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Section 11.6: Absolute Convergence and the Ratio and Root Tests

Definition: A series
∑

an is called absolutely convergent if the series
∑
|an| is convergent.

Definition: A series
∑

an is called conditionally convergent if the series
∑
|an| is divergent and

the series
∑

an is convergent.

Theorem: If a series
∑

an is absolutely convergent, then it is convergent.

Example: Determine if the series is absolutely convergent, conditionally convergent, or divergent?

∞∑
n=1

1

n3

Example: Determine if the series is absolutely convergent, conditionally convergent, or divergent?

∞∑
n=1

sin(n)

n2 + 1
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Example: Determine if the series is absolutely convergent, conditionally convergent, or divergent?

∞∑
n=1

(−1)n

n

Example: Determine if the series is absolutely convergent, conditionally convergent, or divergent?

∞∑
n=2

(−1)n

ln(n)
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The Ratio Test:

(a) If lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = L, with 0 ≤ L < 1, then the series
∞∑
n=1

an is absolutely convergent (and

therefore convergent).

(b) If lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = L > 1 or lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ =∞, then the series
∞∑
n=1

an is divergent.

Note: If the limit for the ratio test is 1, then this test fails to give any information. Try something
else.

Consider the results of the ratio test for two of our known p−series.

(a)

∞∑
n=1

1

n2
, where an =

1

n2
, converges since p > 1.

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣1/(n + 1)2

1/n2

∣∣∣∣ = lim
n→∞

n2

(n + 1)2
= 1 by L’Hopitals.

(b)
∞∑
n=1

1

n
, where an =

1

n
, diverges since p ≤ 1.

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣1/(n + 1)

1/n

∣∣∣∣ = lim
n→∞

n

n + 1
= 1 by L’Hopitals.

Example: Determine if the series is absolutely convergent, conditionally convergent, or divergent?

∞∑
n=1

(−3)n

n!
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Example: Determine if the series is absolutely convergent, conditionally convergent, or divergent?

∞∑
n=1

n!e−n

Example: Determine if the series is absolutely convergent, conditionally convergent, or divergent?

∞∑
n=1

(n + 1)3

(2n)!
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Example: Determine if the series is absolutely convergent, conditionally convergent, or divergent?

∞∑
n=1

(−4)nn!

7 ∗ 12 ∗ 17 ∗ ... ∗ (5n + 2)

Example: The series
∑

an is defined recursively by

a1 = 1 an+1 =
(2 + cos(n))an√

n
for n ≥ 1.

Is the series is absolutely convergent, conditionally convergent, or divergent?
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The Root Test: (not covered in this course but is in the textbook)

(a) If lim
n→∞

n
√
|an| = L, with 0 ≤ L < 1, then the series

∞∑
n=1

an is absolutely convergent (and there-

fore convergent).

(b) If lim
n→∞

n
√
|an| = L > 1 or lim

n→∞
n
√
|an| =∞, then the series

∞∑
n=1

an is divergent.

Note: If the limit for the root test is 1, then this test fails to give any information. Try something
else.

Example: Determine if the series is absolute convergent, conditionally convergent, or divergent?

∞∑
n=1

(
4n + 3

3n + 7

)n

lim
n→∞

n
√
|an| = lim

n→∞
n

√(
4n + 3

3n + 7

)n

= lim
n→∞

(
4n + 3

3n + 7

)
=

4

3
> 1

By the root test the series will diverge.


