
Section 10.9 Applications of Taylor polynomials

Suppose that

f(x) =

∞
∑

n=0

f (n)(a)

n!
(x− a)n

Consider

Tn(x) =
n

∑

k=0

f (k)(a)

k!
(x− a)k

is the nth-degree Taylor polynomial of f at a.

We can use a Taylor polynomial Tn to approximate f . But how good an approximation is?
To answer this question we need to look at

|Rn| = |f(x)− Tn(x)|

(a) If the series happen to be an alternating series, then

|Rn| ≤
|f (n+1)(a)|
(n+ 1)!

|x− a|n+1

(b) In other cases we can use Taylor’s Inequality, which says if |f (n+1)(x)| ≤ M , then

|Rn| ≤
M

(n+ 1)!
|x− a|n+1

Example 1.

(a) Approximate f(x) =
√
x by a Taylor polynomial of degree 3 at a = 1.

(b) How accurate is this approximation if 0.9 ≤ x ≤ 1.1?
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Example 2. In Eistein’s theory of special relativity the mass of an object moving with
velocity v is

m =
m0

√

1− v2/c2

where m0 is the mass of the object when at rest and c is the speed of the light (c ≈ 300× 106

m/s). The kinetic energy of the object is the difference between its total energy and its energy
at rest:

K = mc2 −m0c
2

(a) Show that when v is very small compared with c, this expression for K agrees with classical
Newtonian physics: K = 1

2
m0v

2.

(b) Use Taylor’s Inequality to estimate the difference in these expression for K when |v| ≤
100 m/s.
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