Section 15.4 Applications of double integrals.

Suppose the lamina occupies the region D on the zy-plane and its density (in units of mass per unit area) at a
point (z,y) in D is given by p(z,y), where p is a continuous function on D.

(s i) !{R,-‘ ;

\

To find the total mass m of the lamina we partition a rectangle R containing D into subrectangles R;; and consider
p(,y) be zero outside D. If we choose a point (z7;,y;;) € Rij, then the mass of the part of the lamina that occupies
R;; is approximately p(z};, y;;)AA;j, where AA;; is the area of R;;. If we add all such masses, we get an approximation
to the total mass:
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If an electric charge is distributed over a region D and the charge density (in units of charge per unit area) is given
by o(z,y) at a point (z,y) in D, then the total charge @ is given by
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Example 1. Electric charge is distributed over the the unit disk 22 4+ y? < 1 so that the charge density at (z,y) is
o(x,y) = 1+ 22 + y? (measured in coulombs per square meter). Find the total charge on the disk.



Now let’s find the center of mass of a lamina with density function p(x,y) that occupies a region D. We define the
moment of a particle about an axis as the product of its mass and its directed distance from the axis. If we partition
D into small subrectangles, then the mass of R;; is approximately p(z}, y)AA;;, so we can approximate the moment
of R;; with respect to the x-axis by
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Thus, the moment of the entire lamina about the z-axis is
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Similarly, the moment about the y-axis is
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We define the center of mass (Z,y) so that mz = M, and my = M,. The physical significance is that the lamina
behaves as if its entire mass is concentrated at its center of mass. Thus, the lamina balances horizontally when
supported at its center of mass.
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Example 2. Find the center of mass of the lamina with density p(z,y) = zy that occupies the region D, where D
is the region in the first quadrant bounded by the parabola y = 22 and the line y = 1.



