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Chapter 11: Duration, Convexity and Immunization

Section 11.2: Duration

The goal of this section is to develop indices to measure the timing of future cash flows.

The term to maturity distinguishes a 10 year bond from a 20 year bond, but would not distinguish
between two 10-year bonds, one with 5% coupons and the other with 10% coupons.

The method of equated time, a better index, is computed as the weighted average of the various
times of payments, where the weights are the various amounts paid.

t =

∑
t ∗Rt∑
Rt

10- year bond with 5% annual coupons:

t =
1 ∗ 5 + 2 ∗ 5 + 3 ∗ 5 + · · · + 10 ∗ 5 + 10 ∗ 100

10 ∗ 5 + 100
=

5

(
10∑
t=1

t

)
+ 10 ∗ 100

150
= 8.50 yrs

10-year bond with 10% annual coupons:

t =
1 ∗ 10 + 2 ∗ 10 + 3 ∗ 10 + · · · + 10 ∗ 10 + 10 ∗ 100

10 ∗ 10 + 100
=

10

(
10∑
t=1

t

)
+ 10 ∗ 100

200
= 7.75 yrs

Macaulay duration or simply just duration (MacD), an even better index, is a weighted average
of various times of payments with the present value of each cash flow is used as the weight. Units are
in years.

d =

n∑
t=1

t ∗ vtRt
n∑
t=1

vtRt

• This method assumes the payment period and the interest conversion period coincide.

• The duration, d is a decreasing function of i. As i increases, the payments at later times are
discounted more than with the smaller i, giving less weight to the later times.

• If there is only one future cash flow, then d is the point in time at which the cash flow is made.

• If the cash flow payments are equal, i.e. Rt = R, then duration formula may be expressed as the
following.

d =

n∑
t=1

t ∗ vtR
n∑
t=1

vtR

=

R
n∑
t=1

t ∗ vt

R
n∑
t=1

vt
=

n∑
t=1

t ∗ vt

n∑
t=1

vt
=

(Ia)n
an
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Example: Find the Macaulay duration of the following investments assuming the effective rate of
interest is 8%.

(A) A ten-year zero coupon bond.

(B) A 10-year bond with 6% annual coupons.

(C) A 10-year mortgage repaid with level annual payments of principal and interest.

(D) A preferred stock paying level annual dividend into perpetuity.
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Example: The Macaulay duration of a 10-year annuity-immediate with annual payments of $1,000 is
5.6 years. Calculate the Macaulay duration of a 10-year annuity-immediate with annual payments of
$50,000. Assume both annuities have the same effective rate.

d =

n∑
t=1

t ∗ vtR
n∑
t=1

vtR

=

R
n∑
t=1

t ∗ vt

R
n∑
t=1

vt
=

n∑
t=1

t ∗ vt

n∑
t=1

vt
=

(Ia)n
an

Interest Rate Sensitivity

Let P (i) =

n∑
t=1

Rtv
t =

n∑
t=1

Rt(1 + i)−t be the present value of a set of future cash flows.

The relative rate of change of this present value is called interest rate sensitivity of a set of future
cash flows.

Define the volatility or modified duration (ModD) of this present value of a cash flow as v =
−P ′(i)
P (i)

.

Thus v is a function of the interest rate i.

• Assuming Rt > 0 then it can be shown that P ′(i) < 0 and P ′′(i) > 0 thus P (i) is decreasing concave
up function.

• P ′(i) measures the instantaneous rate of change of the present value of the cash flow with respect
to changes in i.
The units of P ′(i) are dollars per 100 basis points (1% = 100 basis points).

• The units of v are
$/100 basis points

$
= 1 per 100 basis points.

Relationship between v (ModD) and d (MacD

v =
−P ′(i)
P (i)

=

−
n∑
t=1

−tRt(1 + i)−t−1

n∑
t=1

Rt(1 + i)−t
=

n∑
t=1

tRtv
t+1

n∑
t=1

Rtvt
=

n∑
t=1

tRtv
t ∗ v

n∑
t=1

Rtvt
=

v ∗
n∑
t=1

tRtv
t

n∑
t=1

Rtvt
= v ∗ d

v =
d

1 + i
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Example: A 3-year bond with a par value of 100, pays semiannual coupons at an annual rate of 8%
and has a semiannual compound yield of 9%. The price of this bond is $97.421.

Calculate the Macaulay duration and use it to determine the modified duration with respect to the
semiannually compounded yield of the bond.
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Modified Duration is an approximate measure of a bond’s price sensitivity to changes in interest rates.
If a bond has a duration of 6 years, for example, its price will rise about 6% if its yield drops by a
percentage point (100 basis points), and its price will fall by about 6% if its yield rises by that amount.

Thus modified duration provides a method to estimate the change in the present value of a series of
cash flows when the yield rate changes.

Example: A bond with annual coupons has a price $86.5798 when its annual yield is 8%. At this
yield, the Macaulay duration is 7.61509. Estimate the price of the bond if the yield rises to 9%.

All of the above was based on the discrete yield rate i. If we consider a continuous force of interest δ

then P (δ) =

n∑
t=1

e−δtRt and P ′(δ) =

n∑
t=1

−te−δtRt

d =

n∑
t=1

t ∗ vtRt
n∑
t=1

vtRt

=

n∑
t=1

t ∗ e−δtRt
n∑
t=1

e−δtRt

=
−P ′(δ)
P (δ)

= v
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Section 11.3: Convexity

Convexity is a measure of the curvature in the relationship between the present value of a set of cash
flows and the yield of those cash flows.

In particular for bonds, it is a relationship between the bond prices and bond yields that demon-
strates how the duration of a bond changes as the interest rate changes. Convexity is used as a
risk-management tool, which helps measure and manage the amount of market risk to which a port-
folio of bonds is exposed.

The convexity of the present value of a set of cash flows is defined to be

c =
P ′′(i)

P (i)
=

n∑
t=1

t(t+ 1)Rtv
t+2

n∑
t=1

Rtvt

P (i) =
n∑
t=1

Rt(1 + i)−t =
n∑
t=1

Rtv
t

P ′(i) =
n∑
t=1

−tRt(1 + i)−t−1 =
n∑
t=1

−tRtvt+1

P ′′(i) =
n∑
t=1

t(t+ 1)Rt(1 + i)−t−2 =
n∑
t=1

t(t+ 1)Rtv
t+2

Convexity in combination with modified duration provides another method to estimate the change in
the present value of a series of cash flow when the yield rate changes.

If we examine the rate of change of the modified duration, we notice the following.
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dv

di
=

d

di

−P ′(i)
P (i)

=
P (i) ∗ −P ′′(i) + P ′(i) ∗ P ′(i)

(P (i))2
=

(P ′(i))2

(P (i))2
− P ′′(i)

P (i)
= v2 − c
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Example: The current price of an annual coupon bond is $100. The yield to maturity is an effective

rate of 7% and
dp

di
= −650.

(A) Calculate the Macaulay duration of the bond.

(B) Using the given information, estimate the price of the bond when i = 8% instead of 7%.

(C) Refine your price estimate by using both modified duration and convexity given that
dv

di
= −800.
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Computing convexity for a specific set of cash flows can be a daunting task in practice.

P (i) =
n∑
t=1

Rt(1 + i)−t =
n∑
t=1

Rtv
t

P ′(i) =

n∑
t=1

−tRt(1 + i)−t−1 =

n∑
t=1

−tRtvt+1

P ′′(i) =
n∑
t=1

t(t+ 1)Rt(1 + i)−t−2 =
n∑
t=1

t(t+ 1)Rtv
t+2

Example: You have a 15 year 1000 par value bond with an annual coupon rate of 7% has a yield of
5%. Compute Macaulay duration, modified duration, and the convexity of the bond.

If the yield on the bond drops by 50 basis points, approximate the price using both modified duration
and convexity.


