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Abstract

We introduce an approximation technique for nonlinear hyperbolic systems with sources that is invariant domain preserving. The
method is discretization-independent provided elementary symmetry and skew-symmetry properties are satisfied by the scheme.
The method is formally first-order accurate in space. Then, we introduce a series of higher-order methods. When these methods
violate the invariant domain properties, they are corrected by a limiting technique that we call convex limiting. After limiting,
the resulting methods satisfy all the invariant domain properties that are imposed by the user (see Theorem 7.24) and is formally
high-order accurate. The two key novelties are that (i) limiting is done by enforcing bounds on quasiconcave functionals; (ii) the
bounds that are enforced on the solution at each time step are necessarily satisfied by the low-order approximation.
© 2018 Published by Elsevier B.V.
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1. Introduction

The present paper is concerned with the approximation of hyperbolic systems in conservation form with a source
term:

ou + V-f(u) = S(u), for(x,t) e DxRy,
u(x,0) = uy(x), forx e R?.

1.1

The space dimension d is arbitrary. The dependent variable u takes values in R” and the flux f takes values in (R™)<.
In this paper u is considered as a column vector # = (uy, ..., u,)". The flux is a matrix with entries f; i (u(x)),
1<i<m1 <j<dandV-f(u(x))is a column vector with entries (V-f(u));, = Z]gid 8Xj1fij(u(x)). For any
n=(n...,ng) € R we denote f(u)n the column vector with entries > i<j<q Lu(@)n;, where i € {1:m}. To
simplify questions regarding boundary conditions, we assume that either periodic boundary conditions are enforced,
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or the initial data is compactly supported or constant outside a compact set. In both cases we denote by D € R¢ the
spatial domain where the approximation is constructed. The domain D is the d-torus in the case of periodic boundary
conditions. In the case of the Cauchy problem, D is a compact, polygonal portion of R¢ large enough so that the
domain of influence of uy is always included in D over the entire duration of the simulation.

The objective of the paper is to generalize the techniques that was introduced in Guermond et al. [1] for
the approximation of the compressible Euler equations using continuous finite elements. We want to present an
approximation technique that is almost discretization independent and works with any hyperbolic system with source
term, under some mild assumptions on the source. The formalism encompasses finite volumes, continuous finite
elements and discontinuous finite elements. The method is formally second-order or higher-order in space and can be
made (at least) fourth-order accurate in time by using explicit Runge—Kutta SSP methods. The key ingredients of the
method are as follows: (i) A low-order invariant domain preserving approximation technique using a graph viscosity.
(The viscosity is based on the connectivity graph of the degrees of freedom of the method. One viscosity coefficient
is computed on every edge of the graph.) (ii) A high-order approximation technique. (The method may not be fully
entropy consistent and may step out of the local invariant domain); (iii) A convex limiting technique with guaranteed
bounds. (The bounds in question are obtained by computing auxiliary states on every edge of the connectivity graph.
The convex limiting method works for any quasiconcave functional, i.e., it is possible to limit any quasiconcave
functional of the approximate solution.)

The paper is organized as follows. We recall elementary properties of the hyperbolic system (1.1) in Section 2.
The theory for the low-order method is explained in Section 3. The main result of this section is Theorem 3.6. The
auxiliary states, which play a key role in the convex limiting technique are defined in (3.8). The method is illustrated
in the context of finite volumes, continuous finite elements, and discontinuous finite elements in Section 4. A brief
overview of explicit Runge—Kutta Strong Stability Preserving methods is made in Section 5. The key result of this
section is a reformulation of the Shu—Osher Theorem 5.4 which does not involve any norm. We show therein that only
convexity matters. It seems that the result, as reformulated, is not well known in the literature. We show in Section 6
how higher-order schemes can be constructed. These methods are not necessarily invariant domain preserving. In
passing we revisit an idea initially proposed by Jameson et al. [2, Eq. (12)] which consists of constructing a second-
order graph viscosity by using a smoothness indicator. In Theorem 6.5 we prove that a high-order scheme based on
the smoothness indicator of a conserved scalar component of the system does indeed preserve the bounds (for that
component) that are naturally satisfied by the first-order method. In Theorem 6.8 we present another invariant domain
preserving result for one scalar component of the conserved variables, but in this case the graph viscosity is computed
by using a gap estimate (see Lemma 6.4) instead of a smoothness indicator. To the best of our knowledge, it seems
that both results are original in the context of hyperbolic systems. The convex limiting technique is presented in
Section 7, the key results of this section are Lemmas 7.15, 7.20 and Theorem 7.21. All these results are recapitulated
into Theorem 7.24, which in some sense summarizes the content of the present paper. The idea of using the auxiliary
states (3.8) and convex limiting has originally been proposed in Guermond et al. [1] for the Euler equations. The
proposed generalization to general hyperbolic systems with source term for generic discretizations seems to be new.

Computations illustrating the performance of the abstract results stated in the paper can be found in Guermond and
Popov [3], Guermond et al. [1] for the compressible Euler equations, and in Azerad et al. [4], Guermond et al. [5] for
the shallow water equations.

2. Preliminaries

We recall in this section key properties about the system (1.1) that will be used repeatedly in the paper. The reader
who is familiar with hyperbolic systems with source terms, Riemann problems, and invariant sets is invited to jump
to Section 3.

2.1. Riemann problem space average and maximum wave speed

We consider (1.1) without source term in this subsection, i.e., S(#) = 0. Instead of trying to give a precise meaning
to the solutions of (1.1), which is either a very technical task or a completely open problem, we instead assume that
there is a clear notion of solution for the Riemann problem. That is to say we assume that there exists a nonempty
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admissible set A C R™ such that for any pair of states (u;, ug) € Ax.A and any unit vector n in R?, the following
one-dimensional Riemann problem
v, ifx <0
ov+ 0;(f(v)n) =0, (x,1) € RxR,, v(x,0) = ] 2.1
vg, ifx >0,
has a unique (entropy satisfying) self-similar solution denoted by v(n, v, vg, &), where & = 7 is the self-similarity
parameter, see for instance Lax [6], Toro [7]. The key result that we are going to use in this paper is that there exists a
maximum wave speed henceforth denoted Ayax (1, v, Vg) suchthatv(n, vy, vg, &) = vy if§ < —Anax(n, vr, vR)and
v(r, vy, Vg, &) = VR if & > Apux(n, vp, vg). We assume that A« (12, v, Vg) can be estimated from above efficiently;
for instance, we refer the reader to Guermond and Popov [8] where guaranteed upper bounds on the maximum wave
speed are given for the Euler equations with the co-volume equation of state. The following elementary result, which
we are going to invoke repeatedly, is an important consequence of the finite speed of propagation assumption:

Lelmma 2.1 (Average Over the Riemann Fan). Let (n, q) be an entropy pair for the system (1.1). Let (¢, n, v, vg) =

f 71 v(n, vy, g, E)dx be the average of the Riemann solution over the Riemann fan at time t. Assume that

1
27

tAmax(, v, VR) < 5, then the following holds true:

_ 1
U(t, v, 0p) = S (0L + V) = 1(E(vp)n — £(vy)n). 2.2)
n(@(t,n, v, vR)) < $((wL) 4+ n(vr)) — 1(q(vr)n — q(vy)n). (2.3)
2.2. Invariant sets and invariant domains

We introduce in this section the notions of invariant sets and invariant domains. Our definitions are slightly different
from those in Chueh et al. [9], Hoff [10], Smoller [11], Frid [12]. We associate invariant sets with solutions of Riemann
problems and define invariant domains only for an approximation process; our definition has some similarities with
Eq. (2.14) in Zhang and Shu [13].

Definition 2.2 (Invariant Set). We say that a set B C A C R is invariant for (1.1) if B is convex and for any pair
(up,ug) € BxB, any unit vector n € RY, and any ¢t > 0 such that tApx(n, v, vg) < %, the average of the entropy
solution of the Riemann problem (2.1) over the Riemann fan, say v(z, n, v., vg), remains in 3, and if there exists
79 > 0 such that for any U € B and any t < 1 the quantity U + tS(U) is in B.

We now introduce the notion of invariant domain for an approximation process. Let I be a positive natural number
and let R, : (R™)! — (R™)’ be a mapping over (R™)’. Henceforth we abuse the language by saying that a member
of R™)!, say U = (Uy, ..., U;),is in the set B C R™ to actually mean that U; € B foralli e {1:1}.

Definition 2.3 (Invariant Domain). A convex invariant set 5 C A C R™ is said to be an invariant domain for the
mapping R;, : (R™)! — (R™)! if and only if for any state U in B, the state R, (U) is also in B.

For scalar conservation equations the notions of invariant sets and invariant domains are closely related to the
notion of maximum principle. In the case of nonlinear hyperbolic systems, the maximum principle property does not
apply and must be replaced by the notion of an invariant domain. To the best of our knowledge, the definition of
invariant sets for the Riemann problem was introduced in Nishida [14], and the general theory of positively invariant
regions was developed in Chueh et al. [9]. The analysis and development of numerical methods preserving invariant
regions was considered in Hoff [10,15], Frid [12]. The objective of this paper is to generalize the invariant domain
preserving method originally developed in Guermond and Popov [3] and the (invariant domain preserving) convex
limiting technique introduced in Guermond et al. [1].

Remark 2.4 (Siff Source Terms). The assumption that there exists a uniform ty so that B + 7S(B) C B for all
T € [0, 1] is not reasonable for hyperbolic systems with stiff source terms since it imposes a very severe restriction
on the time step. In this case other strategies must be adopted. We are going to restrict ourselves in the present paper
to source terms that are moderately stiff in the sense of Definition 2.2, and we postpone the extension of the present
work to systems with stiff source terms to a future publication. [J
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2.3. Examples

We briefly go over some examples of systems with source terms and show that the proposed definition for invariant
sets is meaningful/useful.

2.3.1. Euler + co-volume EOS

For the compressible Euler equations with covolume of state the dependent variable is u = (p, m, E )T, where p is
the density, m is the momentum, and E is the total energy. The flux is f(u) = (pv,m ® v + pI, v(E + p))" where
v := m/p and the pressure is given by the equation of state p(1 — bp) = (y — 1)ep. The constant b > 0 is called the
covolume and y > 1 is the ratio of specific heats. We have A .= {u |1 > 1 — bp > 0, e(u) > 0} and it is shown
in Guermond and Popov [8] that B:={u | 1 > 1 —bp > 0, e(u) > 0, ®(u) > Py} is an invariant set for any @, € R,
where e(u) = E/p — %vz is the specific internal energy, and ®(u) is the specific physical entropy. In this paper we
call internal energy the quantity e(u) := pe(w).

2.3.2. Shallow water

Saint—Venant’s shallow water model describes the time and space evolution of a body of water evolving in time
under the action of gravity assuming that the deformations of the free surface are small compared to the water elevation
and the bottom topography z varies slowly. The dependent variable is u = (h, q)7, where & is the water height and
q is the flow rate in the direction parallel to the bottom. The flux is f(u) = (¢,q ® v + %th]I)T, where v := q/h
and g is the gravity constant. The source including the influence of the topography and Manning’s friction law is
S(u) = (0, ghVz — gn’h~7q||v||,2), where n is Manning’s roughness coefficient, and y is an experimental parameter
often close to %.

It is well-known that A = B := {u | h > 0} is an invariant set for the system without source term. Let # € BB and
T > 0,thenu + tS(m) = (h,q + t(ghVz — gnzh‘yq||v||£z))T, and it is clear that u + tS(u) € B forany t > 0
because 4 > 0 by definition. Hence B is an invariant set according to Definition 2.2 with 7y = oo.

2.3.3. ZND model

We now consider the Zel’dovich—-von Neumann—-Do6ring model for compressible reacting flows. The dependent
variable is u = (p1, p2, m, E)T, where p; is the density of the burned gas (fuel), o, is the density of the unburned gas,
m is the momentum of the mixture, and E is the total energy. The flux is f(u) = (p1v, pov,m @ v + pl, v(E + )N
where v := m/(p; + p») and the pressure is given by an appropriate equation of state; for instance, for ideal polytropic
gases it is common to adopt the so called y-law, p = (y — I)(E — %,ov2 — qopz), where qq is the specific energy
of the unburned gas. Denoting by T := p/(p1 + p2), the source term is S(u) = («(T)p2, —k(T)p2, 0, 0)", where
k(T) = koe~T0/T  where ko > 0 is the reaction rate constant and 7y is the ignition temperature (up to multiplication
by the gas constant R).

Denoting p := p; + p, and setting e(u) = (E — %,ov2 —qop2)/p,itcanbe shownthat A= B :={u | p; >0, p; >
0, e(u) > 0} is an invariant set for the homogeneous system, i.e., when S = 0. One can convince oneself that this is
indeed true by realizing that when § = 0, upon denoting E’ := E — gop2, the dependent variable (o, m, E’) solves
the compressible Euler equations, and it is well-known that {u | p > 0, E’ — % pv? > 0} is an invariant set.

Now let us establish that for any u € B and any 7 < 73 := Ko_l, the quantity # 4+ tS(u) is in B. Let u € B and
let T > 0, then u + tS(u) = (p1 + t6(T)p2, pr — Tk (T)p2, m, E). Since T := (y — De(u) > 0, p; = 0, pr > 0,
and T > 0, it is clear that p; 4+ t«(T)p, > 0. Moreover, p; — tk(T)p; = p2(1 — tx(T)) > p2(1 — TK)); hence
02— Tk(T)pr = 0 provided T < 7 := KO_I. Finally, observing that p := p; + 7« (T)p2 + p2 — Ttk (T)py > 0, we have
pe(w+1SW)) = E — Lpv> —qopr(1 — t6(T)) = E — L pv?> — qop> = e(u) > 0, thereby proving that u + 7 S(u) € B.

2.3.4. Euler equations with sources

In some astrophysical applications one may want to solve the compressible Euler equations with Coriolis effects,
gravitation effects and some heat transfer effects due to the emission and/or absorption of radiation. The dependent
variables and the flux are the same as those of Euler’s equations, but the source term is (0, —2Qxm—pV @, —m-V &+
pH)T, where Q is the angular velocity of the system, ¢ some given gravitation potential, and pH is a term that
aggregates all the cooling and heating effects. One invariant domain for the homogeneous system is 4 = B =
{u|p=>0ewm)>0).Letuc Bandt > 0. Thenu + tSu) = (p, m —2tQxm — 1pVP, E —tm-V& + 1pH)".
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The density of the state # + 7S(u) is p, which is nonnegative by definition. The specific internal energy of the
state u + tS(u) is bounded from below as follows: e(u + tS@m)) > e(u) — t>(4Q*v> + (VP)?) + tH. For
instance, for a y-law equation of state, we have e(u) = c(u)*/(y(y — 1)), where c(u) is the speed of sound, and

e 2 c(u)? _ew) o o
eu+tS) = 0,if t~ < PN T PRV S and TH > > If V& = g is a constant, then the first condition is

satisfied if 2 < cw)? i
- ZV(V_1)(492M(")2"(“)2+Hgllez)

that M (1) < M.« uniformly w.r.t. u, and infc(u) > cmin > 0, which is required for hyperbolicity to hold, then the

first condition holds if 7 < Couir . One can also verify that many astrophysical models for the
@y (r = DA Mipaxepi +g12,)) 2

heat transfer effect lead to existence of r(; > O such that tH > —@ forall T < r(;; the details are left to the reader.

where M (u) is the local Mach number; assuming that one can establish

3. Abstract low-order approximation

In this section we describe a generic invariant domain preserving technique for approximating solutions to (1.1). In
order to stay general we present the method without referring to any particular discretization technique, we are going
to use instead the graph theoretic language to describe the method. The method is illustrated with finite volumes,
continuous elements, and discontinuous elements in Section 4.

3.1. The low-order scheme

To identify properly the time stepping technique, we denote by " the current time, n € N, and we denote by t the
current time step size; that is #"*! := " + 7. We now address the approximation in space by assuming that we have at
hand some finite-dimensional vector space X, with some basis {¢};cy, where ¢ : D — R, foralli € V. We introduce
X}, :== (X,)™ and denote the approximation of u(-, ") in X, by u}, :=>",_,, U’¢;, with U! € A C R” foralli € R".
We do not need to know for the time being what the basis functions {g; };cy are, but we assume that this setting allows

us to construct an inviscid (very accurate) approximation of u(-, "1y in X, denoted ug””“ =), v Ul-G'nHQDi, as
follows:
Mmi G+l
—UF U+ Y EUDer; = m SUY), (3.1)
0]

for any i € V, where the numbers {m;};c) are assumed to be positive. Note here that we use the forward Euler time
stepping. Higher-order time stepping schemes will be considered in Section 5. For any i € V, the set Z(i) is a (small)
subset of V, which we call stencil at i or adjacency list at i. We assume that the following property holds: j € Z(i) iff
i € Z(j). We assume also that the R?-valued matrix {c; iYiev, jez) has the following properties:

Cij = —Cji and Z Cij = 0. (32)
JETG)
The quantities m;, {¢;;j} ez, and the set Z(i) depend on the discretization that is chosen. We are going to be more
specific in Section 4. We think of (3.1) as the “centered” consistent approximation of (1.1) that delivers optimal
accuracy (for the considered setting) for smooth solutions.

Notice that the above construction allows us to introduce an undirected finite graph (V, £), where for any pair
(i, j) € VxV, we say that (i, j) is an edge of the graph, i.e., (i, j) € £, iff i € Z(j) and j € Z(i). We say that (V, &)
is the connectivity graph of the approximation.

Since (3.1) is “centered”, it cannot handle properly shocks and discontinuous data. To address this issue we
introduce some artificial dissipation. We do so by using the graph Laplacian associated with the connectivity graph
(V, £). We assume that the graph viscosity {d[Lj’"}(i, jee 1s scalar and has the following properties:

di" =d;" >0, if i#]. (3.3)

Although the diagonal value dl.lj’" is not needed, we adopt the convention d,I;’" =—> JETiNi) dl.l;'". This convention
will help us shorten some expressions later. We are now in position to define the first-order method on which the rest
of the paper is built. We call low-order update Ul.L”H'l the quantity computed as follows:

Db —un+ Y fWDey - Y dE U — U = m S, (3.4)

JEZ(@) JETO\{i}
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for all i € V. Without further assumptions, the scheme has built-in conservation properties; more specifically, the
following holds true.

Lemma 3.1 (Conservation). Assume that S = 0, then the scheme (3.2)—(3.4) is conservative in the sense that the
Jfollowing identity holds for any n € N:

> omUrtt =3 "y (3.5)

eV 1%
Proof. Using that ) jeza) Cij = 0, we rewrite (3.4) in the form

Tk —un + Y EWU) + EUD)ey — d5 U - U =0,
T 4 .
JEZL(i)
Defining F}" := (£(U%)+£(U!)e;; —d;" (U —U?), the above identity implies that 3, .y, m;Uf"*' = ¥, ., m;U! +

L.n

i Le.,

Yiev 2 ieZh) Fl.Lj’". The assertion is a consequence of the skew-symmetry of ¢;; and the symmetry of d
o Bt =0, O
Yiev Ljeriy Fijt =0

Remark 3.2 (Consistency). Although the consistency question will be addressed later, let us say at this point that
consistency is not an immediate consequence of (3.2) and (3.3). Consistency will be achieved provided one can
show that %(UIAL’"+l — U}) is an approximation of d,u (i.e., a moment with a shape function), »_. 7., £(U%)c;
is an approximation of V-f(u) (i.e., a moment with a shape function), and m;S(U’) is an approximation of S(u)
(i.e., a moment with a shape function). Note that if all the values {U;};cz(;) are constant, the graph viscosity term
> ezl diLj’"(U; —UY) vanishes; which in some sense implies that (3.4) is a first-order consistent perturbation of (3.1).
The scalars m; and the vectors {c;;}jez() are not uniquely defined and they may take different forms depending on the
method of choice. In sections Sections 4.1-4.3 we will describe three methods based on finite volumes, continuous
finite elements, and discontinuous finite elements, all of which can be written in the form (3.2)—(3.4). O

Remark 3.3 (Algebraic-Fluxes). For further reference it will be useful to define the following quantity which we
henceforth refer to as low-order algebraic flux:

Fii" = (EU) + £UD)e;; — di" (U7 — Uy, (3.6)

Algebraic fluxes will be instrumental for the development of limiting techniques in Section 7.3. In particular, the
scheme (3.4) is conveniently rewritten as follows:

"%(U}'”“ —UH+ Y F = msu. O (3.7)

L
JEL()

Remark 3.4 (Well-Balancing). In general, systems with a source term have time-independent solutions, i.e., fields
solving V-f(u) = S(u), and it is often a desirable feature of numerical schemes that they preserve these steady states.
This lead to the notion of well-balancing introduced in Bermudez and Vazquez [16], Greenberg and Leroux [17]; we
also refer to Huang and Liu [18, §3] for early ideas on well-balancing. Although, well-balancing is a very important
notion, it will not be addressed in this paper. [J

3.2. Invariant domain preserving graph viscosity

Now we propose a definition of the graph viscosity that makes the algorithm (3.4) invariant domain preserving.
Recall that the discretization setting is still unspecified. Most of the arguments presented in this subsection are
generalizations of those in §3.2, §4.1 and §4.2 of Guermond and Popov [3].

Since ZjeI(i) £(U)eij = 0 (see property (3.2)) we can rewrite the scheme (3.4) as follows:

%(U}’”“ U+ S 2dETU 4 (U — EUD)ey — dS U U2 = m SUY).

JELO\{i}
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Then, upon introducing the auxiliary states (recalling that dil;’" > 0 by assumption),

—n 1
Ujj = 5(U7 + U — (EU) — £U) 2 (338)
ij
with the convention UZ. := U?, the low-order scheme (3.4) can be rewritten as follows:
2td;;" 2td-" _,

Ut = (1= Y T o Y ST s, (39)
. X m; (- m;
JELW\i} JETO\{i}

A first key observation we make at this point about (3.9) is that upon setting n;; = ¢;;/||c;j|l,2, we realize that U:lj
is exactly of the form u(z, n;;, U}, U%) as defined in (2.2) with the fake time #; = |l¢;; ||ez/2d5"l. Then Lemma 2.1
motivates the following definition for the graph viscosity coefficients di];f":

dilfn = max()‘max(nzjv Un)”czj ||L;2 )Lmax(n/za U?)”Cji ”ez)’ (3.10)

where recall that Apa(n;;, U U”) is the maximum wave speed defined in Section 2.1.

Lemma 3.5 (Invariance of The Auxiliary States). Let B C A be a convex invariant set for (1.1) such that U7, U" e B.
The state Uij defined in (3.8), with diLj " as defined in (3.10), belongs to B.

Proof. Let us set #;; := ||cij||lz/(2dil;’"), then according to Lemma 2.1, we have Un = u(tj, n;;, U; U”) e B
if Amax(nij, U U")tu < % But the definition (3.10) implies that dlb’" > Amax(®ij, U U")||cu||fz Wthh is the
CFL condmon fijAmax(Mij, up, ug) < % for the conclusions of Lemma 2.1 to hold. This proves that U, ;=
u(t, n;;, U, U’}) € Bforall j € Z(i) since B is a convex invariant set. [

A second important observation about (3.9) is that U?’”H — tS(UY) is a convex combination of U} and the states

{U?j} jezan) provided T is small enough. This is the key to the following result.

L n
Theorem 3.6 (Local Invariance). Letn > 0 and leti € V. Assume that t is small enough so that 1 + 47 —— i > 0 and

21 < 1. Let B C A be a convex invariant set for (1.1) such that U" € Bforall j € Z(i), then UL g B

Proof. Using the definition d};’" => JETNi) dl]; , we first notice that (3.9) can be rewritten as follows:

1 d-" drdy" 0\ 1
Ut =S (+4cZ=)ur+ Y —2U; ) + - (U7 +20SU)). 3.11)
2 m; m; 2
JELW\i}
With obvious notation, let us rewrite the above equation as follows UL"H'1 = lW + le Owing to the local CFL
Ln
assumption 1 + 47— i > 0, W, is a convex combination of U} and the collection of states {Ul i }jezan)- But we

have established in Lemmd 3.5 that Uij € B. Then, the convexity of 13 implies W is in 5. Since 5 is an invariant set
according to Definition 2.2 and U! € 3 by assumption, the condition 2t < 7y implies that W, := U} 4+ 2tS(U!) is a
member of B. In conclusion, the convexity of B implies that UI.L’thl = %Wl + %Wz isin B. O

L.n

Corollary 3.7 (Global Invariance). Let n € N. Assume that the global CFL condition mlnley(l + 4t i ) > 0 holds
and 2t < 7. Let B C A be a convex invariant set. Assume that U! € B for alli € V, then UL e Bfor alli e V.

Theorem 3 8 (Entropy Inequality). Let n > 0 and i € V. Assume also that the local CFL condition holds

1+ 27— dii > 0 and 2t < 1), then the following local entropy inequality holds true for any entropy pair (1, q)
of the system (1.1):
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LU = U+ Y gWe; — df" (W) — nU) (3.12)
JjeZl)
< m; S(U)-V(U"™h,

Proof. Leti € V and let (1, ¢) be an entropy pair for the system (1.1). Then recalling (3.9), the CFL condition and
the convexity of n imply that
L,n L,n

2td); 2ed"
U — s < (1- ) T}ﬂ—{’)n(U?H > Im” n(U;)).

JET\i} ! JET\Li} !

Lemma 2.1 implies that n(U:lj) < %(TI(U?) + n(Uf;)) - tij(q(U;?)-n;j —qU")-n;;), with 1;; = |l¢;; ||ez/2d5’"; hence,

n%(n(U,»L’”“ —tSU) — U = Y 245" () — n(UD)
JELZ\Li}
< > di" WU =) — liell 2 (gU)-ni; — g(U))-njj).
JEZ\(i}

Moreover, the convexity of n implies that
n(U") — 2SUY- VU < (U — TSU)).

The conclusion follows from the definitions of n;;, ¢;; and dlL]” O

Remark 3.9 (Terminology). In order to refer to the scheme (3.4) with (3.10), following [1] we will use the acronym
GMS-GYV, standing for Guaranteed Maximum Speed Graph Viscosity. [

Remark 3.10 (Symmetry). Since ¢;; = —c;; we note that U:lj = Ujl (see definition (3.8)) which in turn implies that
)\max(nijv U?» U;l) = )"max(njia U;ly Uln) In conclusion )‘max(nijv U?v U;l)”clj ”62 = )‘max(njiv U71 Ulr'l)”cji”ﬂ- Note that
these properties may not hold at the boundary if nontrivial boundary conditions are applied. [

Remark 3.11 (Positivity). It may happen that estimating a guaranteed upper bound Amax (22, Uz, Ug) on the maximum
wave speed in the Riemann problem is difficult. In this case one has to come up with some informed guess. We now
give a lower bound on Ay« (1, Uy, Ug) that guaranties positivity if it happens that some components of U, say U, has
to be positive (think of the density and the total energy in the Euler equations or the water height in the shallow water
equations). Let f; : A — R be the component of f that corresponds to the component U of U. Assume that B :=
{U € A| U > 0} is an invariant set for (2.1), assume also that the estimate on the maximum wave speed is such that

the Amax(nij, Uy, U%) > max(%
the set B := {UeR"| U > 0} C Bis such that (Ui1 ebB, Vie V) = (UI-“’"‘H € g, Vi € V). Let us finally illustrate
the above result in one space dimension. For instance, for finite volumes and for piecewise linear continuous elements
in one space dimension, one has ¢;; = %ni ; (see Section 4). Then, for the density in the Euler equations, or for the
water height in the Saint-Venant equations, the above estimate becomes Amax(n;j, U7, U%) > max (3n; ;- VY, 0)
where V(U) is the velocity. One recognizes here the standard upwind estimate. [J

, O), then under the same CFL condition as in Theorem 3.6 and Corollary 3.7,

4. Examples of discretizations

In this section we illustrate the GMS-GV scheme described in Section 3 in the following three space discretization
settings: finite volumes, continuous finite elements, and discontinuous elements.

4.1. Finite volumes

We now illustrate the construction of the abstract low-order scheme (3.2)—(3.4) in the context of finite volumes
(FV).
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g/

Fig. 1. Finite volume patch arising from a cell-centered discretization (left) and a vertex-centered discretization (right).

p

4.1.1. Technical preliminaries

We unify our presentation by putting into a single framework the so-called cell-centered and vertex-centered finite
volume techniques, see Fig. 1. We refer the reader to Barth and Ohlberger [19], Eymard et al. [20] for comprehensive
reviews on the finite volume techniques. For any manifold E C R of dimension / we denote by | E| the /-Lebesgue
measure of E. We assume that we have at hand a partition of the computational domain D into polygonal (polyhedral)
cells {K;};cy. We henceforth denote by 7 this collection of cells. For any pair of cells K;, K; having a common
interface, we denote by I; := dK; N 0K the interface in question. The unit vector on [;; pointing from K; to K is
denoted n;;.

4.1.2. Definitions of (V, &), m;, and c;;

We define the connectivity graph (V, £) by identifying the vertices of this graph with the cells in 7, and we say
that a pair of cells K;, K; form an edge of the graph, i.e., (i, j) € &, iff the cells K; and K; share an interface,
ie., 0K; N 9K, is a (d — 1)-manifold of positive measure. For any i € V we define the adjacency list Z(i) to be
the list of all the cells in 7, sharing an interface with K;, i.e., Z(i) .= {j € V| (i, j) € &}, see Fig. 1. Denoting
by ]IK/ the indicator function of the cell K;, we set X, := span{lg;};ey and then define the approximation space

= (Xp)" {ZIGVV Ig, | V; e R",Vj eV}

Let up =y jev U?H k; € X be the approximation of u at time ¢, then most first-order finite volume schemes are
written as follows

Pl —une 3 R = ks,
JEL\{i}

where FiLj‘" is usually the Lax—Friedrichs/Rusanov flux (integrated over I7;):
w1l n oy
Fj" = SEEUD + EUDmy — o (U5 — U, @)

Ln - . . .
where «; j’" is some wave speed. Hence, we recover the generic expression (3.4) for the finite volume framework by
setting

| 131

. A\ Ln . _ L.

=|Kil, ¢;= %nij, Vji e ZO\Mi}l, e =0, ;" =a;" 4.2)
The definition of ¢;; immediately implies that ¢;; = —c¢;;, and the Stokes theorem implies that ). jezi) Cif =
] 3. jezan il il = 3 L, k, ™ ds = 0, which is the conservation property stated in (3.2). Note that FL]" = —F "
since n;; = —nj;. Let us mention in passing that while any family of vectors of the form ¢;; ; = an;;|I;| satisfies the

conservation constraint (3.2), only the factor « = 1 leads to a consistent discretization of the divergence operator.
4.2. Continuous finite elements
We describe in this section one possible implementation of the abstract low-order scheme (3.2)—(3.4) in the context

of continuous finite elements (cG). The set of the d-variate polynomials of degree at most k € N is denoted P 4. The
reader who is familiar with [1,3,21] is invited to move to Section 4.3.
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4.2.1. Technical preliminaries

Let (7T,)n>0 be a shape-regular sequence of unstructured matching meshes. To keep some level of generahty we
assume that the elements in the mesh are generated from a finite number of reference elements denoted K Ls o K, o
For example, the mesh 7, could be composed of a combination of triangles and parallelograms in dimension two
(we would have @ = 2 in this case); it could also be composed of a combination of tetrahedra, parallelepipeds,
and triangular prisms in dimension three (we would have o = 3 in this case). The diffeomorphism mapping K,
to an arbitrary element K € 7, is denoted Tk : I?, — K. We now introduce a set of reference finite elements
{(f,, I?, E,)}lgfw (the index r € {l:@} will be omitted in the rest of the paper to simplify the notation), and we
define the following scalar-valued and vector-valued continuous finite element spaces:

X, ={v e C%D:R) | vgoTx € P, VK € T;}, X, =[X,]". (4.3)

The global shape functions are denoted by {¢;};cy and we assume that they satisfy the partition of unity property
Y ey @i(x)=1,forallx € D.

4.2.2. Definitions of (V, £), m;, and c;;

We define the connectivity graph (V, £) by identifying the shape functions {¢; };cy with the vertices of the graph.
The edges are defined as follows: we say that two shape functions (or two degrees of freedom) form an edge, i.e.,
(i, j) e &, iff gip; # 0. Forany i € V, the adjacency list Z(i) is defined by setting Z(i) .= {j € V | (i, j) € £}.

Let M be the consistent mass matrix with entries [, ¢;(x)¢;(x)dx, i, j € V, and let MF be the diagonal lumped
mass matrix with entries

- / i) (4.4)
D

The partition of unity property implies that m; = ) jeT) / p ¢ (X)@i(x)dx, i.e., the entries of MUY are obtained by
summing the rows of M. In the rest of the paper we assume that m; > 0, for all i € V. This assumption is satisfied
by many families of finite elements.

Letu] = ). jev U t@;j € X be the approximation of u at time ¢, where X, is the continuous finite element
space defined in (4.3). We approximate f(u}) by ). jev ff(U”)go i If P is composed of Lagrange elements, then
> jev ]"f(U”)(p ; is the Lagffmge interpolation of f(u}), and in this case the approximation is fully consistent with
the polynomial degree of P; otherwise, the approximation is formally at least second-order accurate in space since it
is exact if f is linear. As a result, we have

/ V-(E@)g dxe ~ > £UY / ¢iVeidx = Y £(Ue;;. (4.5)
JEZ() JEL(@)

where the coefficients ¢;; € RY are defined by
Cij Z/ (p,'V(pj dx, Vj S I(l) (46)
D

Here we observe that the partition of unity property and definition (4.6) imply that ) ez Cij = > jeTt) /, p @iV, dx
=/ D goiV(Z jeT) @ j) dx = 0. On the other hand, the skew-symmetry property ¢;; = —c; follows using integration
by parts if D is the d-torus (which is the case for periodic boundary conditions) or if either ¢; or ¢; vanish at the
boundary of D (which is the case when we solve the Cauchy problem).

4.3. Discontinuous finite elements

We finally describe in this section one possible implementation of the abstract low-order scheme (3.2)—(3.4) in
the context of discontinuous finite elements (dG). This section builds on top of the definitions and notation already
introduced in Section 4.2.1.
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Fig. 2. Discontinuous PPy, finite element patch (exploded view). Each black dot represents a scalar shape function. In this picture i € Z(K),
card(Z(i)) = 7, card(Z(K)) = 3, card(Z(dK)) = 9, card(Z(0K")) = 3, card(Z(d K ®)) = 6 and card(Z(K)\Z(dK") = 0.

4.3.1. Technical preliminaries
Here we clarify/expand on the specific details related to discontinuous spaces. We define scalar-valued and vector-
valued discontinuous finite element spaces as follows:

X, ={ve L' (D:R)|vgoTx € P, VK € Tp}, X, = [X4]". 4.7)

We denote by {¢;};cy the collection of global shape functions generated from the reference shape functions, i.e.,
X, = span{g;};cy. Each shape function has support on one cell only. We denote by Z(K) the set of indices of the
shape functions with support in K. Similarly, letting d K to be the boundary of the cell K, we denote by Z(dK) the
set of indices of the shape functions with non-vanishing trace on 9K :

I(K) = {i € V| @i # 0}, ZOK) = {i €V | gippx # 0}. (4.8)
Note that Z(d K) not only includes indices of shape functions with support in Z(K) but this set also includes indices
of shape functions that do not have support in K (see Fig. 2 for additional geometrical insight). More precisely Z(3 K)
is the union of two disjoint sets Z(d K') and Z(0 K ) defined as

IBK") = {i € Z(K) | pijax %0}, T(0K®) = Z(AK)\Z(OK". 4.9)

Finally, we assume that the finite element spaces are always constructed so that the sets of shape functions {¢;} ez (k)
form a partition of unity over K and the shape functions {¢;} ;.7 ki), {¢;}jezoxe) form partitions of unity over 9K,

ie.,
Z pjik =1, Z @jlak =1, and Z vjpx = 1. (4.10)

JEL(K) JET(OKT) JjEZ(dK®)

4.3.2. Definitions of (V, &), m;, and c;;

We start by defining the undirected graph (V, £). The vertices are identified with the shape functions {¢;};cy. Let
i € V and let K be the unique cell containing the support of ¢;. For any i, j € V, we say that the pair (i, j) is an edge
of the connectivity graph, i.e., (i, j) € &, iff either j € Z(K) or j € Z(dK®) and ¢;¢;|yx # 0.

The consistent mass matrix and the lumped mass matrix are defined as in Section 4.2; in particular we set

- / i) . @.11)
D

Letu) =) jev U;? @; € X}, be the approximation of u at time ¢", where X, is a discontinuous finite element space
defined in (4.7). Let K € T, and i € Z(K). The traditional heuristi/(\:s for the derivation of dG schemes consists of
integrating by parts on each cell K and introducing a numerical flux f on the boundary 9K as follows:

/V(f(uﬁ))(p,-dx%/ —f(uZ)'V(p,-dx—i-/ ?anids. 4.12)
K K aK

Upon denoting by uZ’i the interior trace of u/} on 9K and u)'® the exterior trace on 9K, it is common to define the
numerical flux as follows:

—~ 1 N ;
B = S(EG) + £6 D + ' — ), (4.13)
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where oy, > 0 is usually some ad-hoc wave speed. The exact form of ajj; is unimportant for the time being; the
sole purpose of the term o (u)"' — uZ’e) is to stabilize the algorithm. We are just going to assume that this term
introduces a first-order consistency error and that we are perfectly allowed to introduce further modifications to the
discrete divergence operator (4.12) consistent with this assumption. Inserting (4.13) into (4.12) and integrating by
parts, we obtain

/ V(@) dx ~ f V-(E@)): dx 4.14)
K K
+/ %(if(u;i‘e) - f(uZ’i))-ano,- ds + / aSK(uZ’i —u}®)g; ds.
K oK

We now consider an idea analogous to (4.5) and we replace f(u}) on the right-hand side of (4.14) by 3 jev f(U;)(p j
(where {¢;} ey are the shape functions of our discontinuous finite element space) to get:

/K V-E@p)eidx = Y EUD-ef

JEL(K)

+ DL EUD - Y EUDe] + / o (! — uy®)p; ds,

. ) K
JET(9K®) JeT(IKT) 8

(4.15)

with the notation
cg :=/ ¢iVe;dx, c?j = %/ pjping ds, (4.16)
K oK

The three summations in (4.15) represent a consistent discretization of the divergence operator. In order to condense
these three summations into a single one, and after noticing that j can belong to only one of three possible (disjoint)
subsets: Z(K)\Z(3K"), Z(dK") or Z(d K ®), we define the vector ¢;; by setting:

ck if j € Z(K)\Z(3K"),
cij =1 (ck —¢l) if j e ZOKY), 4.17)
c;’j if j € Z(0K®).
Therefore, (4.15) can be rewritten as follows:
f V-(f(u}))p; dx = Z F(U%)-¢i +/ otg'K(uZ'i —u}®)g; ds. (4.18)
K JEL() oK

Lemma 4.1. The set of coefficients {c;;} jez) defined in (4.17) satisfy the conservation properties (3.2).

Proof. Let us start by proving the skew-symmetry property. Notice that (4.16) is equivalent to

o {cg—c?j if j € Z(K),
=1

e, if j € Z(AK®).
Let j € Z(K’). Assume first that K = K’, then ¢;; = 05 - c?j. An integration by parts gives ¢;; = —cﬁ + cfj,
which implies that ¢;; = —cj; because i € Z(K'). Assume now that K # K’ buti € Z(dK'®), then ¢;; = c?j. But
ng = —ng, hence ¢}, = —¢f;, which means that ¢;; = —c;; because i € Z(9K'®).

Let us now prove that ) ; 7, ¢;; = 0. Using that Z(K)\Z(3K "), Z(IK"), Z(d K ®) is a partition of Z(i) and definition
(4.17), we have that

ZC,‘J‘Z Z ¢ij + Z ¢ij + Z Cij

JEZ(@) JET(KNZOK') JET(OK) JET(3K®)
_ K K 3 ]
= >, it Y )+ Y
JET(KN\ZOK') JET(OKT) JEZ(DK®)

_ K 2 )
= Z Cij — Z cijt+ Z Cij-

JEL(K) JET(K JEZ(0K®)
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The partition of unity property on K (see (4.10)) implies that ) JeT(K) cg = 0. The partition of unity property on
0K (se§ (4.10)) implies that ngz(aki) c?j = faK ping ds and ZjeI(aKe) c?j = fBK ping ds; hence, the last two
summations cancel each other. This completes the proof. [

4.4. Graph viscosity for dG

It is important to notice at this stage, that the formulation of the viscous fluxes [, , o} (u)" —u} )g; ds in (4.18) is
not compatible with our pursuit of a purely algebraic formulation. Note that the dissipation in (4.18) is active only on
9K and there is no dissipation in the bulk of K, at least when the polynomial degree of the approximation is larger than
or equal to 1. More precisely, assume for the sake of simplicity that o}, is constant over 9 K. Let us assume also that
the shape functions are Lagrange-based and let {x;};c be the Lagrange nodes associated with {¢; };c) . Then using the
quadrature generated by the Lagrange nodes, one can legitimately approximate the integral . ok @ W —up)e;ds
by m?ong(uZ’i(xi) — u}°(x;)), where m? = faK @; ds. This means that if i and j are in Z(K) and i # j (which we
can assume since the polynomial degree is at least 1), then the “stabilizing” term [, . afx ()" — u},*)pi ds does not
contain any term proportional to uZ"(xi) — uZ’l(x ;). That is to say, the traditional dG stabilization does not contain any
stabilizing mechanism between the degrees of freedom that are internal to K. It is at this very point that we depart from
the traditional dG formulation: we replace |, ok Yok (ul, — u)g; ds by the graph Laplacian — ) ezl di];’"(U’} - U
which accounts for any possible interactions inside K and with the exterior traces on d K. Therefore, we finally replace
(4.18) by

| vGaear s Y s - Y di - up, 4.19)
K JEZ() JeT()

and, thus modified, the final dG scheme exactly matches the generic form of the abstract scheme (3.4).

5. Runge Kutta SSP time integration

Increasing the time accuracy while keeping the invariant domain property can be done by using so-called Strong
Stability Preserving (SSP) time discretization methods. The key idea is to achieve higher-order accuracy in time by
making convex combinations of forward Euler steps. More precisely each time step of a SSP method is decomposed
into substeps that are all forward Euler steps; the final update is constructed as a convex combination of the
intermediate solutions. This section is meant to be a brief overview of SSP methods; we refer the reader to Ferracina
and Spijker [22], Higueras [23], Gottlieb et al. [24] for more detailed reviews. The main result of this section is the
Shu—Osher Theorem 5.4. Our formulation of the result is slightly different from the original statement to emphasize
that this result is only about convexity (i.e., it does not involve any norm, seminorm, or convex functional). The reader
familiar with this material is invited to move to Section 6.

5.1. SSPRK methods

We are going to illustrate the SSP concept with explicit Runge—Kutta methods. Let us consider a finite-dimensional
vector space E, a subset A C E and a (nonlinear) operator L : [0, T]xA —> E. We are interested in approximating
in time the following problem d,u + L(¢, u) = 0 with appropriate initial condition. We assume that this system of
ordinary differential equations makes sense (for instance L is continuous w.r.t. t and Lipschitz w.r.t. u). We further
assume that there exists a convex subset B C A and 7, > 0 such that

v+ 1tL(t,v) C B, Yve B, Vt €[0,T], Vt € [0, Tmax]. 5.1
Consider a general s stages, explicit Runge—Kutta method identified by its Butcher tableau composed of a matrix
(a,-j){ls,-,jgsl e R*** and a vector (bj){lsjgs} e Rf

0

C2 | a2

C3 | az as

(5.2)

Cs | g1 g2+ Ogs—1

b1 bz e bs—l bs
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where ¢; = Z;_:ll a;j for i € {2:5}. Let us also set ¢; := 0. Let us assume now that the above s stages, explicit
Runge—Kutta method has the following (o« — B) representation: There are real coefficients «y;, Br; with k € {0:i — 1}
and i € {1:s} such that u""! is obtained by first setting w® = u", then computing
i—1
w? =Y " ogw® + Byt Lt + yr. w®), i e {l:s), (5.3)
k=0
and finally setting "™ = w®, where Y o, ik = 1, Y& = cit1, @ix > 0, and By > 0, for all k € {0:i — 1}
and all i € {1:5}. We further assume that B;; = 0if ajx = 0, k € {0:i — 1}, i € {1:s}. Not every s stages, explicit
Runge—Kutta method admits an (o — 8) representation. Any Runge—Kutta method that admits an (o — ) representation
as defined above is said to be SSP for a reason that will be stated in Theorem 5.4.

Example 5.1 (Midpoint Rule). The midpoint rule, defined by the Butcher tableau

0
% % 5.4)
0 1
does not have a legitimate (¢ — B) representation, since it would require that 89 + a1 = 0, which in turn would

imply that either 8,0 < Oorap; < 0. U

Example 5.2 (SSPRK(2,2)). Heun’s method, which is a second-order Runge—Kutta technique composed of two stages,
is SSP. It has the following (o« — B) tableau and can be implemented as follows:

[« T8 [rvlen] w® = u"+ TL@", U,
1 1 0 w? = w4 L, wh),
5 510 3|1]1 't =1ur+ 1w® O

Example 5.3 (SSPRK(3,3), SSPRK(4,3)). The following Runge—Kutta methods, which are third-order and composed
of three substeps and four substeps, respectively, are SSP:

(07 ﬂ J/ Cos
T e - _ FAES
1 1 0 z X
3 0 1 Ll 0 1 0 3 51 2
4 4 4 2 o ! 0 0 1 1
L 9 210 o0 2|1 3 3 6
3 3 £ 000 1(000 1|1
For instance the SSPRK(3, 3) method can be implemented as follows:
w = u" + tL(", u"), D =wh 4 L@ + 1, w),
w® = Zu" + %z('), P =w® L@ + jr, w?),
1

2
ntl_ _yn 2,00 O
u 3u +3z

5.2. The key result

‘We henceforth denote

. -1
Cos = inf  auf - (5.5)
{oj #0, 1<k+1<i<s}

The following theorem is the main result of this section.

Theorem 5.4. [Shu—Osher] Assume that the Runge—Kutta method with the Butcher tableau (5.2) is SSP. Let B C A
be convex. Let u" € B and assume that T < CosTmax, then u™+! € B.
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Proof. Let n > 0 and assume that " € B.Leti € {1:s} and assume that w®) € B for all k € {0:i — 1}. Note that
this assumption is satisfied for i = 1 since w©® = y" € B. Consider the kth term in (5.3),0 <k <i — 1. Ifa; =0
then B;; = 0 by construction, and there is nothing to sum. Assume now that o;z > 0. Let us denote rj; = Bix/oix
and 70 == w® 4 T L + yer, w®), then the condition T < o Tmax implies that ;4T < (Bir/ik)CosTmax < Tmax>
which, owing to (5.1), is sufficient to ascertain that ¥ € B forall k € {0:i —1}. Observing that w® = 22;11 o 200,
the condition Y ,_, ., , o = 1 together with 0 < @, 0 < k < i — 1, implies that w® is a convex combination of
z00 . z@i=D: hence w® is in B since B is convex. In conclusion w® € B for all k € {0:i} and all i € {1:s},
thereby proving that u"*! = w® € B. O

Remark 5.5 (Literature). Theorem 5.4 has been established in a slightly different form in Shu and Osher [25,
Prop. 2.1] not explicitly invoking convexity. Although our proof is very similar to that in [25], the statement of
Theorem 5.4 is slightly different since it only involves convexity; no norm or seminorm (as in Gottlieb et al. [26,
p- 92]), or convex functional (as in [24, Eq. (1.3)]) is involved. This variant of the theorem does not seem to be very
well known. [J

Remark 5.6 (Structure of B). In the original paper [25] and in [26], E is a normed vector space equipped with some
norm || - ||g. The assumption (5.1) then consists of stating that I + tL(, -) maps any ball B centered at 0 into B for
any s € [0, tmax] and any ¢ € [0, T]. In particular taking any v € E and defining B to be the ball of radius |v| s
centered at 0, the assumption (5.1) amounts to saying that ||v + tL(t, v)||p < ||v] g, which is Eq. (1.3) in [26]. The
norm that is used in [25] is the total variation. In the present paper the assumption (5.1) is more general. We are going
to use it with the following structure: we are going to assume that there are two positive integers I, m € N\{0} such
that E = (R™)!. Here R™ is called the phase space. Then we assume that there is convex subset of the phase space
B C R such that the assumption (5.1) holds with B := (B)!. All the convex arguments invoked in the rest of the
paper extends to SSP RK techniques with this particular structure. [

6. High-order method

The algorithm that we are going to develop in Section 7 relies on the construction of the low-order invariant domain
preserving solution U?’"H described in Sections 3.1-3.2 and a high-order solution U?‘"“ that possibly wanders
outside the invariant domain. We are then going to limit the high-order solution by pushing it back into the invariant
domain in the direction of the low-order solution. This limiting technique, which we call convex limiting, will be
explained in Section 7. The purpose of the present section is to present various ways to construct Ul.H’”H.

6.1. Achieving high-order consistency

In this section we describe in broad terms how high-order consistency can be achieved.

6.1.1. Discretization-independent setting

Independently of the space discretization that is used, we henceforth assume that the high-order update U?’"H is
computed as follows:
Tt oy 3 FR = sy, ©.1)
JEL@)
where the high-order flux Fg’" is assumed to be skew-symmetric; i.e., Fg’” = —F?i’" foralli € V, j € Z(»i)

(under appropriate boundary conditions). The skew-symmetry implies that the high-order update is conservative;
ie, ) iy m,-UiH’”H = Y ;cpmiU! if § = 0. The expression (6.1) is the only information regarding the high-order
update that will be necessary for the convex limiting technique to be presented in section Section 7.

There are many different techniques to compute high-order consistent fluxes Fg’" which depend on the space
discretization of choice. For the sake of completeness, we list some of those in Sections 6.1.2, 6.1.3, and 6.1.4. None
of this material is essential to understand the convex limiting technique explained in Section 7.
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6.1.2. High-order algebraic fluxes: Finite volumes
In the context of finite volume schemes, high-order algebraic fluxes FH " are obtained as integrals of high-order

H,
numerical fluxes over the interfaces between volumes, i.e., F;;" = [ r; fn, ; ds where Ty ; 1s some numerical flux.
For instance, a widely popular choice of algebraic flux con51sts of settlng

Hn | H, H, Lo, Hn,i H,
F." = /p < (Eu,™ 4+ F(u;,"®))n;; +d;" (w, LR T e)) ds, (6.2)
ij
where the superscripts € and i denote the exterior and interior traces respectively, and uhH‘” is a discontinuous piecewise
polynomial reconstruction (of degree at most k) recovered from the piecewise constagt solution uj} = ) jev U;’. Ik,
satisfying the conservation constraint |I§ ‘ fK (u?’" uj,)dx = 0. More precisely uhH’""(x) = limg;5yx uf’"(y) and
H e (x) = th Sy—sx ull "( ) In practice, (6.2) has to be computed using quadrature on the faces of the element.
y n p p gq

The choices of numerlcal flux Tn;; ; and reconstruction u,"" that could be used in (6.2) are not unique. There is a
massive body of literature on this topic and it is well beyond the scope of the current paper to elaborate further in
this direction; we refer the reader to Barth and Ohlberger [19], Kroner [27], Morton and Sonar [28] for additional
background. For the purpose of the present paper, we are only going to assume that (6.1) holds with skew-symmetric
algebraic fluxes FH ",

6.1.3. High-order algebraic flux: Continuous finite elements
We now turn our attention to continuous finite elements. In this case high-order consistency can be achieved by
using a degenerate graph viscosity d}j’" such that dilj{.’" < di];’” in smooth regions while di}}‘" ~ d[];’" near shocks. Of
course d}j" must also satisfy the conservation constraints
Hn _ ;Hn p . . Hn _
dii" =dii" =0 ifi#j, and Y di" =0. (6.3)
Jjezh)
The algebraic flux looks as the one defined in (3.6) for the low-order method; the only difference here is that we use
the high-order viscosities {dg’"} JeT():
Fii" = (U + £UN)e;; — di" (U — UD). (6.4)
Higher-order accuracy in space can also be obtained by using the consistent mass matrix instead of the lumped
mass matrix for the discretization of the time derivative. By reducing dispersive errors, this technique is known to
yield superconvergence at the grid points; see Christon et al. [29], Guermond and Pasquetti [30]. In this case the
high-order update is computed by solving the following mass matrix problem:
mijj n n n n g n n
D U U+ (EU + EU)ey; — i (U = U = mi S(UY). (6.5)
JEL()
Noticing that m;; = §;;m; + m;; — &;;m;, we can rewrite (6.5) as
m; n mi; — 8,‘ im; n
—UMt—un+ iy — byjmi) )(U?' oy
T JeT() T (6.6)
+ (EUD) + EUD)ei; — d" (U7 = Uf) = m; S(UY).
Since Yz, (mij — 8ijm;) = 0, we add — Y ) LU U U2) = 0 to the identity (6.6) to get

@(UIH,;«H—] _ U:l) + Z (mlj - Sijmi)(UI}I,n+l _ U;[ _ U[H,n-‘rl + U:'L)
t JETOM) T (6.7)
+ EUD + £UD)ei; — d" (U7 — U = m; S(UY).
Then (6.1) holds with the following definition for the high-order algebraic flux:
ml” n n n
Pt == - U U U (68)
+ (EUD) + EUD)ei; — d" (WU = Uy
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In the context of finite difference methods, a scheme with the above structure is said to be linearly implicit as the
numerical fluxes depend linearly on the state UI;I‘”“.

We finally mention a third approach which has antidispersive properties that are similar to (6.5) but does not
require solving a mass matrix problem a each time step. This method consists of approximating the inverse of M by
(MEHHT + (ME — M)(ME)™), where T is the identity matrix. We refer the reader to Guermond et al. [31, §3.3]
for the details.

6.1.4. High-order algebraic flux: Discontinuous finite elements

Just like for continuous finite elements, high-order consistency is space is obtained for discontinuous finite elements
by replacing the low-order graph viscosity dil}’" by a high-order graph viscosity dil}’" satisfying the symmetry and
positivity properties stated in (6.3). The corresponding flux in (6.1) is

Fii" = (U + fUD)e;; — di" (W) —UD),  VI(K)UZ(K®). (6.9)

Like for continuous elements, superconvergence can be obtained by using the consistent mass matrix. A high-order
discontinuous finite element scheme using the consistent mass matrix can be written as follows:

mi; n n n n
> T’(U?* U+ ) EUD + EUD)C; (6.10)
JEZ(K) JEL()
—d;;"(U = U}y = m; S(UY).
Notice that the mass matrix only involves the dofs in Z(K'). As in the continuous case, noting that m;; = §;;m; +m;; —

d;jm;, using the partition of unity properties, and proceeding as in (6.6)—(6.7), we obtain the following definition for
the high-order flux Fg’" that is used in (6.1):

@(U?’n+l _ U;jq _ U}'LI‘H’I + U:q)
n T
Fi'=1  +EW)+ U, —d"W U if j € T(K), 6.11)

(EUT) + EUD)ei; — djr" (U — U if j € Z(K®).
6.2. Smoothness-based graph viscosity

The objective of this section is to present a method where the high-order graph viscosity in (6.4), (6.8), (6.9), or
(6.11) is obtained by estimating the smoothness of some functional (e.g., an entropy) of the current solution.

6.2.1. Principles of the method
Letuj, =) ,.,, U'g; be the current approximation and let g : A — R be some functional (examples will be given
below). We define the smoothness indicator associated to g as follows:

; ZjeI(i) ,sz(g(uy) - g(U?))

F max(Y ez 18] 18U — g(UD] €)'
with €, = e max ez | g(U;f)|, where € is very small number. This term avoids degeneracy when g(U;f) is constant
for all j € Z(i); see Remark 6.1. The real numbers B;; are selected to make the method linearity-preserving (see
Berger et al. [32] for a review on linearity-preserving limiters in the finite volume literature). The reader is referred
to Remark 6.2 for the details. Notice that o € [0, 1] for alli € V and o = 1 if g(U;) is a local extremum. This

property will play an important role in the proof of Theorem 6.5 which is the main result of Section 6.2.
We now define the high-order graph viscosity by setting

diy" = d;" max(y(af), ¥ (), (6.13)

6.12)

where 1 € Lip([0, 1]; [0, 1]) is any Lipschitz function from [0, 1] to [0, 1] such that (1) = 1. One typical example
is ¥(a) = (max(O, %))q with ¢ > 2 and o € [0, 1). For instance one can take g = % and ¢ = 4. One need to
be careful though not to take o too close to 1 and g not too large since we will see in Theorem 6.5 that the Lipschitz

constant of ¥ plays an important role in the properties of the method.
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Remark 6.1 (Choices for €). Using double precision arithmetic, the regularization in (6.12) can be done with
16 3
= 1072 . We have also observed that using ¢ = (m;/|D|)4 maintains the second-order accuracy properties of
the method in any L?-norm, g € [1,00]. O

Remark 6.2 (Linearity-Preserving f;;). To be linearity-preserving with continuous finite elements one should obtain
af = 0 if g(u}) is linear on the support of the shape function ¢;. One simple choice for continuous finite elements
consists of setting B;; = [ p Voi-Vo; dx (for the time being we do not require 8;; > 0 in (6.12)). For discontinuous
elements, one could take B;; = [, Vo;-Vg; dx — [, V¢, -nge; dx, where K is the unique cell such that i € Z(K)
and ng is the unit normal vector on 0 K pointing outward K. For finite volumes, one should get ! = 0 if a linear
reconstruction fits all the data {g(U )} jez(i)- For instance, one can use the mean-value coordinates; see Floater [33,
Eq. 5.1] for the details. Let us ﬁnally remark that although using 8;; = 1 is not a priori linearity preserving, we have
numerically verified that this choice works reasonably well on quasi-uniform meshes. [

If the coefficients B;; are defined so the linearity-preserving property holds, then the numerator of (6.12) behaves
like h?|| D*g(u(&, ")l 2raxay at some point &, whereas the denominator behaves like 7|V g(&)lly2(ra at some point
¢. Therefore, we have o ~ ]’l||ng(g)||52(Rd><d)/||vg(;)||[2(]Rd), that is to say o' is of order 4 in the regions where g
is smooth and does not have a local extremum. This argument shows that dl}jl” is one order smaller than diLj’” (in terms
of mesh size). Hence it is reasonable to expect that the method using dg’" is formally second-order accurate in space.

Example 6.3 (Choosing g(U)). In the context of the shallow water equations one can use the water height as
smoothness indicator. For the compressible Euler equations one can use the density. We are going to prove stability
properties for these two choices in Theorem 6.5, (see also Example 6.6). In general it is a good idea to choose g(U) to
be entropy associated with (1.1) (with or without the source term). We refer the reader to Guermond et al. [1], where
a full set of tests is reported for the compressible Euler equations with the y-law. The computations therein are done
with g(U) = % log(e(U)p'~7), where e(U) is the specific internal energy [

6.2.2. Stability for scalar components

We now establish some invariant domain preserving properties associated with the smoothness-based graph
viscosity (6.12) when the coefficients §;; are positive. We further specialize the setting by assuming that g : 4 — Ris
a projection onto one of the scalar components of U. Without loss of generality we set g(U) = U; with the convention
U := (U,...,U,)". From now on, we drop the index ; to simplify the notation; that is, we set g(U) = U. We
denote by S : A — R the corresponding scalar component of the source S. One important assumption in this section
is that S = 0, i.e., the scalar component of the source acting on U is zero. The reader is referred to Example 6.6
for illustrations of the technique under consideration for the shallow water equations and the compressible Euler
equations.

We have seen in Theorem 3.6 that the auxiliary states Ulr-lj defined in (3.8) play an important role in the stability

analysis. These states are such that if U?, U"- € B, where B C A is some convex invariant set, then U:lj € B, provided
L,n —n
that 1 + " > 0, and the low-order graph viscosity d is defined as in (3.10). We denote by U,; the scalar

component of U that is of interest to us. Then we set

UM .= max U, U™ := min U,,. (6.14)
jezi ’ jeziy Y

Weset Z(iH) = {j € Z(i) | U! < U'J’.} andZ(i7) ={j € Z(i) | U;? < U?}. To simplify the notation we set

2td" n 2t "
y = —m— Z d;", yo" = Z d". (6.15)
' M jeza " ez

The following key “gap lemma” will be invoked later.

Lemma 6.4 (Gap Estimates). Letn > 0, and i € V. We define the gap parameter
ur —u™” 1
o = W FUM — U™t £ 0; o = 5> otherwise. (6.16)
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T w}’ € [0, 1]. Then,

161
Assume that y' < 1. Let U?H be the high-order update given by (6.1) using either the high-order cG flux (6.4)
or the high-order dG flux (6.9) with any graph viscosity {dg’"}jez(i)\{i} defined by dg’" = d,-];’" max (', ) with

Urtt < UM — (UM = U (1= 01 =y — 01 (L — iy ™),

(6.17)
Pt = UP o (U = UD) (67 (1 = ) = (L= 1)1 = () 39,").

(6.18)

Proof. There is nothing to prove if UM" — U™" = 0. Let us now assume that UM" — U™" 3 0. Subtracting (3.4)
from (6.1) we obtain

H,n+1 _ yL.n+1 T H,n L,n n n

UM =0 S = di (U - U,

' jeL)

2ed=" —p
ij
yi)l ZJEI(I)\{l} m; Uij’ we have

Let us focus on the scalar component U?. Recalling the auxiliary states U:Z] defined in (3.8) and recalling that
we have assumed S = 0, the identity (3.11) gives UP"™" = (1 — y)Ur + D jezin)
U;k,n . 1

L.n
27:0/1/ —;

TU?j. Then setting
Ut = (1 — U + y"U"", and this in turn implies that
T
U =1 —yUr 4+ 90" + — Z (dg’n - dilfn)(U? = Up.
M ez

(ii) Using that U*" € conv{U?j}jez(i)\{,-}, we have U"" < Uﬁw’”, and we infer that

T
UM< U+ (U = U =y + Y0 @ = di" Uy = U,
;

REZONG
Then using that d;;" < d;;",

;i s since max(y', ) < 1, the above inequality gives

1

n n n n n T n n n n
Ufl’ +1 < UiVI, +(U1 _ Ui\/l, )1 — Y )+ — E (dzl;, _dilj, )(Uz _ Uj)
JeZi)

M,n n M.n n i

Mo g — UMY — ) +

UM U U -+ — Y

(di" —di™MUr — Ur™.
' jezi)

Now using that UM" — U™ # 0 and that U/ is in the convex hull of UM" and U™", we have U’ =
orUM" + (1 — 6MU™" where 6 € [0, 1] has been defined in (6.16). Hence, U7 — U™ = —g"U™" — UM
and U7 — UM = (1 — /) (U™ — UM™). With these definitions, the above inequality is rewritten as follows:

U= U U - U?"")((l SRR DRCTE df}’">)-
m;
JEL(™)
(iii) Using that d}j" > db’"wi” and ¥ > 0, we infer that —dilj"" < —dl.Li'" ', which in turn implies the following
inequalities:

Uit < U U - U%((l — o =y =0 —yH— 3 d,b*”)
m;
JELGT)
UM+ UM = U (A =6 =) =6 =3y ")
(iv) The other estimate is obtained similarly. More precisely, using that Uj" > U™", we infer that
UHH S gma g M gmey gy

D @ Ut U
" e\

= UP" + (U = U (67 (=) = (= 9 = 57,").
which completes the proof. [

We now formulate the main result of this section.
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Theorem 6.5. Let € Lip([0, 11; [0, 1]) be such that (1) = 1 and with Lipschitz constant ky,. Consider the scheme
(6.1) using either the high-order cG flux (6.4) or the high-order dG flux (6.9) with the graph viscosity defined in (6.13).
Assume that g(U) = U in (6.12). Assume that all the coefficients f;; in (6.12) are positive and there exists w? e (0, 00)
uniform with respect to the mesh sequence (Ty)p=0, such that max;ecy(max ez Bij/ minjezi Bij) < wt Leti €V
and n > 0. Then, under the local CFL condition y' < %, where ¢; = ¥ max;ey card(Z(i)) (this number is
uniformly bounded with respect to the mesh sequence), the scheme is locally invariant domain preserving for the
scalar component U: i.e., UF’"H e (U™, Uz-w’"].

Proof. Note first that if Uf.vL" = U™", then U?’"“ = U e (U™, Uf‘/l’"] irrespective of the value of dilj{.'", which

ur—ymn mn
[ i 1 n __ 4

mn € (0, 1), then either U = U or
1 1

U7 = U} In this case, o = 1 and yr(ef) = 1; as a result, d;" = dj;" max(1, Y(a;)) = dj;" for all j € Z(i),
which implies that UM "' = UF"™' e (U™ UM"]. Finally, let us assume that 0 < 6" < 1. Observing that
ly| — |x|| = max(—|x| + |y|, |[x| — |¥|), we infer that —||y| — |x|| < |y| — |x]| for all x, y € R. This inequality in turn
implies that

proves the statement. Let us assume now that Uf‘/l’" # UM If 0" =

Zjez(ﬁ) :3ij|U’;' - U?| _ZjeI(i*) :3ij|U; - U?|

ZjeI(i) ﬂij|U}]1' - Uzr'l|
< ZjeI(i) ﬂij|U7 - U?' + Zjez(ﬁ) :3ij|U? - U:’l| - Zjez(r) ﬂi./"U;% - U?|
- Zjel'(i) ,3ij|U’;' - U?|
- ZZjeI(ﬁ) i (U} — U <5 2 jezih ﬁij(Ulj\‘/Ln -Up
T Y ez BV = UL T Tminjezgy B (UM — UL+ UM — UY))
U™ — Uy max;ezq By
UM — U™ minjez) Bij
where c; = @ max;ey card(Z(i)) is a number uniformly bounded with respect to the mesh sequence. Likewise we
have

l—al=1-

<2

card(Z(i™)) < 2¢;(1 -6,

l —a <2c46!.
Let ky be the Lipschitz constant of ¥. Then 1 — ¥(e]') = ¥ (1) — ¥ (') < ky (1 — o). This in turn implies that
(=61 =) = 6/ (1= Yl Niy, " = (1 = 61 = ) — kyc;60/(1 — )"
> (1 =01 — (1 +kyc:60")y") =0,

1
Itkycq”

0! (1 — ¥ — (1 =01 — YNy ™" = 071 — y!") — kycsf]' (1 — 6] )y/"
> 011 — (1 + kyc:(1 —6M)y") > 0,

provided /" <

Similarly, provided again that y;" < Hklm, we have

The conclusion follows from Lemma 6.4. [

Example 6.6 (Shallow Water/Euler Equations). The above technique can be used to solve the Saint—Venant equations.
In this case one can use the water height as smoothness indicator. This technique can also be used to solve the
compressible Euler equations. In this case one can use the density as smoothness indicator. Let us denote by U the
scalar component that is chosen for the smoothness indicator. Then the scheme (6.1) using the high-order flux (6.4)
or (6.9) with the graph viscosity defined in (6.13) with g(U) = U satisfies the local maximum/minimum principle
U+ e U™ UM"] for all i € V under the appropriate CFL condition. This means in particular that the water
height (or the density) stays positive. [J

Remark 6.7 (Literature). The origins of the smoothness-based viscosity can be found in e.g., Jameson et al. [2, Eq.
(12)], see also the second formula in the right column of page 1490 in Jameson [34]. A version of Theorem 6.5 for
scalar conservation equations is proved in Guermond and Popov [21]. To the best of our knowledge, it seems that
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Theorem 6.5 as stated here for hyperbolic systems and generic discretizations is original. The technique presented
here shows similarities with that proposed in Burman [35, Thm. 4.1] and Barrenechea et al. [36, Eq. (2.4)—(2.5)].
The quantity («]')”, p > 2, is used in [35] to construct a nonlinear viscosity that yields the maximum principle and
convergence to the entropy solution for Burgers’ equation in one dimension. It is used in [36] for solving linear scalar
advection—diffusion equations. [

6.3. Greedy graph viscosity

We continue with a technique entirely based on the observations made in Lemma 6.4, irrespective of any
smoothness considerations. As in Section 6.2.2, we specialize the setting by assuming that there is one scalar
component of U, say U, for which the source term is zero, i.e., S = 0.

Leti € Vandn > 0. Let 6}, ", and )/f’” be the quantities defined in (6.15)—(6.16) for all i € V. We recall that
Lemma 6.4 is quite general and just requires that S(U) = 0 and /", ¥ €10, 1]. Let us set

e 1—2(1 — ") mi L1=60 1 o 0 (6.19)
!i=max| 1 — — ¥/ )min , L0, .
i Y v eyt (=6
if 6" ¢ {0, 1} and v/ = 1 otherwise. Then we set

diy" = dlimax (Yl Y, VieV, VjeIi\li}. (6.20)

We now formulate the main result of this section.

Theorem 6.8 (Greedy Graph Viscosity). Consider the scheme (6.1) using either the high-order ¢G flux (6.4) or
the high-order dG flux (6.9) with the graph viscosity defined in (6.20) using the definitions (6.15)—(6.16) with U™",
U?/I’" defined in (6.14). Assume that y' < 1, then the scheme is locally invariant domain preserving for the scalar
component U: i.e., U+ e (U™ UM,

Proof. Note first that if U?/I’" = U™", then U;’H = U’ e [U™", Uf.\/['"] irrespective of the value of d/;, which proves
the statement. If 6" € {0, 1}, then ¥ = 1 implies that di”j = dil}’" max(1, 1//;1) = dil}’" for all j € Z(i)\{i}, which

again implies that U/*! = U7 e [U™", UM"]. Finally, let us assume that 0 < 6 < 1. The definition of ¥ in
1y 167

(6.19) implies that ¥ > 1 — 2 p— o7 Which in turn gives 6] (" — 1)%)/1-_’" + (1 —y"HA —6") = 0. This is the
condition in Lemma 6.4 that shows that U;’H < U?A‘”, see (6.17). Similarly, we have ¥ > 1 — 2%%, which

gives (' — D(1 — 0" 3y " + (1 — y6! > 0. This is the condition in Lemma 6.4 that shows that U™ < U™, see
(6.18). O

Remark 6.9 (Small CFL Number). Note in (6.19) that the quantity ¥ is almost equal to 1 when U is not a local
extremum and the local CFL number y;" is small. This shows that the method becomes greedier as the CFL number
decreases; thereby the name of the method. [

Remark 6.10. [Min-Max] The greedy graph viscosity based on (6.19) explicitly involves the bounds U™" and U?A’",
whereas the smoothness-based graph viscosity using (6.12) does not. [J

6.4. Commutator-based graph viscosity

The objective of this section is to construct the high-order graph viscosity so that the method is entropy consistent
and close to be invariant domain preserving. In other words, we do not want to rely on the (yet to be explained)
limiting process to enforce entropy consistency. For instance one naive choice consists of using diH’" = 0, which
gives the maximum accuracy for smooth solutions, but as shown in Lemma 4.6 in Guermond and Popov [21] one
can construct simple counterexamples with Burgers’ equation such that the resulting method is maximum principle
preserving, after limiting, but does not converge to the entropy solution. A better option consists of estimating an
entropy residual/commutator as suggested in [21, §5.1], [1, §3.4], [5, §6.1].
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The key idea consists of measuring the smoothness of an entropy by measuring how well the chain rule, V-(F(u)) =
(Vn))TV-(f(u)), is satisfied by the discretization at hand. Given an entropy pair (n(v), F(v)) for (1.1) we set

n " = max ez n(Uy), U?lin’n = minjez) N(U}), € = € maxezq) n(U})] and Anf = maX(%(’?;nax'n — flfnin’n), €),
then the so-called entropy viscosity, or commutator-based graph viscosity, is defined by setting
N =)0 (FU) = (ViUD)TEUD) €. (6:21)
JET()
IN"| IN7I

di" = min(d;;", max( ). (6.22)

ij AT]? ) An;l
The normalization in (6.22) and the choice of entropy are not unique; we refer the reader to [ 1] where relative entropies
are used.

7. Convex limiting

In this section we develop a general limiting framework to preserve convex invariant sets and (more generally)
quasiconcave constraints. This work is aligned with the ideas presented in Khobalatte and Perthame [37], Perthame
and Qiu [38], Perthame and Shu [39] in the context of finite volume methods. We also refer the reader to Zhang and
Shu [40,41], Jiang and Liu [42] for recent/related developments in the context of dG methods. The ideas presented in
this section are slightly more general as they naturally extend beyond the Finite Volume/dG methods. The approach
that we propose is related to flux-limiting techniques like the flux-corrected transport method by Boris and Book [43],
Zalesak [44].

7.1. Quasiconcavity

We have seen in Section 3 that the low-order solution UI.L’thl satisfies some “‘convex bounds” and, in principle, we
would like the high-order solution to satisfy these “convex bounds” as well. But, before proceeding any further, we
need to define clearly what we mean by convex bounds. We also need to give a precise statement about the bounds
that are naturally satisfied by the first-order method. These are the two objectives of the present section and the next
one Section 7.2.

In general, the convex bounds mentioned above can be described in terms of upper contour sets of quasiconcave
functions and lower contour sets of quasiconvex functions. For the sake of completeness we recall the definitions of
quasiconcavity and quasiconvexity.

Definition 7.1 (Quasiconcavity). Given a convex set B C R™, we say that a function ¥ : B — R is quasiconcave if
the set L, (¥) :={U € B| ¥(U) > x} is convex for any x € R. The sets L, () are called upper contour sets.
We are going to make use of the following equivalent definition.

Lemma 7.2 (Quasiconcavity). Let B C R™ be convex set. A function ¥ : B — R is quasiconcave iff for every finite
set S C N, every corresponding set of convex coefficients {;}jes (i.e, Y ;cgh;j =1land rAj > 0 forall j € S), and

JjeS
every corresponding collection of vectors {U;} jes in B, the following holds true:
v (" 1,U;) = min ¥(U)). 7.1
,-ezs 1U;) = min ¥(U)) (7.1

Definition 7.3 (Quasiconvexity). A function ¥ : B — R is quasiconvex if — ¥ is quasiconcave.

Note that Jensen’s inequality implies that concave/convex functions are quasiconcave/quasiconvex (respectively).
The reader is referred to Avriel et al. [45] for further properties of quasiconcave/convex functions. We now give a
result that is useful to prove that a function is quasiconcave.

Lemma 7.4. Let B C R™ be a convex set. Let R : B — (0, R) be a positive function. Let ¥ : B — R and assume
that the product RV is concave. Then V¥ is quasiconcave if one of the following two assumptions is satisfied: (i) R is
affine or (ii) R is convex and V¥ is nonnegative.
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Proof. Let {);};cs be a set of convex coefficients. Let {U'}}jes be members of B. Let us set x := minjes ¥(U;). Let
&(U) .= R(U)(¥(U)— x). Notice that if R is affine, or if R is convex and ¥ is nonnegative, then —y R(U) is concave.
As a result, @ is concave since R(U) ¥ (U) and — x R(U) are both concave and the sum of two concave functions is
concave (this may not be the case for the sum of quasiconcave functions). Notice also that min;cs #(U;) > 0 because
R > 0and minjes ¥(U;) — x > 0. Hence

(Y 1U)) - R(Zk,u,)(g/(zx,u,) - X) >3 3,6 = 0.
jeS JjES jeS JES

This in turn implies that ¥(}_._s A;U;) > x = minjes ¥(U;), which proves the assertion owing to Lemma 7.2. [

JjeS
Example 7.5 (Entropy). Let n : B — R be any entropy for (1.1) (recall that entropies are convex by definition), then
¥(U) = —n(U) is quasiconcave. [

Example 7.6 (Specific Entropy). Let n : B — R be any entropy for (1.1). Let R : B — (0, 0co) be a positive
linear function, then Lemma 7.4 implies that ¥ (U) = —n(U)/R(U) is quasiconcave. One can think of this function
as a specific entropy in the case of the shallow water equations (R(U) is the water height), or the case of the Euler
equations (R(U) is the density). [

Let us now give examples of quasiconcave functionals in the context of the compressible Euler equations with an
arbitrary equation of state. The conserved variables in this case are U := (o, m, E )T.

Example 7.7 (Density). We set B := R%+2, W(U) := p. The functional ¥ : B — R is linear, hence it is quasiconcave.
Note the following functional ¥(U) = —p is also quasiconcave. [J

Example 7.8 (Total Energy). We set B := R4*2, ¥(U) := E. The functional ¥ : B — R is linear, hence it is
quasiconcave. Note the following functional ¥(U) = —E is also quasiconcave. [

Example 7.9 (Internal Energy). We set B := (U = (p,m, E)T € R” | p > 0} and introduce the internal energy
e(U)=F — ';’—p. A direct computation shows that the functional ¢ : B — R has a negative semi-definite Hessian for
every equation of state, thereby proving that ¢ is concave, hence quasiconcave. [

Let us now illustrate the use of Lemma 7.4 with R(U) = p.

Example 7.10 (Specific Internal Energy). Let B := {U = (p,m, E)T € R" | p > 0}, and introduce the specific
internal energy e(U) := %’) = %—%. Clearly R(U) := p is convex; moreover, (U) .= R(U)e(U) = E—';—; =)
is the internal energy, which we know is a concave function for any equation of state. Hence we conclude from
Lemma 7.4 that the specific internal energy is quasiconcave for any equation of state. Notice in passing that this

argument proves that the set {U := (o, m, E)" | p > po, e(U) > ep} is convex for any py, ey € (0, 00). [

Example 7.11 (Generalized Specific Entropies). We set B .= {U € R" | p > 0,e(U) > 0}. Letn : B — Rbea
generalized entropy as defined in Harten [46, Eq. (2.10a)], Harten et al. [47, Thm. 2.1]. Then using Lemma 7.4 with
R(U) = p and ¥(U) = n(U)/R(U), we conclude that the specific entropy s(U) := p~'5(U) is quasiconcave. Note
in passing that we have proved that the set {U := (p, m, EY' | p > po,eU) > po, s(U) > so} is convex for any
pos €0 > 0 and any 5o € R. We refer the reader to Theorem 8.2.2 from Serre [48] for other properties of this set. [

Example 7.12 (Kinetic Energy). We set B == {U = (p,m,E)" € R" | p > 0}. Let ¥(U) = —%,o’lm2 be the
(negative) kinetic energy. It is clear that #(U) = —%mz is concave, then using Lemma 7.4 with R(U) = p, we

conclude that the (negative) kinetic energy is quasiconcave. [

We finish with a result that is useful to transform quasiconcave functionals.

Lemma 7.13. Let ¥ : B — R be a quasiconcave function. Let L : R — R be a nondecreasing function, then L o ¥
is quasiconcave.



166 J.-L. Guermond, B. Popov and 1. Tomas / Computer Methods in Applied Mechanics and Engineering 347 (2019) 143-175

Proof. Let us use the characterization (7.1). Since L is nondecreasing, we have L o ¥(})_ jes AUy >
L(minjes ¥(U;)). Let k € S be such that ¥(Uy) := minjes ¥(U;). Then, for any j € S, we have ¥(Uy) < ¥(U;),
which implies that Lo ¥ (Uy) < Lo ¥(U;). Hence L(mines ¥(U;)) = L(¥(U;)) = minjes L(¥(U;)). In conclusion
Lo !17(2].65 A;jU;) = minjes L o ¥(U;), which proves the assertion. [J

Example 7.14 (Specific Entropy). Let us illustrate the use of Lemma 7.13 with the compressible Euler equations,
and, to simplify the argument, let assume that the equation of state is the y -law. Consider the physical specific entropy
vU) = ﬁ log(e(U)p~7), where ¢(U) is the internal energy. This function is quasiconcave owing to Lemma 7.4
with R(U) = p, since p ¥(U) is known to be concave. Then using Lemma 7.13 we conclude that T(U) =eU)p7 is
quasiconcave. [J

7.2. Bounds

In this section we define the bounds that we are going to use to limit the high-order solution. The following result
will play a key role in the rest of the paper, since it tells us precisely what are the “convex bounds” that the low-order
solution produced by the GMS-GV scheme satisfies.

Lemma 7.15 (Natural Bounds on the GMS-GV Scheme). Let B C iA C R™ be a convex set and ¥ : B — R be a
quasiconcave functional. Letn > 0, i € V, and assume that 1 4 4t% > 0 and 2t < 19. Assume that U’} € B forall

Jj € Z(i). Let {U:lj} jez() be the auxiliary states defined in (3.8). Consider the following quantity:

g = min(¥(U} +2¢SUY), min #(U;)). 72
JELG)

Then, the first-order update U?’"’Ll computed with the GMS-GV scheme (see (3.4) plus (3.10)) is in B and satisfies the
following inequality:

g (Ut > gmin, (7.3)

L.n
Proof. Using the assumptions, 1 + 4td”'n+ > 0 and 2t < 19, we first observe that (3.11) shows that U}'"’H is a
convex combination of the states U? + 27 S(U?) and {UZ-} jezangi) Which are all in B; hence Uﬁ""“ is in B. Then the

conclusion follows readily by using the quasiconcavity property (7.1). [

Remark 7.16 (Quasiconcavity vs. Quasiconvexity). Since any quasiconvex function can be transformed into
a quasiconcave function by a sign change, the above lemma gives !P(UI.L’"’LI) < ™ = max(¥WU! +
2t S(UY)), max ez W(U:lj)) for any quasiconvex function ¥ : B € A — R. Therefore, in order to alleviate the
language, we will henceforth refrain from mentioning quasiconvexity and will formulate every “convex bounds” in

terms of quasiconcave functionals only. [J

Remark 7.17 (Invariant Set vs. Local Bound). Notice that Lemma 7.15 contains two statements that are of different
nature. The first one is an invariant domain property: (U? € B, Vjel(i)= (Ug"”Jrl € B). Since B does not depend
oni €V, this local assertion can be reformulated into a global statement (U? € B, Vi € V) = (UI-“’”Jr1 e B, Vie)).
The second statement ¥(U""*') > @M is a local bound that can be viewed as a local “generalized minimum
principle”. This bound cannot be made uniform; it is local in time and space, since Wimi“ dependsoni andn. U

Remark 7.18 (Relaxation). The reader must be aware that in general the bound Wi"‘i“ defined in (7.2) must be slightly
relaxed in order to go beyond second-order accuracy in space in the L'-norm. We refer the reader to Section 7.6 for
implementation details on relaxation techniques. [J
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7.3. Abstract framework

In the sections Sections 6.1.2-6.1.4 we have seen that most high-order methods can be written in the algebraic
form

m; n n n
—UM U+ YRR =m S, (7.4)
JELW)
with FS‘" € R™ satisfying the skew-symmetry constraint FS" = —Fg’" for all j € Z(i) (whether we use the

consistent mass matrix for the discretization for the time derivative or not), where the superscript ! denotes high-

: s H,n+1 L,n+1 L, H, :
order. S.ubtractlng (3.7). fI’OII.l (7.4) and reorganizing we get m,-.Ui = m U+ ZjEI(i)\{i} T(F,-j L Fl.j ™). This
expression can be rewritten into the following important identity:

miug{,nJrl — miu},nJrl + Z A;lj’ (7.5)
JETW\{i}

where A}, == t(FiLj’" — Fi};’”) € R™. The convex limiting technique to be explained in the next section relies heavily
on (7.5). Note that (by construction) we have that A}, = —A”;, which means that D icp Mi U?’"H = icpMmi Ug""H;
that is to say, the high-order and the low-order solution have the same mass whether the source term § is present or
not.

7.4. Convex limiting

Without loss of generality, we consider a family of quasiconcave functionals { ¥;};cy, ¥; : B — R where B C R™
is a convex set and W,-(UI-L’”H) > 0 for each i € V. Our goal is to modify the high-order update so that the modified
high-order update satisfies the same quasiconcave constraints as the low-order solution and has the same mass as the
high-order update.

Taking inspiration from the flux-corrected transport methodology, we introduce symmetric limiting parameters
¢ij =4L; €[0,1],i, j € V, and we define the limited solution U;H'l as follows:

m U =m0 > AL (7.6)
JELH\{i}

Notice that U't! = U-"*1if ¢;; = O for all j € Z()\{i} and U'™" = U;""*!if ¢;; = 1 for all j € Z(i)\{i}; hence,

%(U;"H) > 0 when ¢;; = 0. Our goal is to find a set of coefficients ¢;; as close to 1 as possible so that %(U?H) > 0.

Lemma 7.19 (Conservation). The limiting process is conservative for any choice of coefficients £;; if £;; = £;; for any

J € ZO\{i}.

Proof. the skew-symmetry of A7; together with the symmetry of the limiter £;; implies that ;.\, > ;7 i) Lii Al =
0; therefore ), ml.U;_“rl =Y ml_UlL,n+1' O

The expression (7.6) goes back to the flux-corrected transport framework pioneered by Boris and Book [43],
Zalesak [44]. The reader can further explore some current developments for flux-corrected transport methods in the
books Kuzmin et al. [49,50]. At this point we depart from the existing flux-corrected transport literature and follow [1]
instead. We rewrite (7.6) as follows:

1
Ut = Z MUPT P, with P}, .= ——A!

| 7.7
= mih; Y @7
JEZ(i)\{i}

where {A;} je7q)\ (i) 1s any set of strictly positive convex coefficients (see Remark 7.22), i.e., ZjeI(i)\{i} Aj=1LA;>0
for all j € Z(i)\{i}. The following two lemmas should convince the reader that it is possible to estimate ¢;; efficiently
by doing one-dimensional line-searches only.
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Lemma 7.20. Let ¥;(u) : B — R be a quasiconcave function. Assume that the limiting parameters £;; € [0, 1] are
such that W,-(Ug"'”r1 + 4 lj) >0, for all j € Z(i)\{i}, then the following inequality holds true:

z[q( Z Aj(UiL’"“Jrz,]P;’,))

JET@O\{i}

Proof. Let Lo(¥;) := {U € B | ¥;(U) > 0}. By definition all the limited states U}‘"H +4; P;“ are in Ly( ;) for all
Jj € Z(@)\{i}. Since ¥; is quasiconcave the upper contour set Ly(¥;) is convex. Hence, the convex combination
ZJG%(Z)\ vy (U ol ;P 1) is in Lo( %), ie., [(Z]Ez(l)\ ey (UL ot Z,jP” )) > 0, which concludes the
proo

Theorem 7.21. Foreveryi € V and j € Z(i), let Z; be defined by

0L =

J

if W,(U-" 4 pr
:1 if U 4P = 0, 08

max{€ € [0, 1] | @;(U;"*! 4+ ¢P%) > 0} otherwise.

The following two statements hold true: (i) !Pi(UiL’"Jr1 + ZP” ) > 0 forevery £ € [0, Zj-]; (ii) Setting £;; = min(ﬁi-, Z{),
we have LUi(Uf""+1 + 4ijP;) = 0and £;j = ¢j;.

Proof. (i) First, if %;(U;"*' + PJ,) > 0 we observe that ;(U;"*" + ¢P%) > 0 for any £ € [0, 1] because
UL e Lo(wy), UL oy P, € Lo(¥;) and Lo(¥;) is convex. Second, if ¥; (UL oy P!,) < 0, we observe that

the segment {UL Ly EP” | K € [0, 11} crosses the level set o{ ¥;(U) > 0} because ¥; (U£ "1y > 0. Notice also

that the quasiconcavity of !P implies that 6’ is uniquely defined since the segment {UL RS ZP" | £ € [0, 1]} can
cross the level set 3{ ¥;(U) > 0} only once; moreover, for any £ € [0, E’] we have ¥; (UL oty EP” ) > 0 because

UL e Lo(W), UL ol K’JPf‘j € Lo(¥;) and Lo(¥;) is convex. (ii) Since £;; = mm(ﬁ’j,élj) < E’j the above

construction implies that W,(Ui‘ ol Lij P:?j) > 0. Note finally that ¢;; = mln(ﬁ’], El]) =¢;. 0O

Remark 7.22 (Choice of Convex Coefficients). There are infinitely many possible choices for the strictly positive
convex coefficients {A;} ez in (7.7). Note that it is even possible to choose a different set {A;} jez(i)\ i) for each
i € V without affecting the results presented in this paper. We have not made any theoretical attempt to exploit
these additional degrees of freedom in order to optimize the convex limiting technique All the computations reported
in Guermond et al. [1] have been done with the simplest choice A ; = W for all j € Z(i)\{i} foralli € V.
Other choices have been explored computationally but none turned out to be more efficient than the others. It might
be interesting though to explore this question further; for instance, other choices of convex coefficients could help
preserve some symmetries. [J

Remark 7.23 (Multiple Limiting). In general we have to consider families of quasiconcave functionals {{ ¥;}icy }icr,
Wil : B! - R, where B/ C R™ is the convex admissible set of the functional Wil . The list £ describes the nature of the
functionals; this list could encompass any of the functionals shown in Examples 7.5 to 7.12. The list £ is sometimes
ordered in the sense that B/ C B'if I’ > [. Let us illustrate this concept with the compressible Euler equations.
Usually one starts with B! = R™ to enforce a local minimum principle on the density (which implies positivity of
the density). We can also take B> = R to enforce a local maximum principle on the density by using ¥(U) = —p.
Then we can consider B> = {U € B' | p > 0} to enforce a local minimum principle on the (specific) internal energy
(which implies positivity of the (specific) internal energy). We finally set B* = {U € B? | e(U) > 0} to enforce a
local minimum principle on the specific entropy. [

The following result is the main conclusion of the paper.

Theorem 7.24. Let (V' : B! — R}icr, be a family of quasiconcave ﬁmctlonals where the sets BI C R™ are convex
foralll € L. Let B: {U e R" | &'
Consider the quasiconcave functionals { W },ev ler deﬁned by ![/’ (U) = 7 (U)— W[ min gy ith Wl min deﬁned in(7. 2) Let

ll
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€' be the limiter computed by using (7.8) for any i € V, j € L(i)\{i}, | € L. Let £;; = min(minjcz ¢7', mingcz ¢/").
Let U;"H be defined in (7.7). Assume that B is an invariant set for (1.1), then B is an invariant domain, i.e.,
(U eB, VieV)= U/ e B, Yu e V).

Proof. Notice first that 3 is convex since it is the intersection of convex sets B = [),..{U € R" | ¥!(U) > 0}. Since
B is a convex invariant set for (1.1), the CFL assumption together with Theorem 3.6 implies that UL "+ e B for all
i € V. Then Theorem 7.21 can be applied because Ll'/l(UL 141y > (. This theorem then implies that W (U"+]) > WZ min
forall € L. Moreover, U +27S(U}) € B and U € B, then owing to the CFL assumption and definition (7.2), this
implies that Wll ‘min > 0. In conclusion ¥! (Uf”'l) > O for all [ € £, which implies that Ul"Jrl eB. O

Remark 7.25 (SSP Extension). Owing to Remark 5.6, Theorem 7.24 extends to any SSP RK time stepping provided
the limiting is done at the end of each elementary forward Euler substep. [J

7.5. Implementation details

The objective of this section is to give further details on the convex limiting technique introduced above in order to
help the reader to implement it.

7.5.1. Pseudocode of the limiting algorithm

Given a set of quasi-convex functionals {¥;};cy, ¥; : B — R, such that Wi(U%’"H) > 0 with convex set B,
Algorithm 1 enforces the quasi-concave constraints !P,(U?“) > 0 for each i € V. This pseudocode attempts to
reflect as accurately as possible the way convex limiting is coded in practice. Basically, convex limiting is done in
two loops over the set of the global degrees of freedom V: the first loop (lines 1 to 14) computes the matrix K’ in
general non-symmetric form; the second loop (lines 15 to 19) computes the final symmetric limiter £;;. Lemma 7 20
explains why the limiters 6‘] estimated in the first loop are large enough to enforce the constraint ¥; (Ul”“) > 0 for
eachi € V. Theorem 7.21 explains why the symmetrization (shrinkage) of the limiters done in the second loop still
produces limiters compatible with these constraints. We have found that initializing ¢; with the lines 2—6 instead of
setting ¢; = 1 reduces the number of times the line-search in line 11 is executed.

Algorithm 1 Convex Limiting
1: fori € Vdo

2 if (UM > 0 then

3: =1

4: else

5: ¢ = max{€ € [0, 1] | &;U-"T" 4 U —UF"ty) > 0)
6: end if

7 for j e Z()\{i} do

8: if (U™ + 4;P}) > 0 then

9: le = Z,’

10: else

11: € :=max{€ € [0, £;] | ZU;" +€PL) > 0)
12: end if

13: end for

14: end for

15: fori € V do

16: for j € Z()\{i} do
17: 4= mln{E’J, El]}
18: end for

19: end for
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7.5.2. Transforming ¥;(U) > 0 into a quadratic constraint

As mentioned in the previous subsection, the line-search invoked in line 5 and line 11 of Algorithm | could
be computationally expensive. However, it happens sometimes that the constraint of interest ¥;(U) > 0 can be
transformed into ¥;(U) > 0 where ¥; is a quadratic function, not necessarily quasi-concave. In this case it is possible
to design a very efficient algorithm for the line-search.

Example 7.26 (Internal Energy). To illustrate the above statement, let us consider the compressible Euler equations

|
with some arbitrary equation of state. Let us set B = {U = (p,m,E)" | p > 0}, eU) = E — ”;—/fz (internal

energy), and ¥;(U) = ¢U) — 5}‘““. We have seen in Example 7.9 that ¥; : B — R is quasiconcave (actually
U, : B— Ris concave) It is clear that one has ¥;(U) > 0iff %;(U) := pe(U) — peMn > 0 for all U € B. Notice that
pe(U) = Ep — m and ,osm”‘ are quadratic polynomials of the conserved variables; hence, @i(U) is quadratic (but
a simple computatlon shows also that ¥; is not quasiconcave). In conclusion, instead of doing the line-search with
7;(U) := (U) — &™" one can do the line-search with the quadratic functional %;(U) = pe(U) — pem‘" O

‘We now state an abstract result that formalizes the above observation.

Lemma 7.27. Let ¥ : B C R" — R. Let U* € B and assume that ¥(U%) > 0. Let V:B—> R letPeR",
and assume that there is £™ ¢ [0, 1] such that ¥(U* + ¢P) > 0 iff (UL + ¢P) > 0 for all £ € [0, £™**]. Assume
that W is quadratic and let a = %PTD2 P, b = DU(U")-P and ¢ := W(UL). Let £™" be the smallest positive
root of the equation af®> + bl + ¢ = 0, with the convention that £™" := 1 if the equation has no positive root. Let
¢, := min(e™", €™), then W(U" + €P) = 0 for all € € [0, €} ].

Proof. Let us first observe that ¥(UX + ¢P) = at? + bl + ct =: g(0) for all £ € [0, £™]; hence, #(U" + ¢P) > 0
iff g(¢) > 0 for all £ € [0, £™**]. If there is no positive root to the equation al?* + bl + ¢ = 0, then the sign of
g(£) over [0, 0o) is constant. The assumption g(0) = ¢ := ¥(U%) > 0, implies that g(¢) > 0 for all £ € [0, 00).
That is, (U 4 ¢P) > 0 for all £ € [0, £™¥], and in particular this is true for all £ € [0, E;] since in this case
63. := min(£™", £MX) < M QOtherwise, if there is at least one positive root to the equation g(£) = 0, then denoting
by £™" the smallest positive root, we have g(£) > 0 for all £ € [0, £™"] (if not, there would exist £; € (0, £™") s.t.
g(£1) < 0 and the intermediate value theorem would imply the existence a root £* € (0, £;) which contradicts that
£™in ig the smallest positive root). This argument implies again that ¥(U" + ¢P) > 0 for all £ € [0, Z;]. O

Example 7.28 (Kinetic Energy). Coming back to the compressible Euler equations or the shallow water equations,
the above technique can be applied to enforce the local maximum principle on the kinetic energy ¥;(U) > 0, with
;U = v — mein and Y(U) = ——p’lm with B = {U := (p,m, E)" | p > 0}. (Notice that because of the
sign convention Wlmm is the maximum of the kinetic energy over the states {U }jezi) and the state U 4 27 S(UY).
Hence the constraint ¥;(U) > 0 amounts to enforcing a local maximum pr1nc1ple on the k1net1c energy.) We
have shown in Example 7.12 that ¥; is quasiconcave. In this case Lemma 7.27 can be applied with the functional
%;(U) = p%(U) = —1m? — p U™ which is clearly quadratic. Note that ¥; (U~ + ¢P) > 0 iff %;(U" + ¢P) > 0
provided p(U* + ¢P) > 0. Hence before applying Lemma 7.27, one must compute the limiter £™%, which depends
on UY and P, such that p(U" 4 ¢P) > 0 for all £ € [0, £™*]. This technique has been introduced in [5, §6.4] in the
context of the shallow water equations. [

Remark 7.29 (Parameter £™*). The purpose of the parameter £™** appearing in the statement of Lemma 7.27 is to
ascertain that stating that ¥(U 4 ¢P) > 0 is equivalent to stating that ¥(U 4 ¢P) > 0 for all £ € [0, £™**]. The limiter
2™ depends on U™ and P and must be computed before applying Lemma 7.27; see Example 7.28. [

7.5.3. Transforming ¥;(U) > 0 into a concave constraint

It is sometimes possible to transform a quasiconcave constraint into a concave constraint. This type of transforma-
tion is useful, since designing efficient and robust line-search procedures for general quasiconcave functionals is not
a trivial task, whereas it is always possible to use the Newton—secant algorithm presented in Section 7.5.4 for concave
functionals.
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For instance, let ¥ : B — R be a quasiconcave function, then referring to Lemma 7.4, it is sometimes possible to
find R : B — (0, 00), positive and convex, such that R ¥ is concave. This is indeed the case for any “specific” entropy
as described in Example 7.6. The following lemma formalizes this observation.

Lemma 7.30. Let B C R™ be a convex set. Let ¥ : B — Rand R : B — (0, 00). Assume that ® .= RV : B —- R
is concave. Let U™ € B and assume that W (UY) > 0. Let P € R™ and let £, € [0, 1] be such that Ut + (P € B for
all £ € [0, £™]. Let W™ € R. Assume that either (i) R is affine or (ii) ¥™" > 0 and R is convex. Then the following
statements hold true:

(i) WU+ ¢P) — w™in > 0 jff (U + ¢P) — &™nR(UY 4 ¢P) > 0 for all £ € [0, £™];
(ii) the map [0, £"*] 5 £ > HU" + ¢P) — I™nR(U" + ¢P) € R is concave.

Proof. (i) Since U™ + ¢P € B for all £ € [0, £™*], we infer that R(U"™ + ¢P) > 0 for all £ € [0, £™**]. Hence, the first
assertion is a consequence of the assumption R(U“+¢P) > 0 forall £ € [0, £™*]. (ii) Observe that — gming - B R
is concave if R : B — R is affine. Observe also that —¥W™"R : B — R is concave if R : B — R is convex and
@min > (). Hence the second assertion is just a consequence of the concavity of @ : B — R. [

Example 7.31 (Specific Entropy). Let us illustrate the use of Lemma 7.30 with the compressible Euler equations.
Assume to simplify the argument that the equation of state is the y-law. Consider the physical specific entropy
vy = # log(e(U)p~7) and the quasiconcave constraint ¥(U) — Wl.mi“ > 0. Line-searches for this quasiconcave
functional may be delicate (lines 5 and 11 in Algorithm 1), not only because it is not strictly concave, but also because
of the presence of the logarithm. We have seen in Example 7.14 that this constraint can be transformed into another
quasiconcave constraint (U) — @imi“ > 0 with 7(U) := ¢(U)p 7 = exp((y — 1)¥(U)). Let us assume that the
solution at the previous time step U” is such that Q'/imi“ > 0 for all i € V, which is reasonable since it requires the
internal energy and the density to be nonnegative at #". Then using R(U) = p?, which is convex over B = {U | p > 0},
using that R(U) ¥(U) = ¢(U) is concave, and !?/imi“ > 0, and invoking Lemma 7.30, we finally transform (again) the
above quasiconcave constraint into the concave constraint e(U) — p? @imi“ > 0. Notice in passing that, for the y-law,
enforcing positivity of the density and the above local minimum principle on the specific entropy (e(U)— p¥ @imi“ >0)
guarantees positivity of the internal energy. [

The parameter £™** appearing in the statement of Lemma 7.30 arises naturally when one performs convex limiting
for more than one functional. More precisely, before applying 7.30 one must sure that U~ +¢P € Bfor all £ € [0, £™%]
by convex limiting so that R(U™ + ¢P) > 0. For instance, in the setting of Example 7.31, the parameter £™ is the
limiter that must be computed to ascertain that the density of the state U + ¢P is positive over the interval [0, £™3].

7.5.4. Line-search: The Newton—secant solver

Unless the function g(£) := &;(U-"*+! + EP;’j) has a special structure (say, linear or quadratic), the line-searches
invoked at lines 5 and 11 in Algorithm 1 require the use of an iterative procedure. Without claiming originality, we now
show how the line-searches can be done by using the Newton—secant algorithm to guarantee that ¥;(U* + Z; P;.“j) >0
independently of the tolerance that is given to the algorithm to estimate E’J

Let us assume that g(¢) € C%([0, 1]; R) is strictly concave and g(0) > 0. Let us set E? = 0. Let us assume
also that there exists €0 € (0, 1] such that g(¢%) < 0. Hence there exists a unique number £* € (£, £°) such
g(E?) > g(*) =0 > g(£%). Our goal is now to estimate iteratively ¢£* from below, up to some fixed tolerance. Notice
that in this particular setting Newton’s algorithm converges from above; that is, Newton’s algorithm will always return
an approximate value of £* that is larger than ¢*, (unless g is quadratic). The following lemma describes an iterative

process (€5, ££) — (€51, ¢5+1) k > 0, such that

B< <ttt c << < b < <00
Lemma 7.32 (One Iteration Update). Let £} < (X. Let g € C*([£¥, €¥]; R). Assume that g"(€) < O for all £ € [¢F, €¥].
Assume that g(ﬁf) > 0 and g(Z’,‘) < 0.

k,ry_ o pkil
(i) Let slk = % and sf = g'(%"). Then slk < 0and sf < 0.
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(ii) Let £, and 5" be defined by
g(if), plrl gk g(eh)

k
s sk

gt =0 — :
Then €¢ < 65T < 0% < &1 < ¢k,

Proof. The inequalities Ef < E;‘H < £* are standard properties of the secant algorithm. The inequalities
0% < ¢*+1 < X are standard properties of Newton’s algorithm. The details are left to the reader. [J

Algorithm 2 Newton—Secant solver

Require: k =0, knax > 1,6 < €, g(€;) > 0, g(¢,) < 0,tol > 0
1: while k < k.« and £, — £; > tol do
2: k=k+1

3 0 =4

4 if g(¢;) > g(¢,) then

5 §; = %:Z(m > Condition £, — £; > 0 checked in line 1
6: =48 — %‘?)

7 else

8 break

o: end if

10: if ¢, > £, or g(¢;) <O then > Assumes g(¢,) < 0
11: l = ghaux

12: break

13: end if

14: if ¢’(¢,) < then

15: 0 =40, — %’r))

16: else

17: break

18: end if

19: if g(¢,) > 0 then > Condition ¢, — ¢; > 0 will be checked in line 1
20: break

21: end if

22: end while
23: return ¢ := ¢,

In Algorithm 2, line | checks the stopping criteria. The “break™ statements (or “exit” statements, depending on
the programming language) force the code out of the while loop, redirecting the control to Line 23. One may reach
break statements due to roundoff errors. Lines 4-9 is the secant update (approximation from the left), while Lines
14—-18 define the Newton update (approximation from the right). Lines 10-13 and 19-21 are sanity checks. The
Newton—secant update preserves the order ¥ < £5T! < ¢* < &+ < ¢k (see Lemma 7.32), however some crossover
may occur after some iterations because of round-off errors (due to the nature of floating-point arithmetic). Notice that
the output of interest is the one produced by the secant update (see line 23), since the output produced by Newton’s
method violates the inequality that we want to satisfy.

Remark 7.33 (Deficiencies of Newton’s Method). If we assume that g(£) is strictly concave over [0, 1], which is the
case of interest here, one can construct counterexamples illustrating that Newton’s method can either not converge or
produce an output that violates the bound that we want to enforce. For instance, if the initial guess £° € [0, 1] for
Newton’s method is such that £° > £* (i.e., g(¢°) < 0), then Newton’s method produces a sequence {0 ken satisfying
¢* < ¢* for all k € N. This implies that g(¢¥) < 0 for all k € N, which is incompatible with the constraint that we
want to satisfy. On the other hand, if g reaches a maximum at £, € (0, £*) and the initial guess is such that 20 € (0, ¢,),
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then the sequence {€¥}xeny wanders outside the internal [0, 1]. Assuming that g(€) is well defined outside [0, 1], the
sequence {£*};cy may converge to a negative solution. [

Remark 7.34 (Actual Performance). The convergence rate of Algorithm 2 is at least 1.618 because it combines the
second-order Newton method with the @-order secant method. In practice, we have verified that Algorithm 2
rarely ever requires more than three iterations to reach tolerances such as tol = 107'° (see Guermond et al. [1]). Most
frequently one exits the loop after reaching machine accuracy error. [

7.6. Relaxing the bounds

In general the quantity !I/imi“ defined in (7.2) is accurate enough to make the limited high-order solution second-
order in the L'-norm in space. But it is too tight to make the method higher-order or even second-order in the L*°-norm
in the presence of smooth extrema. The situation is even worse when using the specific physical entropy to limit the
high-order solution. For instance, it is observed in Khobalatte and Perthame [37, §3.3] that strictly enforcing the
minimum principle on the specific (physical) entropy for the compressible Euler equations degrades the converge
rate to first-order; it is said therein that “It seems impossible to perform second-order reconstruction satisfying the
conservativity requirements ... and the maximum principle on ¢(u)”. We confirm this observation. To recover full
accuracy in the L°°-norm for smooth solutions, one must relax the bound Wimi“.

To avoid repeating ourselves, we refer the reader to Guermond et al. [1, §4.7] where we explain how the bound
!Pimi“ should be relaxed. In a nutshell, one proceeds as follows: For each i € V, we set

1
A = - Y B (U — T,

2jezini Pi JETO)\i)
where the coefficients f;; are meant to make the computation linearity-preserving (see Remark 6.2). Then we compute
the average
1

= 2card(Z(i))

1 1
2. - AW A2y
A2y, | E 4(2A ¢,+2A 7j),
i#jeL(i)

and finally the relaxation is done by redefining Wl.“““ as follows:

PN max((1 — sign( @™ ")r;) U, P — | A2)),

where r; = (%)1?5. Notice that r; € (0, 1). The somewhat ad hoc threshold (1 —sign( u'/imi“)rh) is never active when the
mesh size is fine enough. This term is just meant to be a safeguard on coarse meshes. For instance, for the compressible
Euler equations, when ¥ (U) is either the density (or the internal energy), this threshold guarantees positivity of the
density (or the internal energy) because in this case (1 — sign( Wimi“)r,-) > 0. The exponent 1.5 is somewhat ad hoc; in

principle one could take r; = (%)3 with § < 2.
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