Math 152, Fall 2008

Lecture 14.

10/09,/2008



The due date for HW#6 is Saturday, October 11, 11:55 PM.

Office Hours on Monday, October 13 and on Wednesday, October
15 have been canceled.



Chapter 9. Further applications of integration
Section 9.3 Arc length

Let's a curve C is defined by the equations
x=x(t), y=y(t), a<t<b

Assume that C is smooth (x'(t) and y’(t) are continuous and not
simultaneously zero for a < t < b)
Let P be a partition of [a, b] into n subintervals of equal length At.

a=t<th<..<t,=b, ti=a+ilAt

Point P;(x(t;),y(t;)) lies on C an the polygon with vertices Py,
P1,...,P, approximates C.
We define the length of C to be

= lim Y|Py P
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Since

Ax; Ay;
Iy, axi (1) i
x (i) At’ y'(ti) At’
then
Ax; = X' (t)At, Ay =y'(t;)A
Thus,

L= lm wa' ()P + (¢ 12At—/\/

If the curve C is given by the equation

b
2
y:}’(X)7 aSXSb, then L:/ 1_|_|:%:| dX
X

If the curve C is given by the equation

d
d 2
=x(y), ¢<y<d, then Lz/“l—k[d—;} dy



Example 1. Find the length of the curve
(a) x=3t—t3, y=3t2,0<t<?2

x3 1
b)y=—+-—,1<x<2
(b)y="F+51sx<

(c)x=y3?0<y<1



Section 9.4 Area of a surface of revolution

A surface of revolution is formed when a curve is rotated about a
line.

Let's start with some simple surfaces.

The lateral surface area of a circular cylinder with base radius r
and height h is

A =27rh

The lateral surface area of a circular cone with base radius r and
slant height / is
A=mrl

The lateral surface area of a band (frustum of a cone) with slant
height /, upper radius r; and and lower radius r is

n—+nr

A =2xrl, here r = >




Now we consider the surface which is obtained by rotating the
curve y = f(x), a < x < b about the x-axis, f(x) > 0 for all x in
[a, b] and f’(x) is continuous.

We take a partition P of [a, b] by points
a=xp<x3<..<x,=b,and let y; = f(x;), so that the point
Pi(xi, yi) lies on the curve. The part of the surface between x;_1
and x; is approximated by taking the line segment P;_;P; and
rotating it about the x-axis. The result is a band with slant height
|P;_1P;| and average radius r = 3(y;_1 + y;), its surface area is

1+Yi‘

S = 2n¥= PP

We know that
Pr1Pi = \(Ax)2 + (Ayi)2 = \/1+ [F/(x)2A%

where x* € [xi_1, xj]. Since Ax; is small, we have
yi = f(xi) = f(x}) and also yi—1 = f(xj—1) = f(x}") since f is
continuous.

Si R 2mf (X )/ 1+ [F'(xF)]2Ax



Thus, the area of the complete surface is

Sx = 2r ” IliHm . D AT+ P ()PAx =
=

277/ F(x) 1—|—[f’x)]2dx—27r/ 1+

If the curve is described as x = g(y), ¢ < y < d, then the formula
for the surface area is

Sx :27T/Cdy\/1+[g’(y)]2dy:27r/cdy1/1+ [Z—;rdy



For rotation about the y-axis, the surface area formulas are:

if the curve is given as y = f(x), a < x < b, then the formula for

the surface area is
b
2
5y:27r/xwl+ [ﬂ] dx
dx

if the curve is described as x = g(y), ¢ < y < d, then the formula
for the surface area is

syzzw/cdg(y),/u [Z—;de



Let's a curve C is defined by the equations
x=x(t), y=y(t), a<t<b

The area of the surface generated by rotating C about x-axis is

/ dx]?  [dy]?
= oo [2] - 2]

The area of the surface generated by rotating C about y-axis is
b
dx]? dy 2
Sy = t — — | dt
o= [ )\/M - %)
a

Example 2. Find the area of the surface obtained by rotating the
curve about x-axis

(@) y=vx,4<x<9
(b) y?=4x+4,0<x<8

(c) x(t) = acos®t, y(t) = asin®t, 0 < t < /2, ais a constant.



Example 3. Find the area of the surface obtained by rotating the
curve about y-axis

(@) x=+v2y-y?0<y<1
b)y=1-x20<x<1

(c)x:et—t,y:4et/2,0§t§1



