Section 1.6: present value

We have seen that an investment of 1 will accumulate to 1 + 7 at the end of
one period.

account value 1 T+1
t 1
Period 0 pi 1

The term 1 +1 is often called the accumulation factor. since it accumu-

A . O v . .
lates the value of an investment at the beginning of a period to its value at
the end of the period.

Question: How much should be invested initially so that the balance will be
1 at the end?

X 4 X 4- =
account value X 1
Period 0 N 1
'/ .
The term v = I+ is often called a discount factor. since it "dis-

e ———————
counts” the value of an investment at the end of a period to its value at the
beginning.

X = ——‘-—-(—\/.
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Find the amount that should be invested initially in order to accumulate an

amount of 1 at the end of ¢ periods.

account value X 1

t t t t /\/ i

Period ¢

0 1 2 3 L g
US e fle present valee f 7
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Note: The book uses a~!(t) to denote the discount function. i.e. the reciprocal
| E——'

of a(t). Should }JLL[_(E]_; (

R
For simple interest: discount function = |+4€
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Example: A payment of $1000 is to be made at time 7 years. The annual /’ A S
effective rate is 6%.

(a) Determine the present value of this payment at time 0 and at time 4.

X /00
(b) How many years will it take the account to reach $800. if the present value l
0

at time 0 is invested.
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Example: An investment of $1,000 will grow to $6,000 after 20 years. Find
the sum of the present values of two payments$5,000 each which will occur at
the end of the T5 and 30 years, assuming the same interest rate.
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671

Example: Mark owes you some money. He has given you two options. —_—

95’0(“"5 4,/;00\/ = 209

Option 1: He will make a payment of $950 now and then another payment of
$1000 at time 2.

Option 2: He will give you only one payment of 2000 at time 1.

/A;{';/Z’

What annual effective interest rate would make both options equivalent?
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Section 1.7: Effect rate of discount

o If Sue borrows $100 from a bank for 1 year at an effective rate of interest of
5%, then at the end of one period( one year), Sue would pay back the original
loan of $100 plus interest of $5 or a total of $105.

o2+ .0S5(/V) =/
account value  /°2° / SOy =/08

Period 0 1
,4-: s %

e If Bob borrows $100 for one year at an effective rate of discount of 5%, then
the bank will collects its interest of 5%, or $5, in advance and will give Bob
only $95. At the end of the period, Bob will repay $100.

925 ] 0O

Peniod 0 d: {% 1

account value
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The effective rate of interest, 7, is a measure of the interest paid at the end of
the period. Or the ratio of the interest earned in the period, to the amount
invested at the begining of the period.

_An)—An-1) I, - .
Iy = A1) = A1) forn=1,2,3,---

The effective rate of discount. d, is a measure of interest paid at the begin-
ning of the period. Or the ratio of the amount of interest (amount of discount
or just discount) earned during the period to the amount invested at the end
on the period.

Aln) — An—-1) I,

dﬂ, = A(n) — A(n) for n = 1? 2_’35 C e

Note: The effective rate of discount is constant for each period when com-

pounding.
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Assume a discount of d each period.

account value

- -4 14

L]

Period IO : /\/

1 n-3 n-2 n-1

L) gy a2 0D -0y

For an annual compound rate of discount, d:

e The present value of a payment of $1 to be made in ¢ years is (l‘/)

-¢
e The accumulated value after ¢ years of a deposit of $1 is __ ( - AB
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Example: How much should an investor deposit today to have $4.000 in
years if the annual rate of discount is 6%?

5

[
Y220 [ =AY = 2o ) a6)

- 2493562

Example: Compare the accumulated gmount of $1000 invested for 10 years at
an annual rate of interest of 6% verses an annual rate of discount of 6%.

Tkt
/‘J /D"D(/.DA)/D = | 750, 85

-0

/DDOZ/’:DBB = /%S/L’lbl
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Pg 5: relationship of d and i

The relationship between d and i

Note: The following relationships are only valid for compound discount /compound
interest and not for simple discount/simple interest (unless the number of pe-
riods is one).

Concept of equivalency: Two rates of interest or discounts are said to be equiv-
alent if a given amount of principal invested for the same length of time at
each of the rates produces the same accumulated value.

1-d 1

account value account value

1
| | I
Period 0 Period 0
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Simple Discount:

The amount of discount earned each period is a constant. For an annual sim-

ple rate of discount, d:

e The present value of a payment of $1 to be made in ¢ years is = A 6

|
e The accumulated value after ¢ years of a deposit of $1 is (/ -4 é’B

Note: simple discount is generally only used for terms less than 1 vyear.

Example: What is the present value of $1000 due in 10 days at a simple daily
discount rate of 10%7?

PV = /uoa);/—,/o/p;} -
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Example: An investment of $10,000 is made into a fund at time ¢+ = 0. The

fund develops the following balances over the next 2 years. Compute the ef-
fective rate of discount for the second year.

A(t) I, in
0 10,000
1 10,600 I1 = 600 i1 = 6%
2 11,024 I = 424 io = 4%

(I'A)[//m’) =

(”ﬁ{) /’49(‘0 ‘—’/
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Example: Find the accumulated value of $1000 at the end of 7 years and 5
months invested at an effective rate of discount of 4% assuming simple discount

in the fractional period:
én n V"{'
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