2

Im,n=1

5 cos kyx cos kyy sin ksz cos ky x’ cos kY’ sin kzz’e"m ")
Wimn

(4.12)
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N |Dlmn|2(k§ + k%)

B*(t-t,r,r) =
* 2(")lmn

sin k;x cos kyy cos k3z sin k; x” cos kY’ cos kg e™m ")
Lmn=1

oo 212 4 12
n Z |Dlmn| (kl + k3)

. _ o
> 08 ky x sin kyy cos ksz cos ki x” sin kpy’ cos kzz’ e =)
Wimn

Im,n

(4.13)
If we define iw,(t — ') as —wy, T and convert (k2, k3, k3) to (=3, -85, —03), recalling the
cylinder kernel definition in (3.15), we can relate the expressions above to cylinder kernels

of the scalar field with various B.C.:

Ei(t,r,¥) = %(6% + 6§)TDDN(Z, r,r) (4.14)
EX(t,r,¥) = %(ag + T P, + %(af + T ", 1) (4.15)
Bi(t,r,r') = %(8? + aé)TNND(t, r,r’) (4.16)
BX(t,r,¥) = %@g + AT (tr, 1) + %(af + AT (1,1, 1) (4.17)

2. Energy Density and Total Energy
The energy density of EM field can be read from the stress tensor of the 00 component.

1
gCCC(T, r,r) =Ty(t,r,r) = E(EZ + Bz)

N D D —NDN

1 _ _ _ _ _
=@ T T 4 @ T T 4 @ T T

(4.18)

Notice that the cylinder kernel T satisfies Laplace Equation:
(07 + 05+ 33T = 05T = -0°T (4.19)

so the energy density can be simplified to

eCC(n,r,r) =~V T - RV - BV - BV (4.20)
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ecause that

2la)* —
PV = By - Z (la)
Imn (dlmn)6
2mb)? — 1>
RVt =PV - = Z (Gmby ~ @.21)
Imn (dli:rzz)6
_ _ (2nc)* — 12
62V++ 02V1++ T Z ene) — 5

E.y
Imn (dlm)‘;z )6

he energy density for a rectangular cavity with CBC on each face is

8CCC(T, r, l') - _ aZ[V——— + V1—++ + V+—+ + V1++—]

Z (2161)2 — tz (2mb)2 _ t2 N (21’!6’)2 t2] (422)

ed™ (d)e (d=)s (d;2)°

mn

Integrate over the cavity to get the total energy:

ECCC [EP + P 4 EPe v EP )+ 2 v 2 L
avc 24da  24b 24c
:ElDDD + EIIVNN + i + i + L (423)
24a 24b 24c¢
abc T n
= 2z a b d)
T g ab et 48 T 48b " 48¢

3. Casimir Force for Purely Conducting Piston

We extend the rectangular cavity along the x direction to form a piston with the partition at

x = a. The energy of the second rectangular cavity (L —a) X b X c is

L-abe 1 i
ECCC | = (—
(L-abelL 16 Z [(I(L — a)? + (mbY + (no)? . 43(L - a)
| bmp=—eo (4.24)

abc 1
:@m’;m [(mb)? + (nc)?
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Here we discard the a—independent terms. The total energy of the piston is the sum of

energies from two rectangular cavities: a X b X c and (L —a) X b X c.

ECCC —pcce | peee |
~“abc L-a,b,clL—00
abe & 1 r abc 1
=—-— + +
1672 lm; ., [(a)y* + (mb)> + (nc)*]>  48a  16n° m;m [((mb)? + (nc)?)?
abc 1 m
=— +
1671'21"1”:2_00.#0 [(la)z + (mb)2 + (nc)z]z 484
(4.25)
We are ready to evaluate the piston force on the partition x = a.
pece _EECCC _ bc Z [ 1 _ 41 a? . LR
da 1672 A [(la)? + (mb)* + (nc)*1>  [(la)*> + (mb)? + (nc)*]*” 48 a?
(4.26)

Let b = c and n = %; the piston force for a purely conducting piston can be rewritten as
1 41 r 1
(4.27)

1
FCCC — _ + —
1672b2 l;&;n[ [’n? + m?> + n?)>  [Pn>+m? +n?)P"  48b%n?

It is plotted in Fig. 12 as function of r. From (4.23), we see the relation between the force

for purely conducting piston and the force for purely Dirichlet/Neumann piston:

FCCC _ pDDD | pNNN 5 = FPPN 4 pPND (4.28)
n

The piston force is always attractive and the piston force F€“¢|,_,, = 0 at the limit 7 — oo.
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Fig. 12. The force F on a piston with square cross section (b = ¢) as functions of n = a/b.

Solid red= F¢C, solid blue= F¥N and solid green= FPPP,

4. Purely Permeable Piston

A purely permeable piston is extended by a rectangular cavity with PBC on each face. The
CBC on each face requires that E and B to satisfy

By = lexZO,a =0 Exlx:O,a =0

By = B ly=0, =0  E,|y=05 =0 (4.29)

B, = By|Z=0,C =0 Ez|z=0,c =0
Correspondingly, the 2 scalar fields ¢ and ¢ satisty

a)c¢)c|x:0,a =0 lﬁx|x:o,a =0

Oydyly=00 =0 ¥yly=0p =0 (4.30)

az¢z|z:0,c =0 azlﬂzkzo,c =0
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Therefore the appropriate normal modes for a purely permeable cavity are

In mn s NI
COS a)CCOS 7 ySsin 5 ze

|lir_nn \} 2(f‘)lmn

in ln 1n nx I, 5= Wit
Sin " X Sin b yCos - ze
|k;1n| Vzwlmn

Comparing with the purely conducting cavity, the 2 scalar fields just exchange their val-

—iWpnt

¢lmn (X, Y, Z) = Dlmn
4.31)

wlmn(X, Y, Z) = Djyy

ues, ¢ = ¥, which results in the exchange between E and B; however, the energy density

C

e = L(E? + B?) stays unchanged. In other words, £°°¢ = """, Therefore for the purely

2
permeable piston, the piston force F** will be exactly the same as F€“C. The similar con-

clusion applies to other situations as well, such as FF¢¢ = FCPP

. We call this phenomenon
“B.C. Duality”:

For a rectangular cavity with CBC and PBC on all 6 faces, if we replace CBC by PBC
and replace PBC by CBC, then the two scalar field exchange to each other, (¢, ¥) — (¥, ¢),

which makes E and B exchange their values but maintains the energy density & = %(E2+B2)

unchanged.

5. Piston with PBC at x = 0,a and CBC at y = 0, b;z = 0, ¢ (PCC)

The normal modes for this kind of piston are

In 1n 1T I, 5= iWipnt
COS P X S1n b yCos - ze
|li,_,m| V2a)lmn
In mn

. - nw
sin axcos bySlIl CZ€

|k[J,_,m| \ 2(f‘)lmn

¢lmn(-X, Y, Z) = Dy,
(4.32)

—iWpnt

lr//lmn(-xa Y, Z) = Dlmn
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The energy density is

N DD D —DDN

1 _ _ _ _ _
ghee :Z[(a$ + T AT )+ @B+ DT +T )+ @+ AT +T )

=0V VT RV + VT

L B _ _ 4 3 QRla) -1 2mb* -1 (Cne)? -1
=—33[V1 +V1++_V1++_V1++ ]+;Z[ Erve - Evve 6
Imn (d[m;l) (dlm;z) (dlmn)

(4.33)

The total energy for the cavity a X b X c is

EPCC 2 EP E EEYZ _ EE"')' 7T _ T —_ 7T_
ae =2ETH A TV YT Y 4.34)
abc m s )
= ab ety —
" e @ b4 8a 48b  48¢

_ . PCC . pCcc.
The a—dependent parts in £/ -~ are the same as in E,~:

abc
g (@) = Eg (@) = -1~ CZy(a,b,c;4) + K (4.35)
Therefore the piston force F7¢C is the same as FCC as well. To summarize, we have found

4 equivalent cases:

FCCC _ pPPP _ pCPP _ pPCC (4.36)

6. Piston with CBC at x = 0,a;z=0,c and PBC aty = 0,5 (CPC)

The total energy for the cavity a X b X ¢ can be obtained by rotating the PCC cavity along

Z-axis
ECPC —o[EP — EBe 4 ghe _ gPoy L A
abc [ 1 1 1 1 ] 24da 24b 24c (4.37)
abc b bis )

- by
o2 @bt = e+ 1eh T ase
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Fig. 13. The force F on a piston with square cross section (b = ¢) as functions of n = a/b.

Solid red= FP¢C and solid blue= F¢*C.

The a—dependent parts in ESFC are

abc

CPC abc T
= - Z ) ba ;4 - S
abe Tom 2@ bed) =g
abc Vs b/
—T_ Za(a,b,c;4) + —] — — 4.38
Fem @b e+ - o (#38)
_prcc _ T
@ 24a
Therefore the relation between F¢F¢ and FFCC is
pepCc _ ppec _ U _ pbDD | pNNN (4.39)

24n?

The piston force FCFC is plotted in Fig. 13 along with F¥C; they are both attractive.
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B. Permeable Piston with a PBC Partition

1. Implication of B.C.

We investigate the cavity with PBC at x = a and CBC elsewhere. The appropriate normal

modes for the cavity are:

. (+1 . _
sin 827y gin 2Ry cos e wWim!
a b c
¢lmn(xa ) Z) = Dlmn n >
| lmnl V<Wimn (4 40)
I+ . i ’
cos £y cos 2Ly sin 2 ze !
lr[/lmn(x, Y, Z) = Dlmn . N .
lklmnl Vzwlmn
I+
where w; = ki +ky +k3, ki = ki + k3 and ky = ( az)”,kz = M k3 = "X Now we can go

forward to give the expressions for each component of E and B.

3 | Dl (K3 + K2
Eg(t—t’,r,r’):Z—l imal (k7 + )

Lm,n

> cos ky x sin kyy cos kzz cos ki x” sin kyy’ cos kzz e/ =)
Wimn

(4.41)

- |Dlmn|2(k§ + kz)
EXt-1¢,r,r) = Z T 2 Y

lLm,n

n i |Dlmn|2(k% + k%)

3 sin ky x sin kyy sin k3z sin k; x” sin kyy’ sin kzz’ e
Wimn

cos kyx cos kyy sin ksz cos ky X’ cos kY’ sin kg’ e ="

lLm,n Zwlmn
(4.42)
o [ Dyl (k7 + 3) . . . : ,
B%(t -t,r,r) = Z % sin kyx cos kyy sin ksz sin ky X’ cos kpy’ sin ksyz’ e~
) Wimn
Lm,n
(4.43)

N [Dpnl (k3 + K3)
B (t-1,rr) = Z e B Ia

lLm,n
+ i |Dlmn|2(k% + k:,%)
2(f‘)lmn

7 cos kyx cos kyy cos kzz cos k¥’ cos kyy’ cos kg’ e"m ="
Wimn

sin k; x sin kyy cos k3z sin ky x’ sin kpy’ cos ksz'e"m ="

I,m,n

(4.44)
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is related to the mixed B.C. on the scalar field.

L T
Recall from Chapter III that k, = 2

Therefore with the cylinder kernels defined in chapter III, we can rewrite E? and B? as

Et,r,v) = %(af T (¢ r, 1) (4.45)
EX(t,r,¥) = %(ag + AT (1T + %(a’f + T (e, r, 1) (4.46)
Btr.r) = 411(‘9% + ATt 1, 1) (4.47)
B (t,r,¥) = %(ag + T e, 1) + }l(af + AT (e, r, 1) (4.48)

2. Energy Density and Total Energy

The energy density is

DN DD ND  —MDN

1 _ _ _ _ _
R (e AT AT Y+ @B+ AT +T )+ @ +T " +T)

(4.49)

Notice that T satisfies the Laplace equation,
(& + B+ )T =0T = -0°T (4.50)
so the energy density can be simplified to:
I A A A AR ) e

(o8]

451)
L 4 Qlay?  (la+2x7? ¢
=V, + Vi +V+++V++++—§ -1 +

T[ ’ ’ ? ’ ] 7{2 lmn( ) [(dlEn;;)6 (dlim)é

Integrate over the cavity to get the total energy:

EMCC =2[ED + ES* + ES* + ES] - %
a (4.52)

Note that E‘;X =0, EZC = 0 and Efyz = To5-
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Fig. 14. The force F on a piston with square cross section (b = ¢) as functions of n = a/b.
Solid red= FMCC = pMPP,

3. Piston Force

By the B.C. duality, for the piston with CBC at the partition x = 0 and PBC elsewhere, the

piston force FMCC will be the same as FMPP_ It is plotted in Fig. 14.
FMCC _ FMPP _ FMDN + FMND (4.53)
= =15 2

4. CP-PP-CC

When the B.C. on sides are not all CBC, but rather PBC at y = 0,5 and CBC at z = 0, c,

the normal modes are

. (+hr i
( V=D sin & 2—X COS “Fy COS “Zze Wim!
¢’lmn X, Y,2) = Dimn
1 A /
|klmn| 2(JL)lmn
(e . (4.54)
2 mn —1Wimnt

. nn
cos —2=xsin ZXy sin “ ze

|k[J,_1m| \} 2wlmn

wlmn(xa Y, Z) = Dlmn
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Total energy for a cavity is

DD ND D  —MDN

1 —M MNN —M MDN —MN
gMPC :Z[(af + )T )+ (2 + (T )+ (@ +0)T +T )

- _ (92V2___ _ aZVZ -— _ (92V2_++ _ (92V2+++
(2nc +2z7)% N (2nc + 2z2)?

VTV T VT VT + = Z( D

Imn (dlii;)6 ( lmn)6
=2[EP + ES* + EP + ES] -
[ ] 96a
=2 EP+O+—+O — =2E}
( 1924 70" 6a 2
(4.55)
Note that Eg *=0and ES = 0, so the total energy
EMPC = QEP = QEMND _ 9% (4.56)
MDD NN
FMPC _ pMND _ T F + F 4 FMDN (4.57)

96a2 2

It is plotted in Fig. 15 along with FMCC; they are both repulsive.

C. Piston with mixed B.C.

There are various B.C. for a piston with mixed B.C. on some sides: CC-CP-CC (PP-CP-

PP), CC-CP-PP (PP-CP-CC); CC-CP-CP, PP-CP-CP, CP-CP-CC, CP-CP-PP; CP-CP-CP.

1. CC-CP-CC
The normal modes are
In (m +% —1Wpnt
sin 7-.x sin ycos & Ze
¢lmn(-xa ) Z) = Dlmn
lmnl V Wimn (4 58)
+br )
cos l—”x cos & 2 y sin 2 ze~iwm!

l//lmn(X, Y, Z) = Dy,

lmnl V Wimn
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Fig. 15. The force F on a piston with square cross section (b = ¢) as functions of n = a/b.

Solid red= FMCC = FMPP solid blue= FMFC.

Total energy for a cavity is

1 —DMD —NMN —DMD —NMN —DMN —NMD
eMC(r,r,1) :Z[(a§+a§)(T +T )+ (05 + BT +T )+ (07 + BT +7 )]

(4.59)

The a—dependent terms are V,~—, V7", V™~ and V.

1 _ _ _ _ _ _
M 1@+ AT TN 4+ @+ AT+ T+ @+ AT T

A P
EMC 2[ED + E)] = 2EL = EVMN 4 EPMP

(4.60)

Note that Ei * = 0. Then the piston force can be related to scalar piston forces as

FCMC _ pNMN | pDMD (4.61)
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2. CC-CP-PP
The normal modes are

SN SR (m+%)7r s N — Wt

sin Zxsin y sin "Zze™ Wi

¢lmn(-xa ) Z) = Dlmn | \/—
W
l (l"fj " (4.62)
cos Zxcos 227y cos IR 7~

wlmn(-x» Yy, Z) = Dy,

lmnl V Wimn

Total energy for a cavity is

1 —pup  — _
M (x,r,1) =215} + AT +T"™™) + (82 + BT

DMD -DMN

T @+HT " +T"™)
(4.63)

The a—dependent terms are V,~—, V;7F, V"~ and V",

-DMD

gCMP :%[(af + T+ Ty £ R+ AT

MD  —DMN

T+ @+dHT " +T"™)
=— 0V, =01V,

EMP 22[E} + E)'] = 2E%

(4.64)

This is the same as £“M€, so the piston force is again FEMP = pEMC = pNMN | pDMD,

3. CC-Cp-CP
The normal modes are
sin - Zxsin e :71 )”y sin ("+C%)ﬂ Zem i@t
Bn(5.3:9= > Di
I, 1 Wimn
. I (m +”;’ (n+§)7rz iyt (4.65)

17[’ ( ) D CcOosS —.X COS 7 yCos B e
Imn\X,y,2) = Z Imn
Lm,n |lif_nn| V £Wimn
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Total energy for a cavity is
1 _ _ _ _ _ _
s (x,x,1) =10} + AT " +T "+ @ +T " +T "+ @+ AT +T )
1 — — 1, — _
=5 @+ 33 + AT AT M = Eai(TDMM L7
(4.66)
The a—dependent terms are V™, V7", V27~ and V.
MM, ) == 0V + Vi + VT + V]
(4.67)
R S
EMM 22[EY + E + Ey* + E]
howeyver, Eiy = E§ = Ef” =0, so
EMM(z v r) = 2EY = 2F¢ (4.68)
Therefore, FEMM = Q pNMM
We plot F“MC€ and FC™™ in Fig. 16; they are both attractive.
4. CP-CP-CC
The normal modes are
sin (Hf " xsin (m;% 5 sin 12 zg ™ mnt
kKt |1 V2Wimn
il V200 (4.69)

Imn
I+ Hr (m+Dm nr
X COS —*—yCos “-ze

COs P
Ikl I Vzwlmn

Imn

—iWpnt

(blmn(xaya Z) = Dy,

wlmn(x, Y, Z) = Dlmn

Total energy for a cavity is
1 —MMN —MMD —MMN —MMD —MMN —MMD
eMMC (T r, 1) :Z[(af + 03T T )+ 05+ )T T )+ (0% + BT +T )]
1 — — 1 ., — _
=@+ 3+ AT + T = —Eai(TMMN + 7P
(4.70)
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Fig. 16. The force F on a piston with square cross section (b = ¢) as functions of n = a/b.

Solid red= FEMC = FCMP solid blue= FEMM,
The a—dependent terms are V;~—, V7", V'~ and V.

SMMC(T, r, l‘) - _ az[V;—— + V3+_+ _ 3++— _ V3—++]

(4.71)
EMMC Q[EF + EY — ES* — EY¥)
however, Ei" = Eiz = E3E'vz =0, so
EMMC(r,x,r) = 2E} = EMMN 4 EMMD (4.72)

The piston force is FMMC = FMMN 4 pMMD
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5. CP-CP-CP
The normal modes are
sin —(l+%)ﬂx sin (m+%)”y sin (n+%)”ze"""1m"’
h "
¢lmn(xa Yy, Z) = Dlmn
1
|klmn| \' 2(/‘)Zmn (4 73)
cos —(Hf)ﬂx cos (m;)%)ﬂy cos (2+3) % zemiwimnl

'jllmn(x9 Yy, Z) = Djyy,

|li,_,,m| Vzwlmn
Total energy for a cavity is

MM MM

1 _ _ _ _ _
MMMz ¢ ¥ :Z[(af + T+ T @+ T T + @ + AT

| _ _ _
=5 @+ 3+ AT T =~

4.74)
The a—dependent terms are V,~~, V7", V" and V™.
™M (e, r) ==V, T+ VT VT VT
(4.75)
EMYM 2D(EY + E} + By + E, ")
however, Eiy = Eiz = Ef” =0, so
EMMM(z ¢, 1) = 2E} = 2EMMM (4.76)

FMMM — 2FMMM' FMMC FMMM

The piston force is and are plotted in Fig. 17; they

are both repulsive.

D. Conclusion

For a piston with partition fixed at x = a, different B.C. yield different piston forces. B.C.
duality provides the symmetry between 2 Hertz potentials ¢ and ¥ when considering to-

tal energy, that makes two pistons with exactly opposite B.C. have identical piston force.

+T

MMM

)]
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121

10+

Fig. 17. The force F on a piston with square cross section (b = ¢) as functions of n = a/b.
Solid red= FMMC golid blue= FMMM

Again the piston force turns out to be determined by a-dependent terms, which are con-
tributed by periodic paths (V~"7), side paths (V*~* and V**7) and edge paths (V~**). Since
we have related EM piston energy to the scalar cylinder kernel, it is straightforward to re-
late EM piston force to the corresponding scalar piston force as well. We summarize the
equivalent B.C. and the relations between EM pistons and scalar pistons in the table VIII.
Recall that the subscripts 1,2, 3,4 represent 1st, 2nd, 3rd and 4th kind B.C. for scalar pis-
ton. When the B.C. at x = 0, a are both CBC/PBC, the piston force is always atractive;
while when mixed B.C. are at x = 0, a, the piston force is always repulsive. Periodic paths’
contribution always stays and dominates, while side paths’ and edge paths’ contribution is
a perturbation to periodic paths’ and might be absent for some cases, we call this part as
side effect. At the limit a — 0, these side effects are relatively small and can be ignored,
so that in essence we have two parallel plates; as a increases, the side effect increases
correspondingly; it could be either positive (same sign as periodic paths’ contribution) or

negative (opposite sign to periodic paths’ contribution). In other words, the side effect be-



Table VIII. Table of the relations between EM pistons and scalar pistons

B.C. Type  Equivalent Cases Total Energy
CC-CC-CC  PP-PP-PP; PP-CC-CC; CC-PP-PP  FC¢C = FPPN 4 FDPND
CC-PP-CC  PP-CC-PP FCPC = FPPD 4 pNNN
CC-CP-CC CC-CP-PP; PP-PC-PP FEMC = pYMN 4 pDMD
CC-CP-CP PP-CP-CP FEMM = 3 piyMM
CP-CC-CC PC-PP-PP FMCC = pMDN o pJND
CP-PP-CC  PC-CC-PP FMPC = pYDD o pYNN
CP-CP-CC CP-CP-PP FMMC = pMMN . pMMD
CP-CP-CP  PC-PC-PC FMMM = 3 pMMM
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comes more and more visible when a increases and as a result, the total energy damps more

quickly or less according to its sign.

In summary, the EM piston has been studied by means of 2 Hertz potentials, thus E

and B have been decomposed into 2 scalar fields. The EM fields E and B are constrained

by either conducting or permeable B.C. and therefore induce corresponding B.C. for the

2 Hertz potentials ¢ and i, so that total energy and piston force of the EM piston can be

represented by corresponding quantities of the scalar piston. It is convenient to use the

known scalar piston results to deduce EM piston results, and that provides a way to analyze

the EM piston from the point of view of classical paths; for a specific EM piston, we can

tell which kinds of paths contribute more, less, or just are absent.
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CHAPTER V

MULTIPLE REFLECTION EXPANSION ANALYSIS
All analysis in previous chapters dealt with flat surfaces, in which cases we can always
apply the method of images to construct the corresponding Green functions such as cylinder
kernel. When it comes to curved surfaces, method of images does not apply; we have to
find an alternate way to construct the cylinder kernel. The multiple reflection expansion
(MRE for short) is the closest counterpart for curved surfaces of the method of images for
flat surfaces. Definitely the mathematics for curved surfaces is much more complicated.

A free Green’s function G/(r, ') represents the propagation from point x to point x’
directly. However, when boundary conditions are introduced, the Green’s function will be
confined to satisfy them (Dirichlet B.C. or Neumann B.C.). The confined Green’s function
can be developed by summing up the direct propagation: x — x’, propagation with 1
reflection on the boundary S: x — § — X, propagation with 2 reflections on the boundary
S:x— S — § — X/, and all propagations with higher number of reflections [44, 45].

For the whole space, the reduced Green’s function in (2.9) is

w(r—r’|

G'r,r,w)y= —— (5.1
dr|r—r1' |

This is the Green’s function without any boundary, which encounters a direct propagation
from r to r’. If we are looking for the Green’s function which satisfies Dirichlet B.C. or
Neumann B.C. on an arbitrary smooth surface S, MRE provides (at least formally) the

Green’s function which satisfies the corresponding B.C. as a summation on number of
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reflections over the surface.

GP(r,r)=G'(rnr)——————— == — — < direct propagation >
oG/ (r,
- 2deaﬂGf(a, Pry——————=—=——- < lst reflection >
s 0na
oG/ (r, @) G/ (a,
+2° fdeQdS/g (@) (@ 'B)Gf(ﬁ, r')— — < 2nd reflection >
s Js ana/ anﬁ

G/ (r, @) G’ (a, B) OG’ (B, y)
— 23 d ad d > ’ . ! , ’
fs fs fs Sl Ong o, C o

5.2)
where 7’ is the starting point, the path reflects on S at points «, 8, ¥.,..., and it finally goes

to r. For Neumann B.C. the ‘-’ sign for odd number reflection terms should be converted

to ‘+° [11, 44, 45, 46, 47].

A. Reproduction of Method of Images for Flat Surfaces

The relation between the reduced Green’s function for the whole space and the cylinder

kernel for the whole space is

sinwlrr’|. 1 1

= 2 2
T (r,7,t) = =L,[ImG'(r,¥,w)] = =L, -
( ) n [ ( ) n [ 4r|rr'| 272 12 + |rr'|?

(5.3)

where L, is the Laplace transform operator with respect to w. This relation gives a way to
construct the cylinder kernel by Laplace transform of the corresponding reduced Green’s
function. Suppose we are looking for the cylinder kernel satisfying Dirichlet B.C. on a sur-
face S and for now we have known the reduced Green’s function (5.2) satisfying Dirichlet
B.C.. If we take Laplace transform on both sides of (5.2), we will get the proper cylinder
kernel satisfying Dirichlet B.C. TD(r, r’). The first term of the reduced Green’s function,

G/ (r, 1), corresponds to the direct propagation; after Laplace transform, it will be converted
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into the free cylinder kernel T'f(r, r"). The second term corresponds to the 1st reflection.

(9Gf ’ 0 wry wr)
P f d8, 25 "D oy = 2 f dS ., cos 0 2~(“— ) S
S S

on ory 47rr1 Ay,
“ 1 | 5.4)
— dS cos 91( lw(r|+r2) _ eta)(r1+r2))
82 rir rir
where r; = |ra|, r, = |ar’| and 0, is the angle between the vector from r to @ and the

normal to the surface at point @. We take the Laplace transform for Ist reflection term

(with [ = ry + 1r):

2 aG/ (r, 2 1 1
=L[-2 f dSaﬂGf(a, )] ==L[- f dS 4 COS O (—e'1#12) _ gl ry)]
by s ana T 8 872 rir 2

7"1 rn
1 1 PB-¢ 1 [
dS 6 +
T4 cos l[rl r (12 + 12)? r%rz 2 +2

(5.5

For the 2nd and higher orders of reflection more work is needed. Repeated paths and
degenerate paths are involved and divergence analysis has to be made carefully [47]. By
taking Laplace transform of the MRE of the reduced Green’s function, we could apply
numerical approximation for higher order reflections [12, 49, 50].

For the purpose of comparing with method of images, let’s analyze in detail the 1st
reflection term (5.5). If we take the flat surface as example, we should reproduce the results
of the method of images. Consider the case where the surface S stands for two parallel
plates (S| +.5,) satisfying Dirichlet boundary conditions at both x = 0 (§;) and x = a (S»).

The cylinder kernel constructed by the method of images is

TD(r, r) = Tf(r, )+ DOTf(r, )+ Dan(r, )+ .. (5.6)

Thus the Ist reflection term of cylinder kernel reflected by S from point r : (x,0,0)
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or :(x,0,0)is

_ 1 1 11
DT Py = oo = 57
o ()| I 272 2 + (2x) 5D

The other 1st reflection term Dan(r, r") stands for the 1st reflection term reflected by S ,.

From MRE, the 1st reflection term of cylinder kernel reflected by S is

TMRE 1 f as., o 1 B-7 N 1 l | (5.8)
= CoS .
! 4m S| ! riry (12 + 1%)? r%rz 2+

When we put the two points identical; r = #/, we will have r; = r, = %, cos0; = l/iz and

dS = ndy* = ZdI*. Substituting into (5.8) we got

=MRE 1 T x 4 P-7 8 I
h =5 3f ‘”2(1/2)[12 C+iy PR
x 21 1 812
- R . dl[t_z(z_z TEa) T R@ 4R

12 11 L1241
B 4n2 I 1 2 1P+ P

X 1 w _ X 1

1 1 I

T2+ ()R 2P+ (2x)

12
+ — arctan l)]l L (5.9)

where [,,;, = 2x. The energy density contributed by the 1st reflection term is

MRE 1 P —mre 1 1

b = MaaT S e 10

So we conclude that, for flat surfaces, the 1st reflection term from MRE is exactly the
same as DyT from the method of images; higher order reflections are expected to be the
same as well. We could understand the method of images as one special application of
MRE when the surface is flat. For curved surfaces, the method of images fails; however,

MRE can generalize its application to any surface.



82

Fig. 18. A classical path starting from A (a from the center of sphere) is reflected off a
sphere (with radius R) to B, the path length [ = r| + r,, the angle between AM and
the normal at M is 6.

B. Reproduction of the Optical Approach’s Result for a Sphere

We take 2-dimensional sphere in 3-dimensional space as a typical geometry to analyze
how MRE works with curved surfaces. We will start with the MRE of the reduced Green’s
function as in (5.2). Now the boundary § stands for a sphere with radius R. By taking the
Laplace transform of (5.2), the reduced Green’s function satisfying Dirichlet B.C. on the
sphere is converted to the cylinder kernel satisfying the same B.C.. Let’s make a thorough

study of the Ist reflection term of the cylinder kernel,

=MRE 1 1 P-7 1 l

T =— | dS,cos@ +
! 413 J 1[7'17'2 (I2 + 12)? r%rz r+2

] (5.11)
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Fig. 19. The surface integral over the whole sphere is divided into 2 parts: visible re-
gion I € (Lyin,1,,,) and shadow region [ € (I, lnax), Where l,;, = 2(a — R),
U..= Va*>—R?and l,,, = 2(a + R).

When putting r = 1/,

[
o= = —
1="n 5
R’ +r? -a? RP+1P/4-a?
6 = — ! = - 5.12
cosH 2R RI ©.12)
2nR R
ds = Zrdr = Z1al
a 2a
(5.11) can be written as
/ 2 2
—MRE max 1 [F—¢ 2 1
=— dl (R* + /4 — a»)[— -
! 774 f, R+ L=y e Y ey )
min (5-13)

1 l;nax lmux 1 12 — l.2 2 1
= - dl + dD(R* + I*/4 — a®)[— + =
270 f N I o

]

’
lmin lmax

where [,,,, = 2(a + R) =2Va®> - R 1y, =2(a—R)and a = R + L,,;,/2. The integral

’
4 lmax
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from visible region (I € (L, [),,.)) gives

—MRE 1 [l 1 P-2 2 1
Ty, =- AR+ P4 — ) ——— + =
! 2r%a f ( f4-a )[12 P+2)? P+ 12]
= max max __ t _ |'max 5. 14
-1 1 + arctan bin arctan ma
a2+ . Anlat t  4nat "
The integral from shadow region (! € (I, lmax)) gives
=MRE 1 lmax 1 P-p |
Ty, =- dl(R* + /4 - a®)[— il
s Zﬂ'za fl: ( / a )[lz (12 + t2)2 lz t2 + lz]
" (5.15)
K ! + ! arctan ma ! arctan
e — I _ [ bmax
a2m** + liax 4rlat t 4rlat

Now we add the contributions from visible region and shadow region together, the 1st

reflection term of the cylinder kernel is

—MRE  —MRE —MRE
1 =Ty, +Ty
_R1 ! X ! ! + arctan b arctan hnas 10
Ca2n+ R, al2m+ B,  4nlat 4mat
The third term can be expanded in the order of ¢ as
L 1 1 £ rt
tan —— = —— —~ +O[f° .
a2 T T Gea T, e, 5 ) O G4
Similarly for the fourth term,
1 l 1 1 r r
tan = = ——(—— + - +O[° 5.18
It O T = g e s ) Ol ©.18)
Next we consider the energy density contributed by the 1st reflection term,
1 & —
eMRE = __ lim — T,
21008 5.19
CRL LU U L (5-19)
Ca2e .. ORI ORI
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Since /,,;, < 4 and 1,;, < 6R, we conclude that the first term —ﬁ 14 dominates the

min

energy density in the Ist reflection. This dominant term differs from the energy density
contributed by the 1st reflection on a plate in (5.10) by an extra coeflicient ;—e, We call this
coeflicient “geometrical factor” (g; = 5) as it reflects information on the curved surface.
Correspondingly, the 1st term dominates the 1st reflection term of the cylinder kernel in
(5.16).

The similarity between the formulas for curved and flat surfaces is that they both
correspond to the minimal length /,,;, with one reflection on the surface; since minimal
length corresponds to the optical ray length between two points when one reflection is
involved, this gives a hint for us to understand the role that the boundary plays in MRE,
that is, the surface integral over boundary is trying to find the minimal length of a closed
path and a coefficient is coming out from the surface integral to reflect the geometrical
effect.

Let’s recall the optical approach’s formula for energy density ,

goptical 2 — Z \/_ (520)

where A, is called “enlargement factor” [12, 48, 49, 50]. For the 1st reflection the enlarge-

ment factor is

Ay = ; = 1 ; (5.21)

mln 2
( min Tt mm )2 mm (1 + )

The energy density contributed by the lst reflection is,

Soptical 1 \/_1 _ 1 1 1 RLL (522)

! 272 P 14 o 272 7 g 2m2 [+

min 2R min min

The enlargement factor A, defined in the optical approach and the geometrical factor g; de-
fined in MRE are exactly the same and energy density in the optical approach corresponds

to the dominant term in MRE approach. Note that MRE involves the whole surface, the
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whole sphere in this case, and it provides an exact solution, while optical approximation,
as it implies, provides an approximate solution. The relation between them lies, the optical
approximation estimates the dominant contriution in MRE.

For higher order reflection, the optical approach needs numerical methods to obtain the
enlargement factors and minimal length for periodic paths [12]; in the MRE method, when
we deal with the minimal length and the geometrical factor (counterpart of enlargement
factor), we did not provide easier math; that is, MRE also needs numerical methods for
higher order reflections. However, in the lowest order we got consistent expression for
energy density as the optical approach from another point of view. By introducing the
MRE of the cylinder kernel, we naturally find connections between energy density and
lengths of closed paths, and explain that the geometrical factor is coming from the surface

integral and is strongly geometry-dependent.
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CHAPTER VI

CONCLUSION
With the relation between cylinder kernel and energy density in (2.27), once we know
the cylinder kernel, we can evaluate the Casimir energy and the Casimir force. There
are two ways basically to construct the cylinder kernel: (1). Base the cylinder kernel on
the summation (integration) of eigenfunctions as in (3.14); (2). Base the cylinder kernel
on the method of images and sum over number of reflections as in (3.10). The cylinder
kernel contains a cutoff parameter ¢ (which should not be understood as physical time)

by including an exponential term e™'

. We can thus see clearly the cutoff dependence, the
divergent terms resulted by cutoff dependence are easily isolated from the finite terms (oc £°,
no cutoff dependence).

A typical application to scalar rectangular cavity brings 8 parts for the cylinder kernel,
with the 8 parts classified to 4 kinds by type of classical paths: periodic paths, side paths,
edge paths and corner paths. Therefore the total energy is composed of 8 terms contributed
by different kind of paths. When considering the contribution from each kind of paths to
the total energy, the periodic paths weigh highest and edge paths least; corner paths does
not contribute to the total energy. There are various possible B.C. for a rectangular cavity
by imposing different B.C. on each face. It turns out B.C. makes significant change to the
cylinder kernel thus the total energy. Dirichlet B.C. or Neumann B.C. on each face will
determine the sign of the contribution of side paths with Neumann B.C. + and Dirichlet
B.C. —. Sign of contribution of edge paths are determined by B.C. of 2 faces which join at
that edge, same B.C. on those 2 faces gives + and different B.C. —. The sign of periodic
paths instead keeps unchanged no matter what B.C. are on the 6 faces.

A scalar piston is extended by a rectangular cavity and then composed of the original

cavity and the extended cavity. The total energy of the piston is the summation of the
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total energies of that two cavities. Comparing to a single rectangular cavity, the piston
force converges to 0 at the limit of infinite separation while the cavity force converges to
a nonzero constant, which is not reasonable. Another big change from cavity to piston
lies in, for a cavity, periodic paths, side paths and edge paths always contribute to the total
energy while for a piston only periodic paths always do so; side paths and edge paths may
be absent depending on B.C.. The periodic paths determine the sign of the piston force
and side paths and edge paths’ contribution (if it exists) can be viewed as perturbation to
the periodic paths’. When the B.C. on the partition (the movable face inside the piston)
and the face parallel to the partition are the same, the piston force will be always attractive;
when the B.C. are different, the piston force will be always repulsive. At the limit of small
separation, the piston will be reduced to the parallel plates and perturbation from side paths
and edge paths go to zero.

For the EM piston, we use 2 Hertz potentials ¢ and ¢ to represent the EM field then
the constraint on E and B resulted from the B.C. (CBC or PBC) on boundary are converted
to corresponding constraint on the 2 scalar fields (Hertz potentials). The piston force of EM
piston is closely related to the piston forces of 2 corresponding scalar piston. The piston
force is attractive when the B.C. on the partition and the face parallel to the partition are
the same and repulsive when they are different. The piston force converges to zero as the
separation goes to infinity.

Cylinder kernel analysis from the point of view of classical paths obtains consistent
conclusion as optical approximation did for purely Dirichlet/Neumann piston and purely
conducting piston. For the rectangular cavity and piston (flat surface) they are both exact.
For curved surface, such as sphere, the optical approximation is not exact any more and it
does make some approximation. In comparison with the MRE (which is exact since it con-
structs an exact Green’s function), the optical approach approximates the energy density

by taking into account the enlargement factor and it turns out this approximation covers
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the dominant term in the MRE approach by using surface integral. The MRE approach
provides more accurate results with some correction terms, however, when the points in
concern is close enough to the surface, the correction terms to the dominant term are rela-

tively small, therefore optical approximation provides results with reasonable accuracy.
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