Chapter 8. Techniques of integration
Section 8.3 Trigonometric substitution

Assume that g is one-to-one function (¢! exists). Then

[ t@de= [ sang e
This kind of substitution is called inverse substitution.

Table of trigonometric substitutions

Expression | Substitution Identity

va2—z?2 | x=asint,—7/2<t<n/2 1 —sin®t = cos? t

Vva? + z? r =atant, —m/2<t<m/2 1+ tan®t = sec?t
72 — a? r =asect,0<t<w/2 or 7<t<37/2 | sec’t — 1 = tan?t

Example Find

(a) / V4 — x2dx

T = 2sint
dx = 2cost dt
A4 — 2 —

= \/4(1 —sin®t) = V4 cos?t = 2cost

- . - . 2 u = cost _ 5 . _8_u3
_/2s1nt2cost2costdt—8/smt cos”t dt du:—sintdt‘_ /u du = 3 +
C % cos®
cos’ t
= — +C
3
sin t=x/2
cos t=sqri(4-)/2
X 2
t
sqr(d=°)
Therefore ,
8 (V4 — 22 1
/x\/4 — 22dx = —3 (Tx) +C = —5(4 — 2?24 C



T
b) /—dx
Vat+4
r = 2tant
dv = 2sec’t di
\/T Va2 +4 = V4tan®t + 4
= /4(tan®t + 1) = V4sec?t = 2sect

SOLUTION. /

u =sect

Stan®t
:/ 5 - 2 sec? tdt—8/tan3t sect dt = | du = sect tant dt
sect tan’t =sec’t —1=u?>—1

w3 3
=8 [(u? —1)du-8(§—u>+028(se§ t—sect)—i—C’

. tan t=x/2
T sqri(P+4) cos t=2/(sqrt(‘+4))
X S~ sec t=sqrt(C+4)/2

Therefore ;
1 ({vVaz2+4 244
/x—dx:é%— vty o vrEd o
vVaz+4 3 2 2
(c) _dr
224/1622 — 9 ; ; ;
x T T
SOLUTION. / o dr / _ / _de
221622 — 9 22./16 (22— 2) 4z fa2 — 2
T = %sect

dr = §sect tant dt

3
9 _ /9 9 Zsecttant dt
= \/xZ_E_\/Eseczt_E :/449 =

=l 249
1 Sec t4 tant

= Ztant
4 1
=— | — /costdt —sint + C'
9 sect



sec t=(4x)/3
~ cos t=3/(4x)
sqri(167-9) & - sin t=sqri(16°-9)/(4v)
-
3
Therefore
dx _4\/16$2—9+C_\/16x2—9+0
22/1622 -9 9 4z B 9z
dx
@ [ s
2 +4x + 8
T+ 2=2tant
dz dx dr = 2sec®t dt
SOLUTION. | — = -
/ 2 + 41 + 8 / (x+2)02+4 V(T +2)24+4=+4tan?t + 4

= /4(tan’t + 1) = V4dsec?t = 2sect

2sec’t dt
:/L:/sectdtzln|sect—l—tant|+0
2sect

\ tan =6:-+2)/2
IS =2/sqri((x+2)*+4)
x+2 ‘ sqn‘((x S+ sec t=sqri((x+2+4)/2
;
2

Therefore
/ dx I \/(Jc+2)2+4+x+2 e
Va4 4r + 8 2 2
(e) [e'V9 —e? di
o u = 3sinv
SOLUTION. [elvo—eTdt=| "~ ’:f\/9—u2 du = | du=3cosv dv
v=e V9 —u? =3cosv
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:/3COSU 3cosv dv:Q/COSQU dvzg/(l—l—cos%)dv:g<v+§sin2v) +C

3



u u
sinv = —, therefore v = sin™! (—)
3 3

sinv=u/3
5 cos v=sqrt(9-10)/3
u S ; 1/2sin(2v)=sin v cos v=(u sqrt(94£))/s
;
sqrt(9+£)

Therefore

a2 t t _ 2t
Jevo—eF at =1 ( (4)+ _V9) vo=? ( (_) T
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