Chapter 11. Three-dimensional analytic geometry and vectors
Section 11.1 Three-dimensional coordinate system

In order to represent points in space, we first choose a fixed point O (the origin) and tree
directed lines through () that are perpendicular to each other, called the coordinate axes and
labeled the r-axis, y-axis, and z-axis. Usunally we think of the r and y-axes as being horizontal
and z-axis as being vertical.

The direction of z-axis 1s determined by the right-hand rule: if your index finger points in
the positive direction of the r-axis, middle finger points in the positive direction of the y-axs,
then your thumb points in the positive direction of the z-axs.

The three coordinate axes determine the three coordinate planes. The ry-plane contains
the r- and y-axes and its equation 1s z = 0, the rz-plane contains the r- and z-axes and its
equation 15 y = 0, The yz-plane contains the y- and z-axes and its equation 15 © = (). These
three coordinate planes divide space into eight parts called octants. The first octant 1s
determined by positive axes.
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Take a point P in space, let a be directed distance from yz-plane to P, b be directed distance
from rz-plane to P, and ¢ be directed distance from xy-plane to P. We represent the poimt
P by the ordered tniple (a, b, ¢) of real numbers, and we call a, b, and ¢ the coordinates of
P. The pont Pla. b, c) determine a rectangular box. If we drop a perpendicular from P to
the ry-plane, we get a point (J(a, b 0} called the projection of P on the ry-plane. Similarly,
R(0,b, ¢) and S{a,0, ¢) are the projections of P on the yz-plane and rz-plane, respectively.

[

4
e0c) _, RftLb.c)
[QIOIG)’/""’" B -
S{lherT 1 ;é'(a.b.c)
. “ (.5, 0)
a a - i
(@.0.0)
b Ofab,0)



The Cartesian product B x B x B = B® = {(r, gy, 2)|z, 5,z € B} is the set of all ordered
triplets of real numbers. We have given a one-to-one correspondence between points P 1n space

and ordered triplets (a, b, ¢) in BY. It is called a tree-dimensional rectangular coordinate
system.

Example 1. What surfaces in B? represented by the following equations?
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The distance formula in three dimensions The distance |y Pl between the pomts
Pi(xy,y1, 1) and Pa(xa, yo, 20) 18

|PiP| = (za —:1)2 + (12 — 1) + (22— 21)?

The midpoint of the line segment from Pz, y1, 21) to Palza, ya, 22) 15
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Equation of a sphere of radius | and center C'la, b, c) 15

(r—a) +(y—b’+(z -’ =R

Example 2. Find an equation of a sphere that has center C'(—1,2 4) and passes through
the point (—1,1,—2). 3
R= | (1-)* [ 1-2)*+[2-4)
=4+ 36
=41
2 2 2
5fum€(oh : (x+) "+ /J’l) +(2-4) = Zﬂ
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