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Chapter 5: Amortization schedules ad Sinking Funds

In this chapter, we discuss two methods of repaying a loan:

The Amortization Method. The borrower repays the lender by means of installment payments at
periodic intervals. This process is called “amortization” of the loan.

The Sinking Fund Method. The borrower repays the lender by means of one lump-sum payment
at the end of the term of the loan along with interest payments made in installments over the
this period. It is also assumed that the borrower makes periodic payments into a fund, called a
“sinking fund,” which will accumulate to the amount of the loan to be repaid at the end of the
term of the loan.

Section 5.2: Finding the Outstanding Loan Balance

If a loan is being repaid by the amortization method, the installment payments form an annuity whose
present value is equal to the original amount of the loan.

We want to be able to determine the outstanding loan balance at any time.

Note: These terms are all equivalent: “outstanding loan balance”, “outstanding principal,” “unpaid
balance,” “remaining loan indebtedness.”

Methods for Determining an Outstanding Loan Balance

Prospective Method: The outstanding loan balance at any point in time is equal to the present
value at the date of the remaining installments payments.

Retrospective Method: The outstanding loan balance at any point in time is equal to the original
amount of the loan accumulated to that date less the accumulated value at that date of all
installment payments previously made.

Note: Prospective and Retrospective methods provide the same outstanding ballance if the same as-
sumptions about the amounts and timing of payments are made and the same rates of interest are used.
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Notation:

Bt = outstanding loan balance at time t.

Bp
t = outstanding loan balance according to the prospective method.

Br
t = outstanding loan balance according to the retrospective method.

Example: A bank makes a loan of $10,000. The loan will be paid back after 10 years with yearly
payments of $1,358.69 at the end of each year. The annual effective interest rate is 6%. Calculate the
amount of the loan left right after the fourth loan payment.
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Example: A $10,000 loan is going to be paid back with 5 annual payments of $1600 followed by 5
annual payments of $1329.10. The annual effective interest rate if 8%.

A) Calculate the balance after 4 payments.

B) Suppose right after the 4th payment, the borrower wishes to pay an extra $1000 and then repay the
balance over 6 years with revised level annual payments. Assuming the same effective rate of interest,
find the revised annual payment.
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Section 5.3: Amortization schedules

If a loan is being repaid by the amortization method, each payment is partially repayment of principal
and partially payment of interest.

An amortization schedule is a table which shows the division of each payment into principal and in-
terest, together with the outstanding loan balance after each payment is made.

Example: A loan of $5000 is being repaid with level annual payments at the end of each year for 4
years at an annual effective rate of 6.09%. Make an amortization schedule for this loan.

Period Payment Interest Principal Outstanding

Repaid Balance

0 — — — 5000

1

2

3

4
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Generalized Amortization Schedule

Suppose a loan of L is to be repaid with periodic payments of Rk, 1 ≤ k ≤ n and i is an effective rate
per period. Then the following amortization schedule can be constructed:

Period Payment Interest Paid Principal Repaid Outstanding Loan Balance

0 – – – B0 = L

1 R1 I1 = i ·B0 P1 = R1 − I1 B1 = B0 − P1

2 R2 I2 = i ·B1 P2 = R2 − I2 B2 = B1 − P2

3 R3 I3 = i ·B2 P3 = R3 − I3 B3 = B2 − P3

...
...

...
...

...

t Rt It = i ·Bt−1 Pt = Rt − It Bt = Bt−1 − Pt

...
...

...
...

...

n− 1 Rn−1 In−1 = i ·Bn−2 Pn−1 = Rn−1 − In−1 Bn−1 = Bn−2 − Pn−1

n Rn In = i ·Bn−1 Pn = Rn − In Bn = Bn−1 − Pn
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Now suppose a loan of L is to be repaid with n level payments of R and i is the effective rate per
payment period.

Period Payment Interest Paid Principal Repaid Outstanding Loan Balance

0 – – – B0 = L = Ran

1 R I1 = R(1 − vn) P1 = Rvn B1 = Ran−1

2 R I2 = R(1 − vn−1) P2 = Rvn−1 B2 = Ran−2

3 R I3 = R(1 − vn−2) P3 = Rvn−2 B3 = Ran−3

...
...

...
...

...

t R It = R(1 − vn−t+1) Pt = Rvn−t+1 Bt = Ran−t

...
...

...
...

...

n− 2 R In−2 = R(1 − v3) Pn−2 = Rv3 Bn−2 = Ra2

n− 1 R In−1 = R(1 − v2) Pn−1 = Rv2 Bn−1 = Ra1

n R In = R(1 − v) Pn = Rv Bn = 0

TOTALS: nR nR−Ran Ran = L
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Example: A loan is being repaid with payments of $1,500 at the end of each quarter. If the loan will
be repaid in 5 years and is being charged a nominal rate of 12% compounded quarterly, find principal
and interest in the first half of the third year.

Example: A loan is amortized by level payments made at the end of every year where the last payment
will be a smaller final payment. The interest paid during the year 2015 was $103.00 and the interest
paid during the year 2016 ws $98.00. The annual effective rate of interest for the loan is i = 8%. Find
the amount of the level loan payments.

Example: A loan is being repaid with a series of payments at the end of each quarter for 5 years.
If the amount of principal in the third payment is $100, find the amount of principal in the last 5
payments. The interest rate is i(4) = 10%.


