Section 5.2 The definite integral

Definition of a definite integral.
If f is a function defined on a closed interval [a, ], let P be a partition of [a, b] with partition points g,
Z1,...,Xpn, Where

a=r90< a1 <Ta<..<xp=02>

Choose points =} € [r;—1,z;] and let Ax; = x;—x;_1 and ||P|| = max{Az;}. Then the definite integral
of f from a to b is

P
I1Pll—0 =

o n
/f(x)dx: lim Zf(xz*)sz

if this limit exists. If the limit does exist, then f is called integrable on the interval [a, b].

b
In the notation / f(z)dz, f(zx) is called the integrand and a and b are called the limits of integration;

a
a is the lower limit and b is the upper limit.
The procedure of calculating an integral is called integration.

b
For the special case where f(x) > 0, /f(:z:)d:z: = area under the graph of f from a to b.

a

/af(x)dx =0

7
Example 1. Evaluate / f(x)dx if the graph of the function f(z) is
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Theorem 1. If f is continuous on [a, ], then f is integrable on [a, b]. ]

If f has a finite number of discontinuities and these are all jump discontinuities, then f is called piecewise
continuous function.

Theorem 2. If f is piecewise continuous on [a, b], then f is integrable on [a, b].

f is integrable on [a, b], then f must be bounded function on [a,b]: that is, there exist a number M
such that |f(z)] < M for all x € [a, b].

Let P be a regular partition of [a,b]: that is Az = Azy = Az = ... = Az, = b*T“ and g = a,

1 =a+ Az, ro = a+ 2Ax,...,.x, = b
If we choose z] to be the right endpoint of the ith interval, then =} = z; = a + iAz = a + z'b_T“, SO

b n
/f(:z:)d:z: :nli%n;ob_Ta;f (a—i—ib;a)

If 7 is the midpoint of the interval ith interval, then =} = Z; = (x;—1 + ;) /2, so

n—oo N

b n
/f(x)d:c — lim 2=¢ Zf(fi)

4
Example 2. Evaluate the integral / (2% — 2)dx
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Properties of the definite integral

b
1. /cdx = ¢(b — a), where c¢ is a constant.

a

4. a/b[f(x) —g(x)]dz = jf(af)dx—jg(a?)dx-
6

. /bf(a:)da:_—/af(a:)da:.
a b

b
7. If f(z) >0 fora <z <D, then/f(ac)daczo.

b b
8. If f(x) > g(x) for a < x < b, then /f(x)dx > /g(m)dw.

b
9. If m < f(x) < M fora < z < b, thenm(b—a)S/f(:v)dacSM(b—a).

b a
/f(x)dx

Example 3. Express the limit as a definite integral

n i4
@) Jim > 5
i=1

b
10. < /|f(:v)|d:c

i=1



Example 4. Write the given sum or difference as a single integral

(a.) /Bf(:v)dx+/6f(:c)dw+/12f(:v)d:v
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