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Chapter 4: More General Annuities

Section 4.2: Different Payment and Interest Conversion Periods

The first approach is applicable if the only objective is to compute the numerical value of an annuity.

(1) Find the rate of interest, convertible at the same frequency as payments are made, that is
equivalent to the given rate of interest.

(2) Use this new rate of interest, find the value of the annuity using the techniques in chapter 3.

The second approach involves an algebraic analysis of the annuity.

Example: Find the accumulated value at the end of five years of an investment in which $100 is
deposited at the beginning of each quarter for the first two years and $300 is deposited at the
beginning of each quarter for the next three years, if the fund earns 12% convertible monthly.
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Example: Jason borrows $1500. Two years after the start of the loan, Jason will repay the loan
with level payments quarterly for three years. If the rate of interest charged on the loan is 10%
convertible semiannually, find the amount of each quarterly payment.

Reminder: 1 + r + r2 + r3 + ... + rn−1 =
1 − rn

1 − r

Section 4.3: Annuities Payable Less Frequently than Interest is Convertible

Let k be the number of interest conversions in one payment period.

Let n be the term of the annuity measured in interest conversion periods.

Let i be the rate of interest per interest conversion period.

Assume that each payment period contains an integral number of interest conversions periods; thus
k and n are both positive integers. The number of payments made is m = n/k is also a positive
integer.
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Annuity-immediate

Find the present value of an annuity which pays 1 at the end of each k interest conversion periods
for a total of n interest conversion periods.
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Annuity-due

Find the present value of an annuity which pays 1 at the beginning of each k interest conversion
periods for a total of n interest conversion periods.

pv = 1 + vk + v2k + v3k + ... + vn−k

once again consider n = km where m = the number of payments

pv = 1 + vk + v2k + v3k + ... + vkm−k

pv = 1 + (vk) + (vk)2 + (vk)3 + ... + (vk)m−1 =
1 − (vk)m

1 − vk
=

1 − vn

1 − vk
=

an
ak

fv =
an
ak

(1 + i)n =
sn
ak

alternate derivation.
Assume payments of R at every conversion period.

Pv = Rän where 1 = Räk

thus pv =
än
äk

=

1 − vn

d
1 − vk

d

=
1 − vn

1 − vk
=

an
ak

Perpetuity

immediate: pv = lim
n→∞

an
sk

=
1

i sk

due: pv =
1

i ak
or pv =

1

d äk
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Example: Find the accumulated value at the end of five years of an investment in which $100 is
deposited at the beginning of each quarter for the first two years and $300 is deposited at the
beginning of each quarter for the next three years, if the fund earns 12% convertible monthly. Use
the techniques from section 4.3.
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Section 4.4: Annuities Payable More Frequently than Interest is Convertible

Assume that the quoted interest rate is an effective annual rate of interest and the payments are
made more frequently than once per year. This give the concept of a m-thly payable annuity.

Let i be the rate per interest conversion period (currently annually).

Let m be the number of payments in one interest conversion period.

Let n be the term of the annuity measured in interest conversion periods. There are nm total
payments made.

Present value of m-thly payable annuity-immediate

Assume total annual payments of 1 payable m-thly with an annual effective rate i. Compute the
present value. Note: If the total annual payment is 1 then the payment per payment period is 1

m

pv =
1

m
v

1
m +

1

m
v

2
m +

1

m
v

3
m + ... +

1

m
vn−

1
m +

1

m
vn

pv =
1

m
v

1
m

(
1 + v

1
m + v

2
m + ... + vn−

2
m + vn−

1
m

)

pv =
1

m
v

1
m

(
1 + v

1
m +

(
v

1
m

)2
+ ... +

(
v

1
m

)nm−2
+
(
v

1
m

)nm−1)
=

1

m
v

1
m

1 −
(
v

1
m

)nm
1 − v

1
m


pv =

1 − vn

m(1 + i)
1
m (1 − v

1
m )

=
1 − vn

m
[
(1 + i)

1
m − 1

]



Math 325-copyright Joe Kahlig, 20A Part A Page 7

Example: Ray secures a loan that requires him to pay $800 at the end of each quarter for 5 years.
If the annual effective rate of interest is 10.25%, what is the amount of the loan?

Other formulas for m-thly payable annuities.

s(m)
n i

= a(m)
n i

(1 + i)n =
1 − vn

i(m)
(1 + i)n =

(1 + i)n − 1

i(m)

ä(m)
n i

=
1 − vn

d(m)
s̈(m)
n i

=
(1 + i)n − 1

d(m)

a(m)
∞ i

=
1

i(m)
ä(m)
∞ i

=
1

d(m)

Example: At what annual effective rate of interest is the present value of a series of payments of
$50 every other month forever, with the first payment made immediately, equal to $1200?


